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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 51 ]. This is test number [ 75 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)
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4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100.00 (51) | % 0.00 (0)

Mathematica | % 100.00 (51 ) | % 0.00 (0)

Maple %98.04 (50) | %1.96 (1)
Maxima | %31.37 (16 ) | % 68.63 (35)

Fricas % 60.78 (31 ) | %39.22 (20)
Sympy %784 (4) | %9216 (47)
Giac %11.76 (6) | % 88.24 (45)

Mupad | %2549 (13) | % 7451 (38)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 39.22 17.65 43.14 0.00
Maple 50.98 39.22 7.84 1.96
Maxima 21.57 7.84 1.96 68.63
Fricas 27.45 33.33 0.00 39.22
Sympy 7.84 0.00 0.00 92.16
Giac 11.76 0.00 0.00 88.24
Mupad 0.00 25.49 0.00 74.51

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure

F.



The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 1 100.00 % 0.00 % 0.00 %

Maxima 35 97.14 % 0.00 % 2.86 %

Fricas 20 55.00 % 40.00 % 5.00 %

Sympy 47 87.23 % 12.77 % 0.00 %

Giac 45 57.78 % 6.67 % 35.56 %

Mupad 38 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.35 146.39 1.01 121.00 1.00
Mathematica | 11.83 20445.37 | 137.92 204.00 1.95
Maple 1.04 8266.94 27.42 242.50 2.40
Maxima 0.40 142.81 1.98 121.50 1.56
Fricas 4.50 952.00 7.60 240.00 3.31
Sympy 241 273.50 3.08 273.00 3.16
Giac 0.19 121.33 1.05 93.00 0.91
Mupad 14.16 2002.92 12.16 163.00 2.21

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.
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Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

{

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy ({}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.
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Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS
2.1.1 Rubi

A grade: (|2B/AB/A7BH0 7)1 19) 20, 1) 22 3|25,
28] [29, 50} 1) 52) 53,54 55, e 57 58 59 O, 1) 2 43P 45, 47 5, 49 50, 1

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[[} 35,4 56710} [[1}[12}[16}[17} [18}[1% 22} B9} 48} 49} 50} 5 1]}
B grade: {[§}[13,32 B3 43, 14 457}
C grade: {[14[15[20,21) 2304 P56 27,28 29,30, B1}[34) 35 36} 87} [38} 40} (4T} 42} 46} }

F grade: { }

2.1.3 Maple

A grade: { [T} 28 [4[5}[6}[7}[8} P} [L0} [LT} [12}[13} [14} 16} [17}[18} [19} 20} [21} 23] 24} ]9 [30} (40} [41] }
B grade: {[15[22)[25)[26}[27)[28}[32} 33} [34} [35} 36} 37} [38} B9} [43} 44} [45} 47 [49} [50] }

C grade: {31} [42)[46][48]}

F grade: {[p1]}

214 Maxima

A grade: {[1,23, 456l 10} 1}20,21]}
B grade: { B [0}[16[17]}
C grade: {22}

F grade: (03137858}, %)) 7,75, 29,0, ) 32, B3, B4 556 57 B8 B9
12,3 44 45 46 47 45 49 5 )

2.1.5 FriCAS
A grade: {[[, 25| @ 5[l 15, 161718} 19} 22,27}

15
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B grade: {718 9}[10}[11}13}[14)23} 04} 25} 26} 28] 85} 36} 57} 38} 89}

C grade: { }

F grade: { 20,21}[29}30,B1}[32}[33,[34} 40} A1} |42, 43} 44} {45 46} 47} 48} 49}, 50} 5] )

2.1.6 Sympy
A grade: {[1,2B/H}

B grade: { }
C grade: { }

e et et o e e cheeion oo oo
B031} B2} 33} 34} 35} 36} 37} 138} 39} {40} |41} (42} [43] [44} [45] |46} {47 48} {49} 50} 51 }

2.1.7 Giac

A grade: {[[[2BE[1239)

B grade: { }
C grade: { }

poBeEss
[B1}32B3}[3485}[36,37} 38} 140} (41} |42} 143} [44] 45} 46} |47] (48} |49} 50} b1 }

2.1.8 Mupad
A grade: { }

B grade: {[1}23}{451[6l[71 8 910/ [11}16, 59}

C grade: { }

F grade: {[T2[T3,[T4)T5) 17 18)[T9 20,2122, 32425, 26) 27 28,29 B0 BT 2 53,5 55,6
57 8} 0 T 2 43, 45, 46 7 45,0 01

[€)]
(@)
—_
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 121 121 77 147 147 91 415 119 256
normalized size | 1 1.00 0.64 1.21 1.21 0.75 3.43 0.98 2.12
time (sec) N/A 0.172 0.121 0.559 0350 0448 4.803 0.175 14.238
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 96 96 57 126 123 77 301 81 212
normalized size | 1 1.00 0.59 1.31 1.28 0.80 3.14 0.84 221
time (sec) N/A 0.143 0.090 0.459 0336 0437 2796 0.167 14.183
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 77 77 47 106 100 63 245 62 250
normalized size | 1 1.00 0.61 1.38 1.30 0.82 3.18 0.81 3.25
time (sec) N/A 0.102 0.114 0.378 0329 0451 1359 0.166 14.123
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 52 52 43 78 77 46 133 62 125
normalized size | 1 1.00 0.83 1.50 1.48 0.88 2.56 1.19 2.40
time (sec) N/A 0.060 0.365 0.275 0.339 0450 0.700 0.137 14.301
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F(-2) B
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 63 63 61 78 73 75 0 0 88
normalized size | 1 1.00 0.97 1.24 1.16 1.19 0.00 0.00 1.40
time (sec) N/A 0.090 0.086 0.188 0353 0464 0.000 0.000 12.892
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 53 53 97 72 69 99 0 0 110
normalized size | 1 1.00 1.83 1.36 1.30 1.87 0.00 0.00 2.08
time (sec) N/A 0.120 0.051 0.280 0.338 0446 0.000 0.000 12.394
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 95 80 105 138 0 0 163
normalized size | 1 1.00 1.48 1.25 1.64 2.16 0.00 0.00 2.55
time (sec) N/A 0.111 0.715 0.448 0.368  0.439 0.000 0.000 12.262
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 61 61 172 86 120 137 0 0 132
normalized size | 1 1.00 2.82 1.41 1.97 225 0.00 0.00 2.16
time (sec) N/A 0.162 0.072 0.504 0360 0451 0.000 0.000 12.223
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 86 86 179 109 165 166 0 0 133
normalized size | 1 1.00 2.08 1.27 1.92 1.93 0.00 0.00 1.55
time (sec) N/A 0.150 0.062 0.594 0.362 0446 0.000 0.000 12.184
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 204 132 187 201 0 0 244
normalized size | 1 1.00 1.94 1.26 1.78 1.91 0.00 0.00 2.32
time (sec) N/A 0.162 0.053 0.604 0360 0470 0.000 0.000 12.369
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 130 130 204 155 232 240 0 0 340
normalized size | 1 1.00 1.57 1.19 1.78 1.85 0.00 0.00 2.62
time (sec) N/A 0.192 0.055 0.631 0357 0460 0.000 0.000 12.542
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 128 165 101 78 0 155 0 105 -1
normalized size | 1 1.29 0.79 0.61 0.00 1.21 0.00 0.82 -0.01
time (sec) N/A 0.347 0.811 1.073 0.000 0426 0.000 0.284 0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 157 79 0 202 0 0 -1
normalized size | 1 1.00 2.28 1.14 0.00 2.93 0.00 0.00 -0.01
time (sec) N/A 0.306 0.352 1.374 0.000 0462 0.000 0.000 0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 120 120 234 124 0 328 0 0 -1
normalized size | 1 1.00 1.95 1.03 0.00 2.73 0.00 0.00 -0.01
time (sec) N/A 0.443 0.460 1.434 0.000 0500 0.000 0.000  0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 103 103 194 914 0 442 0 0 -1
normalized size | 1 1.00 1.88 8.87 0.00 4.29 0.00 0.00 -0.01
time (sec) N/A 0.468 0.929 0.937 0.000  0.744 0.000 0.000  0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 40 45 309 41 0 0 52
normalized size | 1 1.00 0.93 1.05 7.19 0.95 0.00 0.00 1.21
time (sec) N/A 0.203 0.215 0.650 0486  0.447 0.000 0.000 12.939
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 133 190 270 385 0 0 -1
normalized size | 1 1.00 1.17 1.67 2.37 3.38 0.00 0.00 -0.01
time (sec) N/A 0.490 0.318 0.783 0.533  0.655 0.000 0.000  0.000
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 118 118 132 117 0 391 0 0 -1
normalized size | 1 1.00 1.12 0.99 0.00 3.31 0.00 0.00 -0.01
time (sec) N/A 0.496 0.273 0.645 0.000  0.659 0.000 0.000 0.000
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 62 74 0 202 0 0 -1
normalized size | 1 1.00 1.35 1.61 0.00 4.39 0.00 0.00 -0.02
time (sec) N/A 0.171 0.108 0.655 0.000  0.643 0.000 0.000  0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F F(-2) F
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 102 102 144 111 59 0 0 0 -1
normalized size | 1 1.00 1.41 1.09 0.58 0.00 0.00 0.00 -0.01
time (sec) N/A 0.460 1.334 0.467 0.429  0.642 0.000 0.000  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 100 100 145 112 59 0 0 0 -1
normalized size | 1 1.00 1.45 1.12 0.59 0.00 0.00 0.00 -0.01
time (sec) N/A 0.447 1.337 0.483 0.422  0.657 0.000 0.000 0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B C A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 63 111 190 193 0 0 -1
normalized size | 1 1.00 1.37 2.41 413 4.20 0.00 0.00 -0.02
time (sec) N/A 0.194 0.182 0.442 0.612  0.589 0.000 0.000 0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 746 120 0 781 0 0 -1
normalized size | 1 1.00 7.10 1.14 0.00 7.44 0.00 0.00  -0.01
time (sec) N/A 0.289 5.647 1.465 0.000 0952 0.000 0.000  0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 165 165 331 208 0 1044 0 0 -1
normalized size | 1 1.00 2.01 1.26 0.00 6.33 0.00 0.00 -0.01
time (sec) N/A 0.465 2.237 1.931 0.000 2,613 0.000 0.000 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F E(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 149 149 661 1025 0 3273 0 0 -1
normalized size | 1 1.00 4.44 6.88 0.00 21.97 0.00 0.00 -0.01
time (sec) N/A 0.508 56.097 0.948 0.000 2162  0.000 0.000  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 83 83 436 526 0 1303 0 0 -1
normalized size | 1 1.00 5.25 6.34 0.00 15.70 0.00 0.00 -0.01
time (sec) N/A 0.228 54.718 0.557 0.000 1.346  0.000 0.000  0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 166 166 61028 614 0 3048 0 0 -1
normalized size | 1 1.00 367.64 3.70 0.00 18.36 0.00 0.00 -0.01
time (sec) N/A 0.515 39.396 0.751 0.000 2.018 0.000 0.000 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 168 168 99621 621 0 3175 0 0 -1
normalized size | 1 1.00 592.98 3.70 0.00 18.90  0.00 0.00 -0.01
time (sec) N/A 0.536 40.367 0.557 0.000 2466  0.000 0.000 0.000
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 238 238 611 593 0 0 0 0 -1
normalized size | 1 1.00 2.57 2.49 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.503 6.636 4.934 0.000 0.000  0.000 0.000  0.000
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 246 246 625 587 0 0 0 0 -1
normalized size | 1 1.00 2.54 2.39 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.484 6.664 4918 0.000  0.578 0.000 0.000 0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 267 267 13199 22962 0 0 0 0 -1
normalized size | 1 1.00 49.43 86.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.500 34.483 1.392 0.000  0.000 0.000 0.000 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 116 116 4679 6804 0 0 0 0 -1
normalized size | 1 1.00 40.34 58.66 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.204 40.247 0.707 0.000 0486 0.000 0.000 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 252 252 5708 6817 0 0 0 0 -1
normalized size | 1 1.00 22.65 27.05 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.511 33.617 0.912 0.000 0471 0.000 0.000 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 256 256 1659 9043 0 0 0 0 -1
normalized size | 1 1.00 6.48 35.32 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.520 10.107 0.737 0.000 0460 0.000 0.000 0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 123 123 567 4546 0 3539 0 0 -1
normalized size | 1 1.00 4.61 36.96 0.00 28.77  0.00 0.00 -0.01
time (sec) N/A 0.459 3.169 0.829 0.000 1416 0.000 0.000  0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 61 61 367 231 0 1044 0 0 -1
normalized size | 1 1.00 6.02 3.79 0.00 17.11  0.00 0.00  -0.02
time (sec) N/A 0.188 1.969 0.541 0.000  0.749 0.000 0.000 0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 140 140 472502 340 0 2791 0 0 -1
normalized size | 1 1.00 3375.01 2.43 0.00 1994  0.00 0.00 -0.01
time (sec) N/A 0.502 35.100 0.519 0.000 0973  0.000 0.000 0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 140 140 309729 357 0 3005 0 0 -1
normalized size | 1 1.00 2212.35 2.55 0.00 21.46 0.00 0.00 -0.01
time (sec) N/A 0.471 34.492 0.405 0.000  1.067 0.000 0.000 0.000
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 181 181 178 606 0 2837 0 299 23933
normalized size | 1 1.00 0.98 3.35 0.00 15.67 0.00 1.65 13223
time (sec) N/A 0.509 1.120 0.553 0.000 113.592  0.000 0.227 27.407
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 154 154 179 190 0 0 0 0 -1
normalized size | 1 1.00 1.16 1.23 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.487 3.766 2.066 0.000  0.000 0.000 0.000 0.000
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 146 146 203 254 0 0 0 0 -1
normalized size | 1 1.00 1.39 1.74 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.488 4.063 1.901 0.000  0.000 0.000 0.000 0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 254 254 23019 6196 0 0 0 0 -1
normalized size | 1 1.00 90.63 24.39 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.520 29.796 0.842 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 250 250 8202 3291 0 0 0 0 -1
normalized size | 1 1.00 32.81 13.16 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.526 29.281 0.591 0.000  0.000 0.000 0.000 0.000
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 114 114 3427 2924 0 0 0 0 -1
normalized size | 1 1.00 30.06 25.65 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.207 29.176 0.827 0.000  1.860 0.000 0.000 0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 246 246 4935 3690 0 0 0 0 -1
normalized size | 1 1.00 20.06 15.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.524 30.056 0.595 0.000  10.586 0.000 0.000  0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 254 254 23019 6052 0 0 0 0 -1
normalized size | 1 1.00 90.63 23.83 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.505 30.551 0.993 0.000  0.000 0.000 0.000 0.000
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F F(-1) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 114 114 3429 2856 0 0 0 0 -1
normalized size | 1 1.00 30.08 25.05 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.206 28.767 0.853 0.000  0.000 0.000 0.000 0.000
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 391 391 274 269176 0 0 0 0 -1
normalized size | 1 1.00 0.70 688.43 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.535 0.268 4.993 0.000 0.000  0.000 0.000  0.000
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 198 198 197 32723 0 0 0 0 -1
normalized size | 1 1.00 0.99 165.27 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.196 0.146 1.059 0.000 1.016 ~ 0.000 0.000  0.000
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 398 398 374 26871 0 0 0 0 -1
normalized size | 1 1.00 0.94 67.52 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.555 2.335 0.866 0.000 1.468 0.000 0.000 0.000
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 157 157 168 0 0 0 0 0 -1
normalized size | 1 1.00 1.07 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.278 1.119 8.538 0.000 0.616  0.000 0.000 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the

harder the integral was to solve. In this test, problem number [29] had the largest ratio

of [.2727]
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Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . - leaf size integrand leaf size
1 A 13 4 1.00 32 0.125
2 A 11 4 1.00 32 0.125
3 A 10 5 1.00 30 0.167
4 A 4 4 1.00 24 0.167
5 A 6 5 1.00 30 0.167
6 A 8 7 1.00 32 0.219
7 A 7 5 1.00 32 0.156
8 A 6 6 1.00 32 0.188
9 A 11 5 1.00 32 0.156
100 A 11 4 1.00 32 0.125
11 A 13 4 1.00 32 0.125
12(| A 5 5 1.29 34 0.147
13 A 5 5 1.00 34 0.147
14{| A 8 7 1.00 34 0.206
15 A 6 6 1.00 40 0.150
16/ A 3 3 1.00 40 0.075
171 A 6 6 1.00 40 0.150
18 A 6 6 1.00 40 0.150
19 A 2 2 1.00 36 0.056
200 A 6 6 1.00 36 0.167
21 A 6 6 1.00 36 0.167
22| A 3 3 1.00 36 0.083
23 A 5 4 1.00 33 0.121
24 | A 8 6 1.00 33 0.182
25 A 5 4 1.00 39 0.103
26| A 2 2 1.00 39 0.051
27/ A 5 4 1.00 39 0.103
28 A 5 4 1.00 39 0.103
29 A 9 9 1.00 33 0.273
30| A 9 9 1.00 33 0.273
31 A 3 3 1.00 39 0.077
32| A 1 1 1.00 39 0.026
33 A 3 3 1.00 39 0.077
34| A 3 3 1.00 39 0.077
35 A 5 5 1.00 35 0.143

Continued on next page
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numberof | numberof | normalized

# | grade steps unique antiderivative | B L
- - et leafsige | Memndleatsie

36| A 2 2 1.00 35 0.057

37| A 5 5 1.00 35 0.143

38 A 5 5 1.00 35 0.143

39 A 8 5 1.00 33 0.152

40 A 5 3 1.00 33 0.091

41 A 5 3 1.00 33 0.091

42| A 3 3 1.00 39 0.077

43| A 3 3 1.00 39 0.077

44| A 1 1 1.00 39 0.026

45| A 3 3 1.00 39 0.077

46| A 3 3 1.00 39 0.077

47| A 1 1 1.00 39 0.026

48 | A 3 3 1.00 35 0.086

49| A 1 1 1.00 35 0.029

50| A 3 3 1.00 35 0.086

51 A 4 4 1.00 38 0.105
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Chapter 3

Listing of integrals

3.1 fsin3(e + fx)(a + asin(e + fx))*(c — csin(e +
£) d
Optimal. Leaf size=121

a*ccos’(e + fx) a’ccos®(e+ fx) a*csin’(e+ fx)cos(e+ fx) a’csin’(e+ fx)cos(e+ fx) a’csin(e + f

5f af 6F 24f 1

[Out] 1/16*a"2xc*xx-1/3*%a~2*xc*cos (f*x+e) " 3/f+1/5xa"2*xc*cos(f*x+e) 5/f-1/16*%a"2xc*c
os(fxx+e)*xsin(f*xx+e)/f-1/24xa"2xc*xcos (f*x+e) *sin(f*xx+e) ~3/f+1/6xa"2*c*xcos(f
*x+e) *sin(f*xx+e) ~5/f

Rubi [A] time = 0.17, antiderivative size = 121, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 4, integrand size = 32,
number of rules _ ) 125, Rules used = {2966, 2633, 2635, 8}
integrand size
a*ccos’(e + fx) a’ccos®(e+ fx) a*csin’(e+ fx)cos(e+ fx) a’csin’(e+ fx)cos(e+ fx) a’csin(e + f

5f 3f ¥ 6f 24f 1

Antiderivative was successfully verified.
[In] Int[Sin[e + f*x]73*(a + axSinf[e + fxx])7"2*(c - c*Sin[e + f*x]),x]

[Out] (a™2*c*x)/16 - (a~2*c*Cos[e + f*xx]~3)/(3xf) + (a"2*c*xCos[e + f*x]~5)/(5xf)

- (a"2xc*Cosl[e + f*x]*Sin[e + fx*x])/(16*f) - (a"2*c*xCos[e + f*x]*Sin[e + fx*
x]73)/(24xf) + (a~2xcxCos[e + fxx]*Sin[e + f*x]~5)/(6%f)
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”~(-1), Subst[Int[Expa
nd[(1 - x”2)"((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2%(n - 1))/n, Int[(b*Sin[c
+ d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

29
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Rule 2966

Int[sinl(e_.) + (f_)*x_)]1"(m_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + f*xx] n*(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + axB, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps

fsin3(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f (azc sin’(e + fx) + a’csin*(e + fx) — acsin’(e +_

= (azc) fsin3(e + fx)dx + (azc) fsin4(e + fx)dx - (
_ a*ccos(e + fx)sin®(e + fx)  a*ccos(e + fx)sin’(
- if ' 6f

_ _azc cos®(e + fx) N a%ccos®(e + fx) ~ 3a%ccos(e +

3f G :
3, a*ccos’(e+ fx) a’ccos’(e+ fx) a*cco
= —a%cx — -~

8 3f 5f
2 3 2 5 2
Lo a“ccos’(e + fx) N a“ccos’(e + fx) _acc
16 3f 5f

Mathematica [A] time = 0.12, size = 77, normalized size = 0.64

a’c(-15sin(2(e + fx)) — 15sin(4(e + fx)) + 5sin(6(e + fx)) — 120 cos(e + fx) — 20 cos(3(e + fx)) + 12 cos(5(e
960 f

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]"3*(a + a*Sin[e + f*x])"2x(c - c*Sinle + f*x]),x]

[Out] (a~2*c*x(60*e + 60*xfxx — 120*%Cosl[e + f*x] - 20*%Cos[3*(e + f*xx)] + 12*%Cos[5*(
e + f*xx)] - 15%Sin[2*(e + f*x)] - 15%Sin[4*x(e + f*x)] + 5xSin[6*(e + f*x)])
)/ (960%f)

fricas [A] time = 0.45, size = 91, normalized size = 0.75

48 a’c cos (fx + 6)5 — 80 a%c cos (fx + 6)3 +15a%cfx +5 (8 a*c cos (fx + 6)5 —144%ccos (fx + 6)3 +3a%ccos

240 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) " 3x(a+axsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="fr
icas"
[Out] 1/240%(48%a~2xcxcos(f*x + e)”b - 80*%a~2*ckxcos(f*xx + e)~3 + 15%xa~2*cxf*xx + b

*(8xa~2*cxcos(f*xx + e)”b - 14*xa~2xcxcos(f*x + e)73 + 3*xa~2kc*cos(f*xx + e))*
sin(f*x + e))/f

giac [A] time = 0.17, size = 119, normalized size = 0.98
1 , a’ccos (5fx + 56) a*c cos (3fx + 38) a%c cos (fx + e) a*csin (6fx + 66) a*csin (4fx + 48)

— +
16" " 80 f 181 8 f 192 64 f

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(f*x+e) 3*(a+a*sin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] 1/16*%a~2*c*xx + 1/80%a”2xc*cos(5*f*x + 5*e)/f - 1/48*a"2xc*cos(3*f*x + 3*e)/
f - 1/8%a"2xc*cos(fxx + e)/f + 1/192xa"2*xc*sin(6xf*xx + 6%e)/f - 1/64*xa”2*c*
sin(4xf*xx + 4xe)/f - 1/64%xa"2*xc*sin(2xf*xx + 2%e)/f

maple [A] time = 0.56, size = 147, normalized size = 1.21

i3 . 2

sin5( fx+e)+5(Sm ifxﬂ’))+15 51ngfx+g) COS( x+e) a%e §+sin4(f “‘%M Cos(f x+e) sin’
_2._ 5fx | 5 ) -
6 + 16 + 16 + 5 +ae

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e) 3% (a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x)

[Out] 1/f*x(-a"2*cx(-1/6*(sin(f*x+e) " 5+5/4*sin(f*x+e) "3+15/8*sin(f*x+e))*cos (f*x+e
)+5/16xf*x+5/16%e)+1/5*%a"2%c* (8/3+sin(f*x+e) ~4+4/3*sin(f*x+e) ~2) *cos (f*¥x+e)
+a”2xcx (-1/4* (sin(f*x+e) "3+3/2*sin(f*x+e) ) xcos (f*x+e)+3/8*f*x+3/8%e)-1/3*a”

2%c* (2+sin(f*xx+e) "2) *cos (f*x+e))

maxima [A] time = 0.35, size = 147, normalized size = 1.21

64 (3 cos (fx + 6)5 -10 cos (fx + 6)3 +15 cos (fx + e))azc +320 (cos (fx + 6)3 — 3 cos (fx + e))azc -5 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 3*(a+axsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="ma
xima"

[Out] 1/960*%(64*(3*xcos(f*x + e)”5 - 10*cos(f*x + e)~3 + 15*cos(f*x + e))*a"2xc +
320*%(cos(f*x + e)73 - 3*cos(f*x + e))*a"2xc - 5x(4*sin(2*f*x + 2*e)~3 + 60

f*x + 60*%e + 9xsin(4*f*x + 4*e) - 48*sin(2xfxx + 2%e))*a”2*c + 30*x(12xf*xx +

12%e + sin(4xf*x + 4*e) - 8*sin(2xf*xx + 2%e))*a”2*c)/f

mupad [B] time = 14.24, size = 256, normalized size = 2.12

e fx e fx 2 e fx 3 e fx > e fx
a?c 156—30tan(§+7)—384tan(5+7) —17Otan(5+7) +1140tan(5+7) —640tan(5+7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) 3x(a + a*sin(e + f*x)) 2%(c - c*sin(e + f*x)),x)

[Out] (a"2*c*(15%xe - 30xtan(e/2 + (f*x)/2) - 384xtan(e/2 + (f*x)/2)"2 - 170%xtan(e
/2 + (fxx)/2)°3 + 1140*tan(e/2 + (f*x)/2)°5 - 640xtan(e/2 + (f*x)/2)76 - 11
40xtan(e/2 + (£f*x)/2)°7 - 960*tan(e/2 + (f*x)/2)78 + 170*xtan(e/2 + (f*x)/2)

~9 + 30*tan(e/2 + (f*x)/2)711 + 16*xf*x + 90*tan(e/2 + (£f*x)/2) " 2*x(e + f*x)

+ 225*xtan(e/2 + (f*x)/2)"4*(e + f*x) + 300xtan(e/2 + (£f*x)/2) " 6*x(e + f*xx) +
225xtan(e/2 + (f*x)/2)78%(e + f*x) + 90*tan(e/2 + (f*x)/2)"10x(e + f*x) +
15%xtan(e/2 + (f*x)/2)"12*(e + f*x) - 64))/(240xf*(tan(e/2 + (f*x)/2)"2 + 1)

~6)
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sympy [A] time = 4.80, size = 415, normalized size = 3.43

5a2cx sin® (e+ f x) 15a2cx sin* (e+ f x) cos? (e+ fx) 3a%cxsint (e+ fx) 15a2cx sin? (e+ fx) cos? (e+ f x) + 3a2cx sin’ (e+ f x) cos? (e+ fx)
B 16 B 16 8 B 16 4

x (asin (e) + a)2 (—csin (e) + ¢) sin® (e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)**3*(ata*sin(f*x+e))**2*(c-c*sin(f*x+e)),x)

[Out] Piecewise((-5*a*x*x2*ckx*sin(e + f*x)**x6/16 — 15*%axx2kckx*sin(e + f*x)**4d*xcos
(e + fxx)**2/16 + 3xa*x*2xckx*sin(e + f*xx)**4/8 - 1bxa*x*2xckx*sin(e + f*xx)**
2%cos(e + f*xx)**4/16 + 3*a*x*x2+c*x*sin(e + f*x)**x2xcos(e + F*x)**2/4 — Bxaxx
2%ckxx*cos(e + f*x)**x6/16 + 3*a*x*x2*c*x*cos(e + f*xx)**x4/8 + 1lxa**2*c*sin(e +
f*x)**x5xcos(e + f*xx)/(16*f) + a**2*xcksin(e + fxx)**4*cos(e + f*x)/f + b*xax
*2xcxsin(e + f*x)**x3*cos(e + f*xx)**3/(6*f) - Bkxaxx2*cksin(e + f*x)**x3*cos(e
+ fxx)/(8*f) + 4xax*x2*xc*sin(e + f*x)**2xcos(e + f*x)**x3/(3*f) - ax*x2kc*sin
(e + fxx)**2xcos(e + f*xx)/f + bxax*2xcxsin(e + f*xx)*cos(e + f*xx)**5/(16%f)
- 3xa**2*c*ksin(e + f*xx)*xcos(e + f*x)**3/(8*f) + 8xax*x2*c*cos(e + f*xx)**x5/(1
5xf) - 2kaxx2kckcos(e + f*x)**3/(3*f), Ne(f, 0)), (xx(a*sin(e) + a)**x2*(-cx*
sin(e) + c)x*sin(e)**3, True))
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3.2 fsinz(e + fx)(a + asin(e + fx))*(c — csin(e +

£2) dx

Optimal. Leaf size=96

a’ccos®(e + fx) a’ccos(e+ fx) a’c sin’(e + fx)cos(e + fx) acsin(e + fx)cos(e +fx)+1 5
8

5f 3f + 4f 8f a=cx

[Out] 1/8%a"2xc*xx-1/3*a"2%c*xcos(f*xx+e) ~3/f+1/5*%a"2%cxcos(f*xx+e) 5/f-1/8%a"2%c*xcos
(fxx+e)*sin(f*xx+e)/f+1/4xa " 2xc*xcos (f*x+e) *sin(f*x+e) "3/f

Rubi [A] time = 0.14, antiderivative size = 96, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 4, integrand size = 32,

number of rules _ () 125, Rules used = {2966, 2635, 8, 2633}

integrand size

a*ccos’(e + fx) a’ccos®(e+ fx) a*csin’(e+ fx)cos(e+ fx) a’csin(e + fx)cos(e +fx)+1a2c
-~ -~ —a%cx

57 3 af 8F 8

Antiderivative was successfully verified.
[In] Int[Sin[e + f*x]72+(a + axSin[e + fx*x])~"2*(c - c*Sin[e + f*x]),x]

[Out] (a"2*c*x)/8 - (a"2xc*Cos[e + fxx]~3)/(3*f) + (a"2xc*Cos[e + f*x]~5)/(5xf) -
(a~2*xc*xCos[e + f*xx]*Sinl[e + f*xx])/(8%xf) + (a~2*c*Cos[e + f*x]*Sin[e + f*x]
~3)/(4xf)

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2633

Int[sinl[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
nd[(1 - x”2)~((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&% IGtQ[(n - 1)/2, 0]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Sinlc + d*x])"(n - 1))/(d*n), x] + Dist[(b™2*%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 2966

Int[sinl[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)])"(m
_O*((A_) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTrigl[si
nle + f*x] n*(a + bxsinle + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + axB, 0] &% EqQ[a"2 - b72, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps
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fsinz(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f (azc sin®(e + fx) + a’csin’(e + fx) — a’csin*(e +

= (azc) fsinz(e + fx)dx + (azc) fsin3(e + fx)dx — (

a’ccos(e + fx)sin(e + fx) .\ a*c cos(e + fx)sin’(e

2f 4f
_ lazc ~ a*ccos’(e + fx) N a’ccos’(e + fx) ~ a®c co
2 3f 5F
_ luz . a*ccos’(e + fx) .\ a%ccos®(e + fx) ~ a%c co
8 3f 57

Mathematica [A] time = 0.09, size = 57, normalized size = 0.59

a*c(—15sin(4(e + fx)) — 60 cos(e + fx) — 10 cos(3(e + fx)) + 6 cos(5(e + fx)) + 60e + 60 fx)
480f

Antiderivative was successfully verified.

[In] Integrate([Sin[e + f*x]~2%(a + axSin[e + fx*x])72x(c - c*Sinl[e + f*x]),x]

[Out] (a"2*c*x(60*xe + 60*xf*xx - 60%Cos[e + f*x] - 10%Cos[3*(e + fxx)] + 6*Cos[5x(e
+ fxx)] - 15%Sin[4*x(e + fx*x)]))/(480x%f)

fricas [A] time = 0.44, size = 77, normalized size = 0.80

24 a%c cos (fx + e)5 — 40 a%c cos (fx + 6)3 +15a%cfx —15 (2 a*c cos (fx + e)3 — a?c cos (fx + e)) sin (fx + e)
120 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2x(a+axsin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="fr
icas")
[Out] 1/120%(24*a~2*c*cos(f*x + e)”5 - 40*a~2*c*cos(f*x + e)73 + 1b*a™2*c*f*x - 1

5x (2xa~2%ckcos(fxx + )73 - a~2*ckcos(f*xx + e))*sin(f*xx + e))/f

giac [A] time = 0.17, size = 81, normalized size = 0.84

1 azccos(Sfx+56) azccos(3fx+3e) azccos(fx+e) azcsin(4fx+4e)

2
— alex +
g" 80 48 f 8 f 32f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2x(a+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
ac n

[Out] 1/8%a"2xc*xx + 1/80%a”2*cxcos(bxf*x + 5xe)/f - 1/48%a”2*cxcos(3xf*x + 3%xe)/f
- 1/8*%a"2*cxcos(f*x + e)/f - 1/32%a"2*xc*xsin(4*xfxx + 4x*e)/f

3 sin(fx+e)

maple [A] time = 0.46, size = 126, normalized size = 1.31
cos(fx+e) ) (sin3(fx+e)+ 5 ) cos(fx+e) 3fx 2 azc(2+sin2(fx+e)) cos(fx+e)

4(sin2(fx+e)) ]
3
—a’c|- =+ = |- + 0

5 4 8 8 3

f

a2

c §+sin4(fx+e)+
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(f*x+e) 2% (a+ta*sin(f*xx+e)) 2*(c-c*sin(f*x+e)),x)

[Out] 1/fx(1/5%a"2%c*x(8/3+sin(f*x+e) "4+4/3*sin(f*xx+e) "2)*cos (fxx+e)-a~2*xc*x(-1/4x*(
sin(f*xx+e) "3+3/2*xsin(f*x+e) ) *cos (fxx+e)+3/8*xf*xx+3/8%e)-1/3*%a " 2*xc* (2+sin(f*x
+e) "2)*cos (fxx+e)+a~2*xckx (-1/2xsin(f*xx+e) *cos (f*xx+e)+1/2*f*xx+1/2%e))

maxima [A] time = 0.34, size = 123, normalized size = 1.28

32 (3 cos (fx + 8)5 -10 cos (fx +e)3 +15 cos (fx + e))azc +160 (cos (fx + 8)3 -3 cos (fx + e))azc -15
480 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) " 2x(ata*sin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/480%(32*(3*cos(f*x + e)”5 - 10*cos(f*x + e)”3 + 15*cos(f*x + e))*a"2%c +
160* (cos(f*x + e)”3 — 3*cos(f*x + e))*a"2%c — 15x(12xf*x + 12%e + sin(4*xfx*x

+ 4*e) - 8*xsin(2xfxx + 2%e))*a”2*c + 120%x(2xfxx + 2%¥e - sin(2*xf*x + 2%e))x*
a~2xc)/f

mupad [B] time = 14.18, size = 212, normalized size = 2.21
fx

2 3 4
a2c(15¢-30tan (€ + ) —160tan (€ + 25} +180tan( + 25} +160tan (& + ) —480tan(C + &
2 2 2 2 2 2 2 2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) " 2%(a + a*sin(e + fxx)) 2*(c - cxsin(e + f*x)),x)

[Out] (a"2*c*(15%e - 30xtan(e/2 + (fx*x)/2) - 160*xtan(e/2 + (f*x)/2)"2 + 180%*tan(e
/2 + (f*x)/2)73 + 160*tan(e/2 + (f*x)/2)"4 - 480*xtan(e/2 + (f*x)/2)°6 - 180
*tan(e/2 + (£f*x)/2)°7 + 30*tan(e/2 + (f*x)/2)79 + 15+f*x + 7b*xtan(e/2 + (fx*
x)/2)"2x(e + f*x) + 150*tan(e/2 + (f*x)/2)"4*(e + f*x) + 150*tan(e/2 + (f*x
)/2)"6%(e + f*x) + 75*xtan(e/2 + (£*x)/2)78*(e + f*x) + 15xtan(e/2 + (f*x)/2
)710% (e + f£*xx) - 32))/(120%fx(tan(e/2 + (£f*x)/2)°2 + 1)75)

sympy [A] time = 2.80, size = 301, normalized size = 3.14

3a2cx sin® (e+ f x) 3a2cx sin? (e+ f x) cos? (e+ f x) a2cx sin? (e+ f x) 3a%cx cost (e+ f x) a%cx cos? (e+ f x) a%csint (e+ f x) cos (4
+

8 4 2 8 2 f

x (asin (e) + a)2 (—csin (e) + ¢) sin? (e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)**2*(at+ta*sin(fxx+e))**2*(c-c*sin(f*x+e)),x)

[Out] Piecewise((-3*a**2*c*x*sin(e + f*x)**x4/8 - 3*a*x*2*ckx*sin(e + f*xx)**x2*cos(e
+ Fxx)**%2/4 + axx2kckxxsin(e + f*xx)*%x2/2 — 3*ax*x2xckx*xcos(e + f*x)*x4/8 +
axx2xckxkcos(e + f*x)**2/2 + ax*x2xckxsin(e + f*x)**x4*xcos(e + f*xx)/f + Sxaxx*x2
*c*xsin(e + f*x)**3xcos(e + f*x)/(8*f) + 4d*xaxx2xcxsin(e + f*x)**2*xcos(e + fx*
x)**x3/(3*xf) - a*x*2*c*sin(e + f*x)**x2xcos(e + f*x)/f + B*ax*x2xcxsin(e + f*x)
xcos(e + F*xx)**3/(8+f) - a**2xc*sin(e + f*x)*cos(e + f*xx)/(2*xf) + 8*xa*x*2*xcx*

cos(e + f*x)*x5/(15%f) - 2*xax*x2*ckxcos(e + f*x)**x3/(3*%f), Ne(f, 0)), (xx(a*xs

in(e) + a)**2x(-c*xsin(e) + c)*sin(e)**2, True))
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3.3 f sin(e + fx)(a + asin(e + fx))*(c — csin(e +
£) d

Optimal. Leaf size=77

a%ccos’(e + fx) N a%csin®(e + fx)cos(e + fx) a’csin(e + fx)cos(e + fx) N 1,
- - —accx

3f 4f 8f 8

[Out] 1/8%a"2xc*xx-1/3*%a"2%c*xcos(f*xx+e) ~3/f-1/8*a"2%xcxcos(f*x+e)*sin(f*xx+e)/f+1/4x%
a”~2xcxcos (fxx+e)*sin(f*xx+e) ~3/f

Rubi [A] time = 0.10, antiderivative size = 77, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 5, integrand size = 30,

number of rules _ ) 167, Rules used = {2966, 2638, 2635, 8, 2633}

integrand size

a*ccos’(e + fx) a’csin®(e+ fx)cos(e + fx) a*csin(e + fx)cos(e + fx) . 1 2ex

3f af 8f 8

Antiderivative was successfully verified.
[In] Int([Sin[e + f*x]*(a + a*Sin[e + f*x])"2*(c - c*Sin[e + f*x]),x]

[Out] (a"2*c*x)/8 - (a"2xc*Cos[e + fxx]~3)/(3*f) - (a"2xc*Cos[e + f*x]*Sin[e + fx*
x])/(8xf) + (a~2*c*xCos[e + f*x]*Sin[e + fx*x]~3)/(4x*f)

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2633

Int[sin[(c_.) + (d_.)*(x )]~ (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)"((n - 1)/2), x], x], x, Coslc + dxx]], x] /; FreeQl{c, d}, x]
&& I1GtQ[(n - 1)/2, 0]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(bxCos[c + dxx
J*x(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b™2%(n - 1))/n, Int[(b*Sin[c
+ d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 2966

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)])"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx]nx(a + bkxsinl[e + f*x]) m*(A + Bxsin[e + f*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] & EqQ[Axb + a*B, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rubi steps
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fsin(e + fx)(a + asin(e + fx))*(c - csin(e + fx))dx = f(azc sin(e + fx) + a?csin’(e + fx) — a’csin®(e +

= (a2c) | sin(e + fx)dx + (a%c) | sin®(e + fx)dx —
(%)  sin(e + f dx + (ae) [ sin’(e+ f2)

_ aPccos(e + fx) ~ a’ccos(e + fx)sin(e + fx) . zz
7 of
_ lazcx ~ a%ccos’(e + fx) ~ a®ccos(e + fx)sin(e +
2 3f 8F
_ lazcx ~ a%ccos’(e + fx) ~ a®c cos(e + fx)sin(e +
8 3f 8f

Mathematica [A] time = 0.11, size = 47, normalized size = 0.61

a?c(-3sin(4(e + fx)) — 24 cos(e + fx) — 8 cos(3(e + fx)) +12¢ + 12fx)
9%F

Antiderivative was successfully verified.

[In] Integrate[Sin[e + f*x]*(a + a*Sin[e + f*x])"2+(c - cxSinle + f*x]),x]

[Out] (a~2*cx(12%e + 12xf*xx - 24%Cos[e + f*x] - 8*Cos[3*(e + f*xx)] - 3*Sin[4*(e +
fxx)]))/(96%f)

fricas [A] time = 0.45, size = 63, normalized size = 0.82
3 3
8 a%c cos (fx + e) -3a%cfx+3 (2 a*c cos (fx + e) — a?c cos (fx + e)) sin (fx + e)
24 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(ata*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="fric
asll)

[Out] -1/24%(8*a"2%cxcos(f*xx + e)”3 - 3*a"2kcxf*xx + 3*%(2%a"2*cxcos(f*x + e)”3 - a
“2xckcos(f*x + e))*sin(fxx + e))/f

giac [A] time = 0.17, size = 62, normalized size = 0.81

lazcx_ a*c cos (3fx+3e) ~ a2c cos (fx+e) B gzcsin(4fx+4e)

8 12f 4f 32f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(a+ta*sin(f*x+e)) 2x(c-cxsin(f*x+e)),x, algorithm="giac

n)

[Out] 1/8%a"2xc*x - 1/12%a”2%cxcos(3*xfxx + 3%e)/f - 1/4xa"2xc*xcos(f*x + e)/f - 1/
32%a"2xcxsin(4xf*xx + 4xe)/f

maple [A] time = 0.38, size = 106, normalized size = 1.38

. 351n(fx+e)
(Slng(fx+e)+ 2 )cos(fx+e) 3fx 4 3e N azc(2+sin2(fx+e)) cos(fx+e) + i (_ sin(fx+e) cos(fx+e) 4 fzx %)

4 8 8 3 2

f

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sin(f*x+e)*(a+akxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x)

[Out] 1/fx(-a~2%c*(-1/4*(sin(f*x+e) " 3+3/2xsin(f*x+e))*cos(f*x+e)+3/8xf*x+3/8*%e)+1
/3xa”2xcx (2+sin(f*x+e) "2) *cos (f*x+e)+a~2*xc* (-1/2*xsin(f*xx+e) *cos (fxx+e)+1/2%
fxx+1/2%e)-a"2*c*cos (f*xx+e))

maxima [A] time = 0.33, size = 100, normalized size = 1.30

32 (cos (fx+e)3 -3 cos (fx+e))a2c+3(12fx+126+ sin(4fx+4e) -8 sin(fo+2€))a2c—24 (2fx-+
- 96 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(a+ta*sin(f*x+e)) 2x(c-cxsin(f*x+e)),x, algorithm="maxi
ma"

[Out] -1/96*%(32*%(cos(f*x + e)73 - 3*xcos(f*x + e))*xa"2%c + 3*x(12xf*x + 12%e + sin(
Axfxx + 4xe) - 8*xsin(2xf*xx + 2%e))*a"2xc — 24*%x(2xf*xx + 2%e - sin(2*fxx + 2%
e))*a"2%c + 96%a~2xckxcos(f*x + e))/f

mupad [B] time = 14.12, size = 250, normalized size = 3.25

6 24

2 2 2 6 24 2 ' 2 -

ascx
8

tan(f N E)2 (a2c(3e+3fx) ~ azc(12e+12fx—16)) N tan(f s ﬁ)6 (a2c(3e+3fx) azc(12e+12fx—48)) N tan(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*xx)*(a + axsin(e + f*x)) 2x(c - c*sin(e + f*x)),x)

[Out] (a~2*%c*x)/8 - (tan(e/2 + (f*x)/2) " 2x((a"2*%xcx(3*e + 3*xfx*xx))/6 — (a~2*%xc*x(12*e
+ 12*f*x - 16))/24) + tan(e/2 + (£*x)/2)76x((a~2xc*(3*xe + 3*f*x))/6 - (a2
*c*x(12%e + 12*xf*xx — 48))/24) + tan(e/2 + (f*x)/2) 4% ((a"2*c*(3*e + 3*xf*x))/

4 - (a"2xcx(18%e + 18*f*x - 48))/24) + (a"2*cxtan(e/2 + (f*x)/2))/4 - (7*a”
2kxcxtan(e/2 + (£f*x)/2)73)/4 + (7*a"2xcxtan(e/2 + (f*x)/2)°5)/4 - (a"2*xc*tan

(e/2 + (£xx)/2)77)/4 + (a~2%c*x(3%e + 3xf*x))/24 - (a~2*c*x(3*e + 3*f*x - 16)
)/24)/(f*x(tan(e/2 + (£*x)/2)72 + 1)74)

sympy [A] time = 1.36, size = 245, normalized size = 3.18

3a%cx sin (e+ f x) 3a%cx sin? (e+ f x) cos? (e+ f x) 4 a%cx sin® (e+ f x) 3a2cx cost (e+ fx) a®cx cos? (e+ f x) 4 5a%csin® (e+ f x) cos (e+ |

8 4 2 8 2 8f

x (asin (e) + a)2 (—csin (e) + ¢) sin (e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)*(a+a*sin(f*x+e))**2*(c-c*sin(f*x+e)),x)

[Out] Piecewise((-3*a**2*c*x*sin(e + f*x)**x4/8 - 3*a*x*2*ckx*sin(e + f*xx)**x2*cos(e
+ Fxx)**%2/4 + axx2kckx*xsin(e + f*xx)*%x2/2 — 3*ax*x2kxckx*xcos(e + f*x)*x4/8 +
a*x*x2kxc*x*kcos(e + f*xx)*x2/2 + Bkxax*2*cksin(e + f*xx)**x3*cos(e + f*x)/(8*xf) +
axx2xckxsin(e + f*xx)**2*xcos(e + f*x)/f + 3*xax*x2xcxsin(e + f*x)*cos(e + f*xx)x*
*3/(8*f) - ax*2xcxsin(e + f*x)*cos(e + f*xx)/(2xf) + 2xa*x*2*ckcos(e + f*xx)*x
3/(3*xf) - a*xx2*xcxcos(e + f*x)/f, Ne(f, 0)), (x*(axsin(e) + a)**2x(-c*sin(e)

+ c)*sin(e), True))
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3.4 f(a + asin(e + fx))*(c — csin(e + fx))dx

Optimal. Leaf size=52

a%ccos’(e + fx) . a’csin(e + fx)cos(e + fx) 1,

+
3f of acx

[Out] 1/2*%a"2xc*xx-1/3%a"2%xcxcos(f*xx+e) " 3/f+1/2%a"2*xc*cos (f*xx+e)*sin(f*xx+e)/f

Rubi [A] time = 0.06, antiderivative size = 52, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 24,

number of rules _ ) 167, Rules used = {2736, 2669, 2635, 8}

integrand size

a’ccos’(e + fx) .\ a’csin(e + fx)cos(e + fx) 1,
-~ —a%cx

3f 2f 2
Antiderivative was successfully verified.

[In] Int[(a + ax*Sinl[e + fx*x]) 2x(c - cxSin[e + fx*x]),x]

[Out] (a~2*cxx)/2 - (a"2*cxCos[e + f*x]~3)/(3*%f) + (a"2xc*Cosl[e + f*x]*Sin[e + fx*

x])/(2*f)
Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b™2%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 2669

Int[(cos[(e_.) + (f_.)x(x_)1*(g_.)) " (p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
)1), x_Symbol] :> -Simp[(b*x(gxCosl[e + fxx])~(p + 1))/ (f*gx(p + 1)), x] + D
ist[a, Int[(g*Cosl[e + f*x])7p, x], x] /; FreeQ[{a, b, e, £, g, p}t, x] & (I
ntegerQ[2*xp] || NeQ[a"2 - b~2, 0])

Rule 2736

Int[((a_) + (b_.)*sinl(e_.) + (£_)*x(x_)1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_)*(x_)1)"(n_.), x_Symbol] :> Dist[a"m*c™m, Int[Cos[e + f*xx]~(2*m)*(c +
d*Sinle + f*x])~"(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + axd, 0] &% EqQ[a"2 - b72, 0] && IntegerQ[m] && !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 0]) || LtQ[O, n, m] || LtQ[m, n, 01))

Rubi steps

f(a +asin(e + fx))*(c - csin(e + fx)) dx = (ac) fcosz(e + fx)(a + asin(e + fx))dx

- _#e Cos;(f o) + (azc) f cos?(e + fx)dx

__dccos’(e+fx) a*ccos(e+ fx)sin(e+ fx) 1

2

,  a*ccos’(e+ fx) .\ a®ccos(e + fx)sin(e + fx)

3f 2f
1

a%c

= —a“cx —
2

3f 2f

)fL
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Mathematica [A] time = 0.37, size = 43, normalized size = 0.83

_azc(—3(sin(2(e + fx)) +2fx) + 3cos(e + fx) + cos(3(e + fx)))
12f

Antiderivative was successfully verified.

[In] Integrate[(a + a*Sin[e + f*x])"2x(c - cxSinl[e + fxx]),x]

[Out] -1/12%(a"2*c*(3*%Cos[e + f*x] + Cos[3*(e + fx*x)] - 3% (2*f*xx + Sin[2*(e + fx*x
)1)))/f

fricas [A] time = 0.45, size = 46, normalized size = 0.88

24%c cos (fx +e)3 —3a%cfx - 3a’ccos (fx+e)sin(fx+e)

6f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sin(f*x+e)) 2*(c-c*sin(f*x+e)),x, algorithm="fricas")

[Out] -1/6%(2%a"2*cxcos(f*x + e)”3 - 3%a " 2*cxf*x - 3%a " 2*ckxcos(f*x + e)*sin(f*x +

e))/f

giac [A] time = 0.14, size = 62, normalized size = 1.19

lazcgc_ ac cos (3fx+3e> _ ac cos (fx+e) g2csin(2fx+ze)

2 12f if 4f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) 2x(c-c*sin(f*x+e)),x, algorithm="giac")

[Out] 1/2*%a"2xc*xx - 1/12%a"2*cxcos(3*xfxx + 3*xe)/f - 1/4xa"2xcxcos(f*x + e)/f + 1/
dxa~2*xcxsin(2xfxx + 2%e)/f

maple [A] time = 0.28, size = 78, normalized size = 1.50

a%c(2+sin?( fx+e)) cos fx+e sin( fx+e) cos| fx+e
( ( 3)) ( )—azc(— ( )2 ( )+%+g)—azccos(fx+e)+a2c(fx+e)
f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*xx+e)) 2% (c-c*xsin(f*x+e)),x)

[Out] 1/fx(1/3*%a"2%cx(2+sin(f*xx+e) ~2)*xcos(f*xx+e)-a " 2xc*x(-1/2*sin(f*x+e)*cos (f*x+e
Y+1/2xfxx+1/2%e) -a"2xc*cos (f*xx+e)+a " 2xcx (f*xx+e))

maxima [A] time = 0.34, size = 77, normalized size = 1.48
3
4(cos (fx + e) — 3 cos (fx + e))azc + 3(2fx +2e—sin (2fx + 2e))a2c -12 (fx + e)azc + 12a2ccos( x+
- 12 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="maxima")

[Out] -1/12%(4x(cos(f*x + e)”3 - 3xcos(f*xx + e))*a"2*c + 3*x(2xf*xx + 2%xe - sin(2*f
*x + 2%e))*a”"2%c - 12x%(f*x + e)*a”2xc + 12*a”"2xcxcos(f*x + e))/f
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mupad [B] time = 14.30, size = 125, normalized size = 2.40

fx azc(e+fx)
)+— 2+7 - —

e fx > a2
2 2

+ azctan(

tan(f s E)4 (3a2c(€+fx) B azc(9€+9fx—12)) 3 azctan(g 4

2 2 6

a

cx

? f(tan(g + %)2 + 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x)) " 2x(c - cxsin(e + f*x)),x)

[Out] (a"2*c*x)/2 - (tan(e/2 + (£f*x)/2) " 4x((3%a"2*cx(e + f*xx))/2 - (a"2%c*x(9*e +
Oxf*xx - 12))/6) - a~2xcxtan(e/2 + (£f*x)/2) + (a~2xcx(e + f*x))/2 + a~2*cxta
n(e/2 + (£f*x)/2)75 - (a~2*c*(3%e + 3*xf*x - 4))/6)/(fx(tan(e/2 + (f*x)/2)"2

+ 1)73)

time = 0.70, size = 133, normalized size = 2.56

sympy [A]
a2cx sin? (e+ fx) a%cx cos? (e+ f x) 2 a?csin? (e+ fx) cos (e+ f x) a’csin (e+ fx) cos (e+ fx) 2a%c cos® (e+ f x) a*ccos (
- > - > +accx + 7 + 2f + 3f - 7

x (asin (e) + a)2 (—csin(e) +¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] Piecewise((—a**2*c*x*sin(e + f*x)**x2/2 - a*x*2xcxx*cos(e + F*xx)**2/2 + ax*x2*
cxx + a*x*2*c*sin(e + f*xx)**2xcos(e + f*x)/f + a**2xcxsin(e + f*x)*cos(e + f

*x) /(2%f) + 2¥ax*x2xckcos(e + fxx)**x3/(3*%f) — ax*x2xcxcos(e + f*xx)/f, Ne(f, O

)), (xx(a*sin(e) + a)**2x(—c*sin(e) + c), True))
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3.5 fcsc(e + fx)(a + asin(e + fx))*(c — csin(e +

£2) dx

Optimal. Leaf size=63

a2ccos(e + fx)  aPcsin(e + fx)cos(e + fx) a’ctanh™ (cos(e + fx)) . 1 Pex

F T 2f f 2

[Out] 1/2*%a"2xc*xx-a”2*c*xarctanh(cos(f*xx+e))/f+a”~2*cxcos(f*xx+e)/f+1/2%a~2*xc*cos (fx*
x+e)*sin(f*xx+e) /£

Rubi [A] time = 0.09, antiderivative size = 63, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 30,

number of rules _ ) 167, Rules used = {2966, 3770, 2638, 2635, 8}

integrand size

a’c cos(e + fx) s a2csin(e + fx)cos(e + fx)  a?ctanh™'(cos(e + fx)) s 1a2cx

f 2f f 2

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]*(a + a*Sin[e + f*x])"2*(c - c*Sin[e + f*x]),x]

[Out] (a~2%c*x)/2 - (a~2%c*ArcTanh[Cos[e + fxx]])/f + (a~2*xc*Cos[e + fxx])/f + (a
~2%xcxCos[e + f*x]*Sin[e + fx*xx])/(2%f)

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + dxx
J*(b*Sinlc + d*x])"(n - 1))/(d*n), x] + Dist[(b™2*%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2#n
]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 2966

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a) + (b_.)*sin[(e_.) + (£_)*(x_)]1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx] n*(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*x]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + axB, 0] && EqQ[a"2 - b~2, 0] && IntegerQ
[m] &% IntegerQ[n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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fcsc(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f(azc + a®ccsc(e + fx) — a’csin(e + fx) — a’csin

= a%cx + (azc) fcsc(e + fx)dx — (azc) fsin(e + fx

a2c tanh ™! (cos(e + £x)) s a%ccos(e + fx)

= acx — 7 ;
2 -1 )
_ %azcx _ a’ctanh (;os(e + fx)) L ccosj(ce + fx)

Mathematica [A] time = 0.09, size = 61, normalized size = 0.97

a’c (sin(Z(e + fx)) +4cos(e + fx) + 4log (sin (%(e + fx))) —-4log (cos (%(e + fx))) —2e + 2fx)
4f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]x(a + a*Sin[e + f*x])72+(c - cxSinl[e + fxx]),x]

[Out] (a"2*ckx(-2%e + 2*xfxx + 4*Cos[e + f*x] - 4xLog[Cos[(e + f*x)/2]] + 4*Log[Sin
[(e + f*x)/2]] + Sin[2x(e + f*x)]))/(4*f)

fricas [A] time = 0.46, size = 75, normalized size = 1.19
a’cfx + a*ccos (fx + e) sin (fx + e) +2a%ccos (fx + e) —a?clog (% cos (fx + e) + %) + a’clog (—% cos (j

2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ata*sin(f*x+e)) "2x(c-c*sin(f*x+e)),x, algorithm="fric
asn)

[Out] 1/2%x(a"2*cxf*xx + a~2*xc*cos(f*xx + e)*sin(f*x + e) + 2*%xa~2*xc*cos(f*x + e) - a
“2%cxlog(1/2*cos(f*x + e) + 1/2) + a~2*cxlog(-1/2*cos(f*x + e) + 1/2))/f

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(a+ta*sin(f*x+e)) 2x(c-cxsin(f*x+e)),x, algorithm="giac

u)

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)-2/f*(-a"2*c/2*1n(abs(tan((f*x+exp(1
))/2)))-a"2*c/2* (f*xx+exp(1))/2+(tan((f*x+exp(1))/2) "3*xa~2xc-2*tan ((f*x+exp(
1))/2)72*a"2xc-tan((f*x+exp(1))/2) *a~2*c-2xa"2*xc)*1/2/ (tan((f*x+exp(1))/2)~
2+1)72)

maple [A] time = 0.19, size = 78, normalized size = 1.24

azccos(fx+e)sin<fx+e) a2ex  aee azccos(fx+e) azcln(csc(fx+e)—cot(fx+e))
——— 4

2f 2 " of o f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e)*(at+a*sin(fxx+e)) 2% (c-c*sin(f*x+e)) ,x)
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[Out] 1/2*%a"2xc*xcos(f*xx+e)*sin(f*x+e)/f+1/2%a~2*xc*x+1/2/f*a~2*xc*xe+a”2*xc*cos (f*x+e
Y/f+1/fxa"2%cx1ln(csc(f*x+e)—cot (f*xx+e))

maxima [A] time = 0.35, size = 73, normalized size = 1.16

(2fx+2e—sin(2fx+2€))a2c—4(fx+e)a2c—4azccos (fx+e) +4a%clog (cot(fx+e) + csc (fx+e))
_ Y

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(a+ta*sin(f*x+e)) " 2x(c-cxsin(f*x+e)),x, algorithm="maxi

mall
[Out] -1/4%((2%f*xx + 2%e - sin(2*f*xx + 2%e))*a”2xc — 4x(f*xx + e)*a~2*c - 4*a~2xcx*
cos(f*x + e) + 4xa~2xcxlog(cot(f*x + e) + csc(f*x + e)))/f

time = 12.89, size = 88, normalized size = 1.40

mupad [B]
sin(§+%) sin(26+2fx) \5 (cos(§+%)+2 sin(§+%))
2 [cos (e+fx) +ln[cos(g+%) + 1 + atan 5cos(§+atan(%)+%)

f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x),x)

[Out] (a~2*c*(cos(e + f*x) + log(sin(e/2 + (f*x)/2)/cos(e/2 + (£*x)/2)) + sin(2%*e
+ 2%fxx)/4 + atan((57(1/2)*(cos(e/2 + (f*x)/2) + 2*xsin(e/2 + (£fxx)/2)))/(5

xcos(e/2 + atan(1/2) + (f*x)/2)))))/f

sympy [F] time = 0.00, size = 0, normalized size = 0.00

—a?c (f(—sin (e+fx) csc (e+fx)) dx + fsinz (e+fx) csc (e+fx) dx + fsin3 (e+fx) csc (e+fx) dx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*(ata*sin(f*x+e))*x*2*(c-c*sin(f*x+e)),x)

[Out] -ax*2*xcx(Integral(-sin(e + f*x)*csc(e + f*x), x) + Integral(sin(e + f*x)*x*2
xcsc(e + f*xx), x) + Integral(sin(e + f*x)*x3%csc(e + f*x), x) + Integral(-c

sc(e + f*x), x))
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3.6 [csc(e+ fx)(a+asin(e + fx))*(c — csin(e +
£ dx

Optimal. Leaf size=53

a*ccos(e + fx) a’ccotle+ fx) ac tanh™* (cos(e + fx))

f f f

[Out] -a~2*cxx-a~2*cxarctanh(cos(fxx+e))/f+a~2*cxcos(f*xx+e)/f-a~2*xc*cot (f*xx+e)/f

+ a?(=c)x

Rubi [A] time = 0.12, antiderivative size = 53, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 32,

number of rules _ ) 219, Rules used = {2950, 2710, 2592, 321, 206, 3473, 8}

integrand size

a*ccos(e + fx) a’ccotle+ fx) ac tanh ™! (cos(e + £x))

f f f

+ a?(=c)x

Antiderivative was successfully verified.
[In] Int[Csc[e + f*xx] 2x(a + a*Sin[e + f*x]) 2%(c - c*Sin[e + f*x]),x]

[Out] -(a~2%cxx) - (a~2*xc*ArcTanh[Cosl[e + f*x]])/f + (a"2*cxCos[e + f*xx])/f - (a~
2%cxCot[e + fxx])/f

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 321

Int[((c_)*(x D))" (m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + n*p + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2592

Int[((a_.)*sin[(e_.) + (f_)*x)])"(m_.)*tan[(e_.) + (f_HD* )] "(n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(@"2 - f£f72xx"2)"((n + 1)/2), x], x, (axSinle + fxx])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 2710

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"(m_.)*((g_.)*tanl(e_.) + (£_.)*(
x )1)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(g*Tan[e + fx*x])"p, (a + bxSi
nle + f*x])"m, x], x] /; FreeQ[{a, b, e, f, g, p}, x] && EqQ[a~2 - b~2, 0]
&& IGtQ[m, O]

Rule 2950

Int[sin[(e_.) + (£_)*(x D1 (p)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x)])"(m_
Ix((c_) + (d_.)*sinl(e_.) + (£_)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
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Int[Tan[e + f*x] px(a + b*Sinfe + f*x])"(m - n), x], x] /; FreeQ[{a, b, c,
d, e, £, m}, x] && EqQ[b*c + a*d, 0] && EqQ[a”2 - b~2, 0] &% EqQ[p + 2*n,
0] && IntegerQ[n]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x)]1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b”2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps
fcscz(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = (ac) fcotz(e + fx)(a + asin(e + fx))dx

— (ac) f (acos(e + fx) cot(e + £x) + acot(e + £)) dx
= (azc) fcos(e + fx) cot(e + fx)dx + (uzc) fcotz(e 4

_ 4 ccot(e+fx fldx a c Subst(f ~
= —a2c a*ccos(e + fx) a*ccot(e+ fx) (ﬂzc) Su
f f
= Pex— a?ctanh” (cos(e + fx)) N a ccos(e +fx)

— ; ¢

Mathematica [A] time = 0.05, size = 97, normalized size = 1.83

2 . e fx 2 e fx
_desin(e)sin(fx) a’ccos(e) cos(fx) _a’c cot(e + fx)+a clog (Sm(i + ?))_” clog (COS(E * ?))+a2 (e

f f f f f

Antiderivative was successfully verified.

[In] Integrate[Cscl[e + fxx]"2*%(a + a*Sin[e + f*x])~2x(c - c*Sin[e + f*x]),x]

[Out] -(a"2xc*x) + (a"2xc*Cos[e]*Cos[f*x])/f - (a~2*cxCot[e + fxx])/f - (a~2*cx*Lo
glCosl[e/2 + (fxx)/2]1)/f + (a"2xc*Log[Sin[e/2 + (f*x)/2]1]1)/f - (a"2*c*Sinle
1xSin[f*x])/f

fricas [A] time = 0.45, size = 99, normalized size = 1.87
a clog( cos (fx +e) + %) sin(fx+e) - azclog(—% cos (fx+e) + %) sin(fx+e) +2a%ccos (fx+e) +2
B 2 fsin (fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 2x(a+axsin(f*x+e)) " 2x(c-c*sin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/2%(a"2*c*xlog(1/2*xcos(f*xx + e) + 1/2)*sin(f*x + e) - a"2xc*log(-1/2*cos(f
*x + e) + 1/2)*sin(f*xx + e) + 2%a"2xcxcos(f*xx + e) + 2kx(a”2xcxf*xx — a~2%c*xc
os(f*x + e))*sin(f*x + e))/(f*xsin(f*x + e))

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 2% (ata*sin(f*x+e)) 2% (c-c*ksin(f*x+e)) ,x, algorithm="gi
acll)

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)-2/fx(-tan((f*x+exp(1))/2)*a”~2*c/4+(

2*xtan ((f*xx+exp(1))/2) "3*a~2xc+3*tan((f*x+exp(1))/2) "2*a~2xc-10*tan ((f*x+exp

(1)) /2)*a~2*xc+3*xa”2*c)*1/12/ (tan((f*x+exp (1)) /2) "3+tan((f*x+exp(1))/2))-a"2
xc/2x1n(abs (tan((fxx+exp(1))/2)))+2*xa~2*c/2* (f*x+exp(1))/2)

maple [A] time = 0.28, size = 72, normalized size = 1.36

a*c cos (fx + e) a’c cot (fx + e) a’cln (csc (fx + e) — cot (fx + e)) _dPce

f f f f

—a%cx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 2% (a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x)

[Out] -a~2*cxx+a~2*cxcos(fxx+e)/f-a~2xckxcot (f*x+e)/f+1/f*a~2*xcx1ln(csc(f*xx+e)-cot(
fxx+e))-1/f*xa"2*cx*e

maxima [A] time = 0.34, size = 69, normalized size = 1.30

2a%¢c
tan( f x+e)

2 (fx + e)azc + azc(log (cos (fx + e) + 1) —log (cos (fx + e) —1)) - 24accos (fx + e) +
2f

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 2x(a+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/2%(2*(f*x + e)*a”2xc + a~2*xcx(log(cos(f*x + e) + 1) - log(cos(f*x + e) -
1)) - 2%a”2xc*cos(f*x + e) + 2*a"2+c/tan(f*x + e))/f

mupad [B] time = 12.39, size = 110, normalized size = 2.08

Ccos E+E —sin £+f—x sin( 2 +L=
‘ZZC[Zatan(\/ﬁ( (2 2) (2 2)))4-111(%]] 2 (Cos(e+fx)_sin(2€+2fx))
cos| 5+ 2

e w fx
2COS(§——+?

f f sin (e +f x)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + fx*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~2,x)

[Out] (a"2*xc*x(2*xatan((2”(1/2)*(cos(e/2 + (f*x)/2) - sin(e/2 + (£f*x)/2)))/(2*cos(e
/2 - pi/4 + (fxx)/2))) + log(sin(e/2 + (f*x)/2)/cos(e/2 + (f*x)/2))))/f - (
a"2xcx(cos(e + f*xx) - sin(2%e + 2%fx*xx)/2))/(f*sin(e + fx*x))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
—a?c (f (— sin (e + fx) csc? (e + fx)) dx + fsinz (e + fx) csc? (e + fx) dx + fsin3 (e + fx) csc? (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*x2x(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)

[Out] -ax*2xc*(Integral(-sin(e + fxx)*csc(e + fxx)**2, x) + Integral(sin(e + f*x)
xk2xcsc(e + fxx)**2, x) + Integral(sin(e + f*x)**3xcsc(e + fxx)**2, x) + In
tegral(-csc(e + f*x)**2, x))
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3.7 fcsc3(e + fx)(a + asin(e + fx))*(c — csin(e +
£ da

Optimal. Leaf size=64

_azc cot(e + fx) . a2c tanh ™ (cos(e + fx)) ~ a*c cot(e + fx) csc(e + fx)

2
+ a“(—c)x
f 2f 2f
[Out] -a~2*cxx+1/2%a~2*xc*arctanh(cos(f*x+e))/f-a~2*c*cot (fxx+e)/f-1/2%a " 2*c*xcot (£
*x+e)*xcsc(f*xx+e)/f

Rubi [A] time = 0.11, antiderivative size = 64, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 32,

numberof rules _ ) 56 Rules used = {2966, 3770, 3767, 8, 3768)
integrand size
a’c cot(e + fx) s a?ctanh ' (cos(e + fx))  a2ccot(e + fx)cscle + £x)

f 2f 2f

+ a?(—=c)x

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]73*(a + a*Sinl[e + f*x])7"2*(c - c*Sin[e + f*x]),x]

[Out] -(a~2%c*x) + (a~2*c*ArcTanh[Cos[e + f*xx]])/(2xf) - (a~2%c*xCot[e + f*x])/f -
(a~2*cxCot[e + f*xx]*Cscle + fxx])/(2xf)

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2966

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Int[ExpandTrigl[si
nle + f*x] nx(a + bxsin[e + f*x]) m*x(A + Bxsin[e + f*xx]), x], x] /; FreeQ[{
a, b, e, f, A, B}, x] && EqQ[Axb + axB, 0] && EqQ[a"2 - b72, 0] && IntegerQ
[m] && IntegerQ[n]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, O]

Rule 3768

Int[(cscl(c_.) + (d_D)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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fcsc3(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f (—azc — a?cescle + fx) + a’cesc?(e + fx) + a’c

= —a%cx - (azc) f csce + fx)dx + (azc) f csc?(e +

a2ctanh™ (cos(e + fx)) ~ a’c cot(e + fx)

= —a%cx + 7 -
2 -1 )
= _Pex 4 a-c tanh ;cfos(e + fx)) 4 ccot}e + fx)

Mathematica [A] time = 0.71, size = 95, normalized size = 1.48

a?c (—4 tan (%(e + fx)) + 4 cot (%(e + fx)) + csc? (%(e + fx)) — sec? (%(e + fx)) +4log (sin (%(e + fx))) :
_ 57

Antiderivative was successfully verified.

[In] Integrate[Cscl[e + f*x]~3*(a + a*Sin[e + f*x])~2+(c - c*Sinf[e + fx*x]),x]

[Out] -1/8%(a"2*%c*(8%e + 8*fxx + 4xCot[(e + f*x)/2] + Cscl(e + fxx)/2]72 - 4x*Logl
Cos[(e + f*x)/2]] + 4xLogl[Sin[(e + f*x)/2]] - Sec[(e + f*x)/2]72 - 4xTan[(e
+ f*x)/2]))/f

fricas [B] time = 0.44, size = 138, normalized size = 2.16
2 2
4a%cfx cos (fx+e) —4a’cfx —4a*ccos (fx+e) sin(fx+e) —24a%ccos (fx +e) - (azccos (fx+e) -

4(fcos (fx +e)2 —f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3% (a+a*sin(fxx+e)) 2% (c-cksin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/4%(4*xa~2xcxf*xxcos(f*x + e)72 — 4*a”~2*cxf*x - 4*xa~2xc*xcos(f*x + e)xsin(f
*x + e) - 2¥a"2xcxcos(fxx + e) - (a"2*cxcos(f*x + e)72 - a~2*c)*log(1l/2%cos

(f*x + e) + 1/2) + (a"2xc*cos(f*x + e)72 - a"2xc)*log(-1/2*cos(f*x + e) + 1
/2))/(fxcos(fxx + e)72 - f)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) " 3*(ata*xsin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="gi
ac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*xpi/x/2)-2/f*((-4*xtan((f*x+exp(1))/2) 2xa"2x%
c-16xtan((f*x+exp(1))/2)*a~2x*c)/64+(-6*xtan((f*x+exp(1))/2) "2*xa~2*xc+4*xtan((f
xx+exp (1)) /2)*a~2*xc+a~2*c)*1/16/tan((f*x+exp(1))/2) "2+2*a~2*c/2x (f*x+exp (1)
)/2+a~2*xc/4*1n(abs(tan((f*x+exp(1))/2))))

maple [A] time = 0.45, size = 80, normalized size = 1.25

_azcx_pﬂce_azc In (csc (fx + e) — cot (fx + e))_azc cot (fx + e) _azc cot (fx + e) csc (fx + e)

f 2f f 2f




50

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 3*x(a+ta*sin(f*xx+e)) 2x(c-c*xsin(f*x+e)),x)

[Out] -a"2*cxx-1/f*a"2xcxe-1/2/f*xa"2*xc*1ln(csc(f*xx+e)-cot (f*xx+e))-a~2*xc*cot (f*xx+e)

/f-1/2%a"2*cxcot (f*x+e) *csc(f*xx+e) /T

maxima [A] time = 0.37, size = 105, normalized size = 1.64

4 (fx + e)azc - azc(zc((;Lx)ze) —log (cos (fx + e) + 1) +log (cos (fx + e) - 1)) -2 azc(log (cos (fx + e) +1
cos( fx+e) -1

_ v

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 3x(a+taxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="ma
xima")

[Out] -1/4%x(4x(f*x + e)*a”2%c - a~2xc*x(2*cos(f*x + e)/(cos(f*x + e)”2 - 1) - log(
cos(f*x + e) + 1) + log(cos(fxx + e) - 1)) - 2xa"2*xc*x(log(cos(f*x + e) + 1)

- log(cos(f*x + e) - 1)) + 4xa~2*c/tan(f*x + e))/f

mupad [B] time = 12.26, size = 163, normalized size = 2.55

fx . e fx
2 2 COS(§+?)+SIH(E+7) 2
2a“ catan 2 e fx\ o e fx
x Ef") a“ccot|-+—| a“ccot|; + =
2 2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~3,x)

[Out] (a"2*c*tan(e/2 + (£f*x)/2))/(2xf) - (a"2*xcxlog(sin(e/2 + (f*x)/2)/cos(e/2 +
(£*x)/2)))/(2*%f) - (2*xa~2xc*xatan((2*cos(e/2 + (f*x)/2) + sin(e/2 + (£f*x)/2)
)/ (cos(e/2 + (£f*x)/2) - 2*xsin(e/2 + (£*x)/2))))/f - (a"2xc*cot(e/2 + (f*x)/
2))/(2*xf) - (a~2*xcxcot(e/2 + (£*x)/2)72)/(8*%f) + (a~2*c*tan(e/2 + (f*x)/2)~

2)/(8xf)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

—a?c (f (— sin (e+fx) csc? (e +fx)) dx + fsm2 (e +fx) csc? (e +fx) dx + fsim3 (e +fx) csc? (e +fx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)*x3x(ata*sin(f*x+e))**2x(c-c*sin(f*x+e)),x)
[Out] -ax*2xc*(Integral(-sin(e + fxx)*csc(e + f*x)**3, x) + Integral(sin(e + fx*x)
xk2xcsc(e + fxx)**3, x) + Integral(sin(e + f*x)**3xcsc(e + fxx)**3, x) + In

tegral(-csc(e + f*x)**3, x))
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38  [csc(e+ fx)(a+asin(e + fx))*(c — csin(e +
£ dx

Optimal. Leaf size=61

dk cot’(e + fx) s a2ctanh™ (cos(e + fx)) _ accot(e + fx) csc(e + fx)

3f 2f 2f

[Out] 1/2*%a"2xcxarctanh(cos(f*xx+e))/f-1/3%a"2xc*xcot (f*x+e) "3/f-1/2%a"2*c*xcot (f*x+
e)*xcsc(f*xx+e)/f

Rubi [A] time = 0.16, antiderivative size = 61, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 32,
number of rules _ ).188, Rules used = {2950, 2706, 2607, 30, 2611, 3770}

integrand size

_azc cot>(e + fx) . a2ctanh ™ (cos(e + fx)) ~ a®c cot(e + fx) csc(e + fx)

3f 2f 2f

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]"4*(a + a*Sin[e + f*x])7"2*(c - c*Sinf[e + f*x]),x]

[Out] (a~2*xcxArcTanh[Cos[e + f*x]])/(2xf) - (a~2*c*Cotl[e + f*x]~3)/(3xf) - (a~2%c
*Cot[e + fxx]*Cscle + fxx])/(2*f)

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 2607

Int[sec[(e_.) + (f_D)*xx )] "(m )*((b_.)*tan[(e_.) + (f_Dx*x(x)]1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rule 2611

Int[((a_.)*sec[(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tanl[(e_.) + (f_.)*(x_)]1)"(

n_), x_Symbol] :> Simp[(bx(a*Sec[e + f*x]) m*(b*Tanle + f*x])~(n - 1))/ (f*(

m+n-1)), x] - Dist[(b™2x(n - 1))/(m + n - 1), Int[(a*xSec[e + fx*xx]) mx(b
xTan[e + fxx])~(n - 2), x], x] /; FreeQ[{a, b, e, f, m}, x] && GtQ[n, 1] &&
NeQ[m + n - 1, 0] && IntegersQ[2*m, 2#n]

Rule 2706

Int[((g_.)*tan[(e_.) + (£_)*x D1~ (p_.)/((a_) + (b_.)*sinl[(e_.) + (£f_.)*(
x_)]1), x_Symbol] :> Dist[1/a, Int[Secle + f*x] 2x(gxTan[e + fx*x])7p, x], x]
- Dist[1/(b*g), Int[Secle + f*x]*(gxTanl[e + fxx])~(p + 1), x], x] /; FreeQ
[{a, b, e, f, g, p}, x] && EqQ[a"2 - b~2, 0] && NeQ[p, -1]

Rule 2950

Int[sin[(e_.) + (£_)*x )1 (p)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x)]1)"(m_
Dx((c_) + (d_.)*sin[(e_.) + (f_)*(x_)1)"(n_.), x_Symbol] :> Dist[a"n*c"n,
Int[Tan[e + f*xx] p*(a + b*Sin[e + f*x])"(m - n), x], x] /; FreeQ[{a, b, c,
d, e, f, m}, x] && EqQ[b*c + a*d, 0] && EqQ[a”2 - b~2, 0] &% EqQ[p + 2*n,
0] && IntegerQ[n]
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Rule 3770

Int[ecscl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

cot*(e + fx)

f csch(e + fx)(a + asin(e + fx))2(c - csin(e + fx)) dx = (a2c?) f st £
= (azc) fcotz(e + fx)csce + fx)dx + (azc) fcotz(e-

2
_ _@ccotle +j;3;)csc(e +fx) % (azc) fcsc(e + fx)
ke tanh ™ (cos(e + fx)) a*ccot(e+ fx)  aPccot
B 2f - 3f -

Mathematica [B] time = 0.07, size = 172, normalized size = 2.82

, tan(%(e +fx)) cot (%(e +fx)) csc? (%(e +fx)) sec? (%(e +fx)) log (sin(%(e +fx))) X log ((
a’c| - + - + _

6f 6f 8f 8f 2f

Antiderivative was successfully verified.

[In] Integrate[Cscl[e + fxx]~4*(a + a*Sin[e + f*x]) 2x(c - c*Sinl[e + f*x]),x]

[Out] a~2*xcx(Cot[(e + f*x)/2]/(6*%f) - Cscl[(e + £*x)/2]172/(8*f) - (Cotl[(e + f*x)/2
1xCsc[(e + £*x)/2]172)/(24%f) + Logl[Cos[(e + £*x)/2]1]1/(2*%f) - Logl[Sin[(e + £
xx)/2]]1/(2%f) + Sec[(e + fxx)/2]°2/(8%f) - Tan[(e + f*x)/2]/(6%f) + (Sec[(e

+ fxx) /2] 2+«Tan[(e + f*x)/2])/(24%f))

fricas [B] time = 0.45, size = 137, normalized size = 2.25
3 2
44%c cos (fx + e) + 6 a%ccos (fx + e) sin (fx + e) +3 (azccos (fx + e) - azc) log(é cos (fx + e) + %) sin (f

12(fcos(fx+e)2—f)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 4x(a+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="fr
icas"

[Out] 1/12*%(4*a”~2xcxcos(f*x + e)73 + 6*xa"2xcxcos(f*x + e)*sin(f*x + e) + 3x(a"2*c
xcos(f*x + e)72 - a”2*c)*log(l/2xcos(f*x + e) + 1/2)xsin(f*x + e) - 3*(a™2%
cxcos(f*x + e)72 - a"2*c)*log(-1/2*cos(f*x + e) + 1/2)*sin(f*x + e))/((f*co
s(f*x + )72 - f)*sin(f*xx + e))

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(csc(f*x+e) 4x(a+axsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
aC n

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)-2/f*((-256/3*tan((f*x+exp(1))/2) 3%
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a~2xc-256*tan ((f*x+exp(1))/2) "2*xa~2*c+256*tan ((f*x+exp(1))/2)*a~2*c)/4096+(
-22xtan ((fxx+exp(1))/2) "3*a~2*c-3*xtan ((f*x+exp(1))/2) "2xa~2*c+3*tan ((f*x+ex
p(1))/2)*a~2xc+a"2xc)*1/48/tan((f*x+exp(1))/2) "3+a"2*c/4*1n(abs(tan((f*x+ex
p(1))/2))))

maple [A] time = 0.50, size = 86, normalized size = 1.41

azcln(csc(fx+e)—cot(fx+e)) azccot(fx+e) azccot(fx+e)csc(fx+e) azccot(fx+e)(csc2(‘
_ + _ _

2f 3f 2f 3f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) “4*(a+taxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x)

[Out] -1/2/fxa"2*xc*x1ln(csc(f*xx+e)-cot (f*x+e))+1/3%a"2*cxcot (f*xx+e)/f-1/2*%a"2*xc*cot
(fxx+e)*csc(fxx+e)/f-1/3/f*xa"2*xc*cot (f*x+e) *csc(f*x+e) 2

maxima [B] time = 0.36, size = 120, normalized size = 1.97

3 a%(% - log (cos (fx + e) + 1) + log (cos (fx + e) - 1)) + 6a2c(10g (cos (fx + e) + 1) —log (cos
cos(fx+e) -1
12 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 4x(a+axsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="ma
xima"

[Out] 1/12%(3*a~2*c*(2*cos(f*x + e)/(cos(f*x + €)”2 - 1) - log(cos(f*x + e) + 1)
+ log(cos(f*x + e) - 1)) + 6*%a”2+c*(log(cos(f*x + e) + 1) - log(cos(f*x + e

) - 1)) + 12%a”2*c/tan(f*x + e) - 4x(3*tan(f*x + e)72 + 1)*a"2*c/tan(f*x +
e)”3)/f

mupad [B] time = 12.22, size = 132, normalized size = 2.16
e fx 2 e fx e fx ’ 2 e | fx 2 2 e fx ca
azctan(—+—) azctan<5+7) cot ;T3 ) |—¢a tan st ) tca tan st5 )+ a2 cta

27 2
— — +

8f 8 f 8f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) 2%(c - c*sin(e + fxx)))/sin(e + f*x)~4,x)

[Out] (a™2xc*tan(e/2 + (£f*x)/2)72)/(8%f) - (a"2*c*tan(e/2 + (£*x)/2))/(8%f) - (co
t(e/2 + (£fxx)/2)73*%((a"2*c)/3 + a~2xcxtan(e/2 + (f*x)/2) - a~2*xcxtan(e/2 +
(f*xx)/2)72))/(8%f) + (a"2*cxtan(e/2 + (£fxx)/2)73)/(24xf) - (a"2xc*log(tan(e

/2 + (f%x)/2)))/(2%f)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**4*(ata*xsin(f*xx+e))**2*(c-c*sin(f*x+e)),x)

[Out] Timed out
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39  [cscd(e+ fx)(a+asin(e + fx))*(c — csin(e +
£ dx

Optimal. Leaf size=86

_azc cot’(e + fx) +azc tanh *(cos(e + fx))_azc cot(e + fx) csc3(e + fx) +azc cot(e + fx)csc(e + fx)

3f 8f 4f 8f

[Out] 1/8*a"2xckxarctanh(cos(f*xx+e))/f-1/3%xa"2xc*xcot (f*x+e) "3/f+1/8%a " 2*c*xcot (f*x+
e)xcsc(f*xx+e)/f-1/4%a"2xc*cot (f*x+e) *csc(f*x+e) " 3/f

Rubi [A] time = 0.15, antiderivative size = 86, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 5, integrand size = 32,

number of rules _ 0.156, Rules used = {2966, 3767, 8, 3768, 3770}

integrand size

akc cot>(e + fx) +azc tanh ™! (cos(e + fx)) a*ccot(e + fx) csc®(e + fx) +a2c cot(e + fx)csc(e + fx)

3f 8f af 8f

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]75*(a + a*Sinl[e + f*x])7"2*(c - c*Sinf[e + f*x]),x]

[Out] (a~2*c*ArcTanh[Cos[e + fxx]])/(8*f) - (a~2xc*Cotl[e + f*x]~3)/(3%f) + (a~2*c
*Cot[e + f*x]*Cscle + f*xx])/(8%xf) - (a~2xc*Cot[e + fxx]*Cscle + fxx]~3)/(4x
f)

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2966

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx] n*(a + b*sinle + f*x]) m*x(A + Bxsinl[e + fx*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + axB, 0] &% EqQ[a"2 - b72, 0] && IntegerQ
[m] &% IntegerQ[n]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3768

Int[(cscl(c_.) + (d_D)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
Jx(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2x*n]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_ )], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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fcscS(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f (—azc csc?(e + fx) — a’ccsc3(e + fx) + a’c csct

= - ((azc) fcscz(e + fx) dx) - (azc) fcsc3(e + fx

a%c cot(e + fx) csc(e + fx) ~ a®c cot(e + fx) csc3(

2f 4f
ke tanh ™! (cos(e + fx)) ~ a*ccot’(e + fx) N a’cc
2f 3f
_dkc tanh ™" (cos(e + fx)) ~ a’c cot®(e + fx) . a’cc
8f 3f

Mathematica [B] time = 0.06, size = 179, normalized size = 2.08

a2 cot(e + fx)_azc csc? (%(e + fx)) +a2c csc? (%(e + fx)) +a2c sect (%(e + fx)) _azc sec? (%(e + fx)) _azcl

3f 64f 32f 64f 32f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x] 5x(a + a*Sin[e + f*x])"2x(c - cxSinle + f*x]),x]

[Out] (a~2*c*Cotl[e + f*x])/(3*f) + (a"2*xc*xCsc[(e + £*x)/2]72)/(32xf) - (a~2*c*Csc
[(e + £*xx)/2]74)/(64xf) - (a~2xc*xCot[e + fxx]*Cscl[e + f*xx]~2)/(3*f) + (a~2%
cxLog[Cos[(e + fxx)/2]])/(8*f) - (a"2*c*Logl[Sin[(e + f*x)/2]1)/(8%f) - (a2
xcxSec[(e + fxx)/2]72)/(32xf) + (a"2*cxSec[(e + f*x)/2]74)/(64%f)

fricas [B] time = 0.45, size = 166, normalized size = 1.93
3 3 4
16 a%c cos (fx + e) sin (fx + e) + 6 a%ccos (fx + e) + 6 a%ccos (fx + e) -3 (azccos (fx + e) —24a?ccos

48 (fcos (fx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5k (ataxsin(f*x+e)) 2x(c-c*ksin(f*x+e)),x, algorithm="fr
icas")

[Out] -1/48%(16%a"2*c*xcos(f*x + e) 3*sin(f*x + e) + 6%a”2*c*cos(f*x + e)73 + 6%a”
2xckxcos(f*x + e) - 3x(a"2xcxcos(f*x + e)™4 - 2*a~2*xcxcos(f*x + e)72 + a~2x*c
)*log(1/2xcos(f*x + e) + 1/2) + 3*(a~2*c*xcos(f*x + e)”4 - 2xa~2*c*cos(f*x +

e)”2 + a"2xc)*log(-1/2%cos(f*x + e) + 1/2))/(f*cos(f*x + e)~4 - 2xfxcos(f*
x +e)72+ 1)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5x(a+axsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="gi
ac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)-2/f*((-8192*%tan((f*x+exp(1))/2) 4*a
~2%c-65536/3*tan ((f*x+exp(1))/2) "3*%a~2*c+65536*tan ((f*x+exp(1))/2)*a~2%c)/1
048576+ (-50*tan( (fxx+exp(1))/2) “4*a~2xc-24*xtan((f*x+exp(1))/2) "3*xa"2xc+8*ta
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n((f*x+exp(1))/2)*a~2*c+3*a~2*xc)*1/384/tan ((f*x+exp(1))/2) “4+a”~2*c/16%1n(ab
s(tan((fxx+exp(1))/2))))

maple [A] time = 0.59, size = 109, normalized size = 1.27

azccot(fx+e) azccot(fx+e)csc(fx+e) azcln(csc(fx+e)—cot(fx+e)) azccot(fx+e)(csc2(fx+
+

3f 8f 8f 3f
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 5% (a+a*sin(f*x+e)) 2% (c-c*sin(f*x+e)),x)

[Out] 1/3*%a"2xc*xcot(f*xx+e)/f+1/8%a~2*xcxcot (f*xx+e)*csc(f*xx+e)/f-1/8/f*xa"2*xc*1ln(csc
(fxx+e)-cot (fxx+e))-1/3/f*a"2xc*xcot (f*x+e) *csc(f*xx+e) "2-1/4*xa"2*xc*cot (fxx+e
)Y*csc(fxx+e) " 3/f

maxima [B] time = 0.36, size = 165, normalized size = 1.92

3
3a2c Zc(ci(c;)i::j ;i;o;(:;:i) -3 log (cos (fx + e) + 1) +3 log (cos (fx + e) - 1)] -12 azc(% —log |
48 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 5x(a+axsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="ma
xima"

[Out] 1/48*(3*a”2xc*(2*x(3*cos(f*x + e)~3 - 5xcos(f*x + e))/(cos(f*x + e)”4 - 2*co
s(fxx + e)72 + 1) - 3*log(cos(f*x + e) + 1) + 3xlog(cos(f*x + e) - 1)) - 12
xa”~2xc*x (2%cos(f*x + e)/(cos(f*x + e)72 - 1) - log(cos(f*x + e) + 1) + log(c
os(f*x + e) - 1)) + 48xa"2+c/tan(f*x + e) — 16x(3xtan(f*x + e)72 + 1)*a~2*c
/tan(f*x + e)~3)/f

mupad [B] time = 12.18, size = 133, normalized size = 1.55

4 3 2ca?tan E+E) 2
3 e fx 2 e fx (2 2 ca
azctan(g + %) azctan(g + %) cot (E + 7) (—2ca tan(; * 7) * 3 + T) a® ctan (g
- —~ -+
24 f 8f 16 f 64 f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + fx*xx)) " 2%(c - c*sin(e + f*x)))/sin(e + f*x)~5,x)

[Out] (a~2*c*tan(e/2 + (£f*x)/2)73)/(24*xf) - (a~2*cxtan(e/2 + (f*x)/2))/(8xf) - (c
ot(e/2 + (f*x)/2)~4*x((a~2%c)/4 + (2*%a~2*c*xtan(e/2 + (f*x)/2))/3 - 2%a~2*c*t
an(e/2 + (£*x)/2)73))/(16*f) + (a"2*cxtan(e/2 + (£f*x)/2)74)/(64*xf) - (a~2*c
*xlog(tan(e/2 + (f*x)/2)))/(8xf)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**5*(ata*sin(fxx+e))**2*(c-c*sin(f*x+e)),x)

[Out] Timed out



57

3.10 f csc®(e + fx)(a + asin(e + fx))*(c—csin(e +
£) d

Optimal. Leaf size=105

a*ccot’ (e + fx) a’ccot’(e+ fx) +a2c tanh ' (cos(e + fx)) a?ccot(e + fx)csc3(e + fx) +azc cot(e + fx)
5f 3f 8f 4f 8f
[Out] 1/8*a"2xckxarctanh(cos(f*xx+e))/f-1/3%a"2xc*xcot (f*x+e) 3/f-1/5%a"2*c*xcot (f*x+
e) "5/f+1/8%a"2*cxcot (f*xx+e)*csc(f*xx+e)/f-1/4%a"2xc*cot (f*x+e) *xcsc(f*x+e) "3/
f

Rubi [A] time = 0.16, antiderivative size = 105, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 4, integrand size = 32,

number of rules 0.125, Rules used = {2966, 3768, 3770, 3767}

integrand size

_@Pccot’(e+ fx) aPccot(e + fx) s a2ctanh™ (cos(e + fx)) _accot(e + fx) csc(e + fx) . a*c cot(e + fx)«

5f 3f 8f af 8f

Antiderivative was successfully verified.
[In] Int([Cscle + f*x]76%(a + axSin[e + f*x])"2x(c - c*Sinf[e + f*x]),x]

[Out] (a"2*cxArcTanh[Cos[e + fxx]])/(8*f) - (a"2xc*Cotl[e + f*x]~3)/(3*f) - (a™2*c
*Cot[e + f*xx]75)/(5%f) + (a"2*xcxCotl[e + f*xx]*Cscle + f*xx])/(8%xf) - (a~2%cx*xC
ot[e + fxx]*Cscle + f*xx]~3)/(4xf)

Rule 2966

Int[sinl(e_.) + (£_)*(x_)]1"(n_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx]nx(a + bkxsinl[e + f*x]) m*(A + Bxsin[e + f*xx]), x], x] /; FreeQ[{
a, b, e, £, A, B}, x] && EqQ[Axb + axB, 0] &% EqQ[a"2 - b~2, 0] && IntegerQ
[m] && IntegerQ[n]

Rule 3767

Int[csc[(c_.) + (d_.)*(x )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)"(n/2 - 1), x], x], x, Cotlc + d*x]]1, x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3768

Int[(cscl(c_.) + (d_D)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + dxx
1% (b*Cscl[c + d*x])~(n - 1))/(d*x(n - 1)), x] + Dist[(b™2x(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 3770
Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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fcsc6(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx f (—azc csc®(e + fx) — a’cesc(e + fx) + a’cesc(e -

= - ((azc) fcsc3(e + fx) dx) — (a%) fCSC4(€ + fx) da

a’ccot(e + fx)cscle + fx)  a’ccot(e + fx)csc(e +

2f 4f
ke tanh ™' (cos(e + fx)) a?ccot’(e + fx) aPccot
2f 3f :
_akc tanh ™ (cos(e + fx)) a*ccot(e+ fx) aPccot’
87 3f :

Mathematica [A] time = 0.05, size = 204, normalized size = 1.94

202¢ cot(e + fx) a*ccsct (%(e +fx)) a*c csc? (%(e +fx)) a*c sect (%(e +fx)) a*c sec? (%(e +fx)) a*clo
57 641 " 32f i 64f ) 32f )

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x] 6x(a + a*Sin[e + f*x])"2x(c - c*Sinle + f*x]),x]

[Out] (2*xa~2xc*xCotl[e + f*x])/(15*%f) + (a~2xc*Csc[(e + fxx)/2]72)/(32xf) - (a~2*cx*
Cscl[(e + fx*x)/2]74)/(64*xf) + (a~2xc*Cotl[e + f*x]*Cscle + fxx]~2)/(15%f) - (
a~2xcxCot[e + f*x]*Cscle + f*x]74)/(5*f) + (a~2*cxLog[Cos[(e + f*x)/2]1]1)/(8

xf) - (a"2xc*Log[Sin[(e + f*x)/2]])/(8*%f) - (a~2*cxSec[(e + f*x)/2]72)/(32%

f) + (a"2*xc*xSec[(e + f*x)/2]74)/(64x*f)

fricas [B] time = 0.47, size = 201, normalized size = 1.91

32 a%c cos (fx + 6)5 — 80 a%ccos (fx + 6)3 +15 (azc cos (fx + 6)4 —24a?ccos (fx + e)z + azc) log (% cos (fx +

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 6% (ata*sin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="fr
icas"

[Out] 1/240%(32*a~2xc*cos(f*x + e)”5 — 80*a~2xc*cos(f*x + e)73 + 15x(a~2xc*cos(f*
X + e)74 - 2*a”2xcxcos(f*x + e)”2 + a”2*c)*log(l/2xcos(f*x + e) + 1/2)*sin(

fxx + e) - 16*x(a”2*xc*cos(f*x + e)”4 - 2*xa~2*cxcos(f*x + e)72 + a”2x*c)x*log(-
1/2xcos(fxx + e) + 1/2)*sin(f*x + e) - 30%(a"2*c*cos(f*x + e)~3 + a~2*c*cos

(f*x + e))*sin(f*x + e))/((fxcos(f*x + e)74 - 2*xf*xcos(f*x + e)”2 + f)*sin(f

*x + e))

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) "6 (ataxsin(f*x+e)) 2% (c-c*sin(f*x+e)),x, algorithm="gi
aC")
[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl

e to check sign: (4*pi/x/2)>(-4*xpi/x/2)-2/f*x((-16777216/5*tan((f*x+exp(1))/
2) “5*a~2*c-8388608*tan ((f*x+exp(1))/2) ~4*a~2%c-16777216/3*tan((f*x+exp(1))/
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2) "3*%a~2*c+33554432+tan ((f*x+exp (1)) /2) *a~2xc) /1073741824+(-274xtan ((f*x+ex
p(1))/2) "5*xa~2*xc-60*tan ((f*x+exp(1))/2) “4*a~2*c+10*tan((f*x+exp(1))/2) "2*a”
2xc+15xtan ((f*xx+exp(1))/2)*xa”2*c+6*a~2*c)*1/1920/tan ((f*x+exp(1))/2) “5+a~2x*
c/16x1n(abs (tan((f*x+exp(1))/2))))

maple [A] time = 0.60, size = 132, normalized size = 1.26

azccot(fx+e)csc(fx+e) azcln(csc(fx+e)—cot(fx+e)) 2a2ccot(fx+e) azccot(fx+e)(csc2(_
- + +

8f 8f 15f 15f
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 6% (a+taxsin(f*x+e)) " 2x(c-c*sin(f*x+e)),x)

[Out] 1/8*%a"2xcxcot(f*xx+e)*csc(f*xx+e)/f-1/8/f*a"2*xcx1ln(csc(f*xx+e)-cot(f*xx+e))+2/1
5xa~2xc*cot (fxx+e)/f+1/15/f*xa"2xc*xcot (f*x+e) *xcsc(f*xx+e) "2-1/4%a~2*xc*cot (f*x
+e)*csc(fxx+e) "3/f-1/5/f*a"2*cxcot (f*xx+e)*csc(f*xx+e) "4

maxima [A] time = 0.36, size = 187, normalized size = 1.78

2 (3 COS( x+e)3_5 cos(fx+e)) 2 cos(fx+e)

15 a?c

cos(fx+e)2—1
240 f

cos(fx+e)4—2 Cos(fx+f)2+1

-3 log(cos (fx+e) +1) +3 log(cos (fx+e) —1)] - 6Oa2c(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 6% (ata*xsin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="ma
xima")

[Out] 1/240%(15%a”~2*c*x (2% (3*cos(f*x + e)”3 — B*xcos(f*x + e))/(cos(f*xx + e)~4 - 2%
cos(f*x + e)72 + 1) - 3xlog(cos(f*xx + e) + 1) + 3xlog(cos(f*x + e) - 1)) -
60*a~2xcx (2*cos(f*x + e)/(cos(f*x + e)72 - 1) - log(cos(f*x + e) + 1) + log
(cos(f*x + e) - 1)) + 80x(3*tan(f*x + e)72 + 1)*a"2xc/tan(f*x + e)”3 - 16%*(
15xtan(f*x + e)”4 + 10*xtan(f*x + e)”2 + 3)*a"2xc/tan(f*x + e)~5)/f

mupad [B] time = 12.37, size = 244, normalized size = 2.32

10 10 9 9
azc[6cos(§+f—x) —6sin(§+fx) —15cos(§+ﬁ)sin(f+%) +15cos(5+f—x) sin(5+ﬁ)

2 2 2 )72 2 ' 2 2 ' 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x))"2%(c - c*sin(e + f*x)))/sin(e + f*x)~6,x)

[Out] -(a~2*c*x(6*cos(e/2 + (f*x)/2)"10 - 6*sin(e/2 + (f*x)/2)"10 - 15*cos(e/2 + (
f*x)/2)*sin(e/2 + (£*x)/2)79 + 15*cos(e/2 + (f*x)/2)"9*sin(e/2 + (f*x)/2) -
10*cos(e/2 + (f*x)/2) 2*sin(e/2 + (f*x)/2)78 + 60*cos(e/2 + (f*x)/2) 4*sin
(e/2 + (£f*x)/2)76 - 60*cos(e/2 + (f*x)/2) 6*sin(e/2 + (f*x)/2)"4 + 10*cos(e
/2 + (£xx)/2)"8*xsin(e/2 + (f*x)/2)72 + 120%*cos(e/2 + (f*x)/2) 5*log(sin(e/2
+ (f*x)/2)/cos(e/2 + (f*x)/2))*sin(e/2 + (£f*x)/2)75))/(960*f*cos(e/2 + (f*
x)/2) " 5xsin(e/2 + (£f*x)/2)75)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**6*(ata*sin(fxx+e))**2*(c-c*sin(f*x+e)),x)

[Out] Timed out
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3.11 f csc’ (e + fx)(a + asin(e + fx))*(c—csin(e +
£ d

Optimal. Leaf size=130

a*ccot’ (e + fx) a’ccot’(e+ fx) . a2ctanh ' (cos(e + fx)) a’ccot(e + fx)csc®(e + fx) N a®c cot(e + fx) csc
5f 3f 16f 6f 24f
[Out] 1/16%a"2*c*xarctanh(cos(f*xx+e))/f-1/3%a"2*cxcot (f*xx+e)~3/f-1/5*%a"2*c*xcot (f*x
+e)"5/f+1/16%a " 2xc*xcot (f*x+e) *csc(f*xx+e) /T+1/24%a"2xc*xcot (f*x+e) *xcsc(f*x+e)
~3/f-1/6*%a"2*c*cot (f*xx+e) *csc(f*x+e) 5/f

Rubi [A] time = 0.19, antiderivative size = 130, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 4, integrand size = 32,
number of rules

———— = 0.125, Rules used = {2966, 3767, 3768, 3770}

integrand size

_aPccot’(e+ fx) aPccot(e + fx) s a2ctanh™ (cos(e + fx)) _accot(e + fx) csc®(e + fx) _aPccot(e + fx) csc

5f 3f 16f 6f 24f

Antiderivative was successfully verified.
[In] Int([Cscle + f*x]"7*(a + a*Sin[e + f*x])"2%(c - c*Sinl[e + f*x]),x]

[Out] (a"2*c*¥ArcTanh[Cos[e + fxx]])/(16*f) - (a"2xc*Cotl[e + f*x]~3)/(3*f) - (a™2x%
cxCot[e + f*xx]75)/(5%f) + (a"2*xcxCotl[e + f*xx]*Cscle + fxx])/(16xf) + (a~2*c
*Cot[e + f*xx]*Cscle + f*xx]~3)/(24xf) - (a"2xc*Cot[e + f*xx]*Cscle + f*xx]"5)/

(6%f)

Rule 2966

Int[sinl(e_.) + (f_)*x_)]1"(m_.)*((a) + (b_.)*sin[(e_.) + (f_)*(x_)])"(m
_D)*((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]), x_Symbol] :> Int[ExpandTrigl[si
nle + fxx]nx(a + bxsin[e + f*x]) m*(A + Bxsin[e + f*xx]), x], x] /; FreeQ[{
a, b, e, f, A, B}, x] && EqQ[Axb + axB, 0] && EqQ[a"2 - b72, 0] && IntegerQ
[m] && IntegerQ[n]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], %, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*x(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2*(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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fcsc7(e + fx)(a + asin(e + fx))?(c — csin(e + fx))dx = f (—azc csct(e + fx) — a’ccsc®(e + fx) + a’c csc®

= - ((azc) fcsc4(e + fx) dx) - (azc) fcsc5(e + fx

_ aPceot(e + fx)esc(e + fx)  a*ccot(e + fx)csc

4f 6f
_ dk cot>(e + fx) % cot’(e + fx) s 3a%c cot(e-
3f 5f
_ Ba?c tanh '(cos(e + fx)) a?ccot?(e+ fx) a’c
B 8f - 3f o
_a%c tanh~!(cos(e + fx)) a?ccot’(e + fx) aPcc
B 16f - 3f -

Mathematica [A] time = 0.06, size = 204, normalized size = 1.57

202 cot(e + fx) a%c csc® (%(e +fx)) a®c csc? (%(e +fx)) a®c sec® (%(e +fx)) a®c sec? (%(e +fx)) a’c

157 384f " 64f " 384f 64f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x] 7*x(a + a*Sin[e + f*x])"2x(c - c*Sinle + f*x]),x]

[Out] (2*a~2xc*xCotle + f*xx])/(16xf) + (a™2xcxCscl[(e + f*x)/2]172)/(64%f) - (a~2*c*
Cscl[(e + £xx)/2]176)/(384*f) + (a~2*c*Cot[e + f*x]*Cscle + f*x]72)/(15%f) -
(a”2*xcxCot[e + fxx]*Cscle + fxx]~4)/(5*f) + (a~2*cxLogl[Cos[(e + fx*x)/2]1])/(

16xf) - (a"2xcxLog[Sin[(e + £*x)/2]])/(16%f) - (a"2*c*Sec[(e + fx*x)/2]172)/(

64*f) + (a~2*cxSec[(e + £*x)/2]176)/(384*f)

fricas [B] time = 0.46, size = 240, normalized size = 1.85

30 a%c cos (fx + 6)5 — 80 4?c cos (fx + 6)3 —304?ccos (fx + e) -15 (azc cos (fx + 6)6 —3a%ccos (fx + e)‘

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 7*(ata*sin(f*x+e)) 2% (c-cxsin(f*x+e)),x, algorithm="fr
icas")
[Out] -1/480%(30*a”~2*c*cos(f*x + e)”5 - 80*a"2*ckcos(f*xx + e)~3 - 30%a~2*cxcos(f*
X + e) - 16x(a"2*cxcos(f*x + e)”6 - 3*a”"2xckcos(f*x + e)”4 + 3*%a~2*cxcos(f*
X + e)72 - a"2xc)*log(1/2xcos(f*x + e) + 1/2) + 1b6*x(a"2*c*cos(f*x + e)76 -
3xa~2xcxcos(f*x + e)”4 + 3*a"2xckcos(f*x + e)”2 - a"2xc)*log(-1/2*cos(f*x +
e) + 1/2) + 32x(2xa"2*xc*cos(f*x + e)75 - b*a~2*ckcos(fxx + e)~3)xsin(f*x +
e))/(fxcos(fxx + e)”6 - 3*fxcos(f*x + e)”4 + 3xfxcos(f*x + e)”2 - £f)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 7*(ata*xsin(f*xx+e)) 2% (c-cxsin(f*x+e)),x, algorithm="gi
aC"
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[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)-2/f*((-17179869184/3*tan((f*x+exp (1

))/2) "6%a~2%c-68719476736/5*%tan ( (f*x+exp(1))/2) "b*a~2xc-17179869184*tan ( (f*
x+exp(1))/2) "4*a~2xc-68719476736/3*tan ((f*x+exp(1))/2) "3*%a~2*c+17179869184 %

tan ((f*xx+exp(1))/2) "2%a”2xc+137438953472*tan ((f*x+exp(1))/2)*a”~2x*c) /4398046
511104+ (-294*tan ((f*x+exp(1))/2) “6*xa~2*c-120*tan((f*x+exp(1))/2) "5*xa~2xc-15

*xtan ((fxx+exp(1))/2) “4xa~2*c+20*tan ((f*x+exp(1))/2) "3*a~2xc+15xtan ((f*x+exp

(1)) /2)72%a"2xc+12*xtan ((f*x+exp(1))/2) *a~2*c+b*a”~2*xc)*1/3840/tan ((f*x+exp (1
))/2)"6+a~2*c/32*x1n(abs (tan((f*x+exp(1))/2))))

maple [A] time = 0.63, size = 155, normalized size = 1.19
2a%¢ cot (fx + e) a*c cot (fx + e) (csc2 (fx + e)) a*c cot (fx + e) (csc3 (fx + e)) a*c cot (fx + e) csc (fx +

5f 15f i 24f i 16f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(f*x+e) 7*x(ata*sin(f*xx+e)) 2% (c-c*xsin(f*x+e)),x)

[Out] 2/15*%a”2*xcxcot (f*x+e)/f+1/15/f*a"2xcxcot (f*xx+e)*csc(f*x+e) ~2+1/24*a~2xc*cot
(f*x+e)*csc(f*x+e) "3/f+1/16*a~2*c*cot (f*x+e) *csc(f*x+e)/f-1/16/f*a"2*c*x1In(c
sc(f*x+e)-cot(f*x+e))-1/5/f*a"2*c*cot (f*x+e)*csc(f*x+e) ~4-1/6*a"2*xc*xcot (f*x
+e)*csc(f*x+e) "5/f

maxima [A] time = 0.36, size = 232, normalized size = 1.78

) 2 (15 cos(fx+e)5—40 cos(fx+e)3+33 Cos(fx+e))
S5a“c

cos(fx+e)6—3 Cos(fx+e)4+3 cos( x+e)2—1 C

~15 log (cos (fx + e) + 1) +15 log (cos (fx + e) - 1)] -30 azc[z—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e) 7*x(a+taxsin(f*x+e)) 2*x(c-c*sin(f*x+e)),x, algorithm="ma
xima"

[Out] 1/480%(5*a~2xc*(2x(15*xcos(f*x + e)~5 - 40*cos(f*x + e)~3 + 33xcos(f*x + e))
/(cos(fxx + e)76 - 3xcos(f*x + e)”4 + 3*cos(f*x + e)”2 - 1) - 15xlog(cos(fx*
x +e) + 1) + 15xlog(cos(f*x + e) - 1)) - 30%a~2xc*(2*(3*cos(f*x + e)”3 - 5
xcos(f*x + e))/(cos(f*x + e)™4 - 2xcos(f*xx + e)”2 + 1) - 3*log(cos(f*x + e)

+ 1) + 3*xlog(cos(f*x + e) - 1)) + 160*(3*tan(f*x + e)~2 + 1)*a”2xc/tan(f*x

+ e)73 - 32x(16xtan(f*x + e)"4 + 10xtan(f*x + e)”2 + 3)*a"2xc/tan(f*x + e)

"5)/f

mupad [B] time = 12.54, size = 340, normalized size = 2.62

e fx 12 e fx 12 e fx e fx 1 e fx 1 e fx
a%c 5cos(5+7) —SSin(§+?) —12cos(§+?)sin(5+7) +12cos(§+7) sin(5+7)—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + a*sin(e + f*x)) " 2%(c - c*sin(e + fx*x)))/sin(e + f*x)77,x)

[Out] -(a~2*cx(b*xcos(e/2 + (£f*x)/2)712 - b*xsin(e/2 + (£f*x)/2)712 - 12*cos(e/2 + (
fxx)/2)*sin(e/2 + (f*x)/2)711 + 12*xcos(e/2 + (f*x)/2) 11*sin(e/2 + (£fx*x)/2)

- 15xcos(e/2 + (f*x)/2) " 2*sin(e/2 + (f*x)/2)710 - 20*cos(e/2 + (f*x)/2) 3%
sin(e/2 + (£f*x)/2)79 + 15%cos(e/2 + (f*x)/2) 4xsin(e/2 + (£*x)/2)78 + 120*c
os(e/2 + (f*x)/2) 5*xsin(e/2 + (£f*x)/2)77 - 120*cos(e/2 + (f*x)/2) 7*sin(e/2

+ (f*x)/2)7°5 - 15*cos(e/2 + (f*x)/2) " 8*sin(e/2 + (f*x)/2)"4 + 20*cos(e/2 +
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(fxx)/2)"9*sin(e/2 + (f*x)/2)"3 + 15*xcos(e/2 + (f*x)/2) " 10*sin(e/2 + (f*x)
/2)72 + 120*cos(e/2 + (f*x)/2)"6xlog(sin(e/2 + (f*x)/2)/cos(e/2 + (f*x)/2))
xsin(e/2 + (£xx)/2)76))/(1920*f*cos(e/2 + (f*x)/2) 6xsin(e/2 + (f*x)/2)76)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(f*x+e)**7*(ata*sin(fxx+e))**2*(c-c*sin(f*x+e)),x)

[Out] Timed out
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312 [ sin’*(c+dx)(a+asin(c+dx))*?*(c—csin(c+
dx)) dx

Optimal. Leaf size=128

8a3c cos®(c + dx) 2a%ccos?(c +dx)  2ccos®(c + dx)(asin(c + dx) + a)®? +4ac cos®(c + dx)v/a si
63d(asin(c + dx) + a)*? 21d+/asin(c + dx) + a 9d 21d

[Out] -8/63%a~3*c*cos(d*x+c)~3/d/(a+taxsin(d*x+c))~(3/2)-2/9*%c*cos (d*x+c) ~3*(at+ax*s
in(d*x+c))~(3/2)/d-2/21*%a~2*c*cos (d*x+c) ~3/d/ (a+a*xsin(d*xx+c)) ~(1/2)+4/21*ax*
ckxcos (dxx+c) "3x (a+axsin(d*x+c))~(1/2)/d

Rubi [A] time = 0.35, antiderivative size = 165, normalized size of antiderivative
= 1.29, number of steps used = 5, number of rules used = 5, integrand size = 34,

number of rules _ ) 147, Rules used = {2976, 2981, 2759, 2751, 2646}

integrand size

2a%csin®(c + dx) cos(c + dx)  2a2c cos(c + dx) +2ac sin’(c + dx) cos(c + dx)\asin(c + dx) +a 2ccos(c
63d+/asin(c + dx) + a 9d+/asin(c + dx) + a 9d

Antiderivative was successfully verified.
[In] Int[Sin[c + dxx]"2%(a + a*Sin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]

[Out] (-2*a"2*c*Cos[c + d*x])/(9*%dxSqrt[a + a*Sin[c + d*x]]) + (2*xa~2*cxCos[c + d
xx]*Sin[c + dxx]~3)/(63*d*Sqrt[a + a*Sin[c + d*x]]) + (4xaxcxCos[c + dxx]*S

qrtla + a*Sin[c + d*x]])/(63*d) + (2*axcxCos[c + d*x]*Sin[c + d*x]~3*Sqrt[a

+ axSin[c + d*x]]1)/(9%d) - (2*c*Cos[c + d*x]*(a + a*Sin[c + d*x])~(3/2))/(

21%d)

Rule 2646

Int[Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simpl[(-2*b*Cos
[c + d*x])/(d*Sqrt[a + bxSin[c + dx*x]]), x] /; FreeQ[{a, b, c, d}, x] && Eq
Qa2 - b~2, 0]

Rule 2751

Int[((a ) + (b_.)*sin[(e_.) + (£_D)*&)D]1)"m )*x((c_.) + (d_.)*sin[(e_.) +
(f_)*(x_)]1), x_Symbol] :> -Simp[(d*Cos[e + f*x]*(a + b*Sinle + f*x])"m)/(f
*(m + 1)), x] + Dist[(a*d*m + b*c*(m + 1))/(b*(m + 1)), Int[(a + b*Sin[e +
f*x])"m, x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b™2, 0] && 'LtQ[m, -27(-1)]

Rule 2759

Int[sinl(e_.) + (f_.)*(x_)]1"2x((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1)"(m_),
x_Symbol] :> -Simp[(Cos[e + f*x]*(a + b*Sin[e + f*x])~(m + 1))/ (bxf*x(m + 2)
), x] + Dist[1/(bx(m + 2)), Int[(a + b*Sin[e + f*x]) m*x(b*(m + 1) - a*Sinf[e
+ f*x]), x], x] /; FreeQ[{a, b, e, £, m}, x] && EqQ[a"2 - b2, 0] && !'LtQ
[m, -27(-1)]

Rule 2976

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*xDD*((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> -Si
mp [(b*B*Cos[e + f*x]*(a + b*Sin[e + f*x])"(m - 1)*(c + d*Sin[e + f*xx])"(n +
1))/(d*fx(m + n + 1)), x] + Dist[1/(d*(m + n + 1)), Int[(a + b*Sin[e + f*x
1D7"(m - 1)*(c + d*Sin[e + f*x]) " n*Simp[a*A*d*x(m + n + 1) + Bx(a*xcx(m - 1) +
bxdx(n + 1)) + (A*xbkd*(m + n + 1) - Bx(b*c*m - axd*(2*m + n)))*Sin[e + f*x
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1, x1, xI, x] /; FreeQ[{a, b, ¢, d, e, f, A, B, n}, x] && NeQ[b*c - axd, 0]
&& EqQ[a”2 - b~2, 0] && NeQ[c™2 - 472, 0] && GtQ[m, 1/2] && !'LtQ[n, -1] &
& IntegerQ[2*m] && (IntegerQ[2#n] || EqQ[c, 01)

Rule 2981

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_)*(x_)]I*x((A_.) + (B_.)*sin[(e_.) + (
f )*xx)D)*((c_.) + (d_.)*sin[(e_.) + (f_.)*x(x_)]1)"(n_), x_Symbol] :> Simp
[(-2*%b*BxCos[e + f*x]*(c + d*Sinle + f*x])~(n + 1))/(d*f*(2*n + 3)*Sqrtla +
bxSinl[e + fxx]]), x] + Dist[(A*b*d*(2*n + 3) - Bx(b*c - 2*axdx(n + 1)))/(b
xd*(2*%n + 3)), Int[Sqrt[a + b*Sin[e + f*x]]x(c + d*Sinf[e + f*x])"n, x], x]

/; FreeQ[{a, b, ¢, d, e, £, A, B, n}, x] && NeQ[b*xc - a*d, 0] && EqQ[a"2 -

b"2, 0] && NeQ[c™2 - d°2, 0] && 'LtQ[n, -1]

Rubi steps

2ac cos(c + dx) sin®(c + dx)\a + asin(c + dx) .
9d

3 2a2c cos(c + dx) sin’(c + dx) N 2ac cos(c + dx) si
63d+/a + asin(c + dx)

3 2a%c cos(c + dx) sin’(c + dx) N 2ac cos(c + dx) si
63d+/a + asin(c + dx)

_ 2a%ccos(c + dx) sin’(c + dx) s 4ac cos(c + dx)+/

63d+/a + asin(c + dx) 63

2a%c cos(c + dx) 2a%c cos(c + dx) sin(c

= - +
9d+/a + asin(c + dx) 63d+a + asin(c + d

f sin(c + dx)(a + asin(c + dx))*?(c - csin(c + dx)) dx =

Mathematica [A] time = 0.81, size = 101, normalized size = 0.79

serJa(Ene + &0 + 1) (cos (%(c ; dx)) _sin (%(c ; dx)))3 (=69 sin(c + dx) + 7 sin(3(c + dx)) + 30 cos(2(c +

1264 (sin (3(c + d) + cos (3¢ + )

Antiderivative was successfully verified.

[In] Integrate[Sin[c + d*x]~2*(a + a*Sin[c + d*x])~(3/2)*(c - c*Sin[c + d*x]),x]

[Out] (axc*(Cos[(c + d*x)/2] - Sin[(c + d*x)/2])73*Sqrt[ax(1l + Sin[c + d*x])]*(-6
2 + 30%Cos[2*(c + d*x)] - 69*Sin[c + d*x] + 7*Sin[3*(c + d*x)]))/(126*d*(Co
s[(c + d*x)/2] + Sin[(c + d*x)/2]1))

fricas [A] time = 0.43, size = 155, normalized size = 1.21

2 (7 ac cos (dx + c)5 —ac cos (dx + c)4 —11 accos (dx + c)3 + accos (dx + c)2 —4accos(dx+c)—8ac— (7 ac
63 (d cos (dx + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2 (ataxsin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="fricas")

[Out] 2/63*%(7*xaxcxcos(d*x + c)~5 - axckcos(d*x + c¢)~4 - 1l*a*c*cos(d*x + ¢)~3 + a
*c*xcos(d*x + c)”2 - 4xaxc*cos(d*x + c) - 8*xaxc - (7T*axcxcos(d*x + c)”4 + 8%
axcxcos(d*x + c)”3 - 3xaxc*cos(d*x + c)”2 - 4dxaxcxcos(d*x + c) - 8*axc)*sin

(d*x + c))*sqrt(a*sin(d*x + c) + a)/(d*cos(d*x + c) + d*sin(d*x + c) + d)
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giac[A] time = 0.28, size = 105, normalized size = 0.82

9 1 P . (1 7 g4’ 7 LN DPNUN (1
1 % acsgn |cos -y m+ s dx + Sc|fsin| ;m+ Sdx+oc . acsgn |cos (=3 7+ S dx + S c]|sin|—7
504 d d

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(d*x+c) " 2x(a+axsin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="giac")

[Out] -1/504*sqrt(2)*(9*a*xc*sgn(cos(-1/4*pi + 1/2*d*x + 1/2%c))*sin(1/4*pi + 7/2%
dxx + 7/2%c)/d + Txaxcksgn(cos(-1/4*pi + 1/2xd*x + 1/2%c))*sin(-1/4*pi + 9/
2xd*x + 9/2%c)/d - 126*axc*sgn(cos(-1/4*pi + 1/2%d*x + 1/2%c))*sin(-1/4*pi

+ 1/2*%d*x + 1/2%c)/d)*sqrt(a)

maple [A] time = 1.07, size = 78, normalized size = 0.61

2(1 + sin (dx + ¢)) a2 (sin (dx + ¢) - 1)* ¢ (7 (sin® (dx + ¢)) + 15 (sin? (dx + ¢)) + 12sin (dx + c) + 8)
- 63 cos (dx + c)ya+asin (dx +c) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(d*x+c) 2% (a+taxsin(d*x+c) )~ (3/2)*(c-c*sin(d*x+c)),x)

[Out] -2/63*%(1+sin(d*x+c))*a"2*x(sin(d*x+c)-1) "2*xc* (7*sin(d*x+c) ~3+15*xsin(d*x+c) "2
+12%sin(d*x+c)+8) /cos (d*x+c)/(a+taxsin(d*x+c))~(1/2)/d

maxima [F] time = 0.00, size = 0, normalized size = 0.00

- f (asin(dx +¢) + a)g(c sin (dx + ¢) — ¢) sin (dx + c)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c) 2% (ataxsin(d*x+c))~(3/2)*(c-c*sin(d*x+c)),x, algorithm
="maxima")

[Out] -integrate((a*sin(d*x + c) + a)~(3/2)*(c*sin(d*x + c) - c)*sin(d*x + c)~2,

x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fsin(c + dx)2 (a+asin(c+ dx))g/2 (c—csin(c+dx)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(c + d*xx) 2x(a + a*sin(c + d*x))~(3/2)*(c - c*sin(c + d*x)),x)
[Out] int(sin(c + d*x)~2*x(a + a*sin(c + d*x))~(3/2)*(c - c*xsin(c + d*x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

—C (f (—a\/a sin (¢ + dx) + a sin? (c + dx)) dx + fa\/a sin (¢ + dx) + a sin* (c + dx) dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(d*x+c)**2*(at+a*sin(d*x+c))**(3/2)*(c-c*sin(d*x+c)),x)

[Out] -c*x(Integral(-a*sqrt(a*sin(c + d*x) + a)*sin(c + d*x)**2, x) + Integral(a*s
grt(a*sin(c + d*x) + a)*sin(c + d*x)**4, x))
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313 f csc(e+fx)/a+asin(e+fx) dx

c—csin(e+fx)

Optimal. Leaf size=69

“1( +a cos(e+fx)
2sec(e + fx)\/a sin(e + fx) +a 2+/a tanh (1/11 sin(e+fx)+a )

cf cf

[Out] -2*xarctanh(cos(fxx+e)*a”(1/2)/(ataxsin(f*xx+e))~(1/2))*a"~(1/2)/c/f+2xsec(f*x
+e)x(ataxsin(fxx+e)) " (1/2)/c/f

Rubi [A] time = 0.31, antiderivative size = 69, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 34,

number of rules _ ) 147, Rules used = {2934, 2773, 206, 2736, 2673}

integrand size

-1 { +a cos(e+fx)
2sec(e + fx)\/a sin(e + fx) +a ~ 2+/a tanh (,/a sin(e+fx)+a )

cf cf

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/(c - c*Sinle + f*x]),x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[a]*Cos[e + f*x])/Sqrtla + a*Sinl[e + f*x]]1])/(c*f)
+ (2xSec[e + fxx]xSqrtl[a + axSin[e + f*xx]])/(cx*f)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 2673

Int[(cos[(e_.) + (£_)*x(x)1*x(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D1)7(m_), x_Symbol] :> Simp[(b*(gxCos[e + f*x])"(p + 1)*(a + b*Sin[e + f*x
Do(m - 1))/ (fxg*x(m - 1)), x] /; FreeQ[{a, b, e, f, g, m, p}r, x] && EqQ[a"2
- b2, 0] &% EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2736

Int[((a_) + (b_.)*sin[(e_.) + (f£_)*(x_)1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_)*x)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sinfle + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, 4, e, f, n}, x] && EqQ[b
xc + axd, 0] && EqQ[a"2 - b72, 0] && IntegerQ[m] && !(IntegerQ[n] && ((LtQ
[m, 0] & GtQ[n, 0]) [l LtQ[O, n, m] || LtQ[m, n, 0]))

Rule 2773

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11/((c_.) + (d_.)*sin[(e_.) + (
f_)*(x_)]), x_Symbol] :> Dist[(-2*b)/f, Subst[Int[1/(bxc + a*d - d*x"2), x
1, x, (b*Cosl[e + f*x])/Sqrtla + b*Sin[e + f*x]1], x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a”2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 2934

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1]1/(sinl(e_.) + (f_.)*(x_)I1*((c
)+ (d_)xsin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrtl[a + b
xSin[e + fxx]]/Sinf[e + f*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + f*x]
1/(c + d*Sinfe + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc -
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axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

csc(e + fx)y/a + asin(e + fx) [ esc(e + fx)\Ja + asin(e + fx) dx Va +asin(e + fx)
f - dx = +f - dx
c—csin(e + fx) c c—csin(e + fx)

a cos(

1
~ ['sec’(e + fx)(a + asin(e + fx))*? dx (24) Subst (f o X, Jatasi

ac cf

-1 [ _acos(e+fx)
2ya tanh (m) , 2secle + fx)ya +asin(e + fx)

cf cf

Mathematica [B] time = 0.35, size = 157, normalized size = 2.28

sec(e + fx)\/a(sin(e + fx)+1) (cos (%(e + fx)) (log (sin (%(e + fx)) — CoS (%(e + fx)) + 1) - log (— sin (%(e -

Antiderivative was successfully verified.

[In] Integrate[(Cscle + f*xx]*Sqrt[a + a*Sin[e + f*x]])/(c - cxSin[e + fxx]),x]

[Out] (Secle + f*xx]*(2 + Cos[(e + fx*x)/2]*(-Logl[l + Cos[(e + f*x)/2] - Sin[(e + £
xx)/2]] + Logl[l - Cos[(e + f*x)/2] + Sin[(e + fxx)/2]]) + (Logl[l + Cos[(e +
fxx)/2] - Sin[(e + f*x)/2]] - Logll - Cos[(e + f*x)/2] + Sin[(e + fxx)/2]]
)*Sin[(e + fx*x)/2])*Sqrt[ax(1 + Sinle + f*x])])/(c*f)

fricas [B] time = 0.46, size = 202, normalized size = 2.93
a cos( x+e)3—7 a cos(fx+e)2—4 (cos(fx+e)2+(cos(fx+e)+3) sin(fx+e)—2 cos(fx+e)—3) A4 sin(fx+e)+a \Va-9a cos(_
3 2 2
cos(fx+e) +cos(fx+e) +(cos(fx+e) —1) sin(fx+e)—cos(fx+e)—i
2cf cos (fx + e)

\a cos (fx + e) log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
fricas")

[Out] 1/2*(sqrt(a)*cos(f*x + e)*xlog((axcos(f*xx + e)~3 - Txakxcos(f*x + e)”2 - 4x(c
os(fxx + e)72 + (cos(f*x + e) + 3)*sin(f*x + e) - 2*cos(f*x + e) - 3)*sqrt(
axsin(fxx + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (axcos(f*x + e)”2 + 8xa*co

s(fxx + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)73 + cos(f*x + e)”2 + (cos(f

xx + e)72 - 1)*sin(f*x + e) - cos(f*x + e) - 1)) + 4xsqrt(a*xsin(f*x + e) +
a))/(cxfxcos(fxx + e))

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
giac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
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*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to

check sign: (4xpi/x/2)>(-4*pi/x/2)-4*sqrt(2*a)*(1/4xsign(cos(1/2*(f*x+exp(1
))-1/4xpi))/c/sin(1/4* (2xfxx+2*%exp(1)-pi))+1/4*xsign(cos(1/2x (f*x+exp(1))-1/
4xpi))*1n(abs (-2*%sqrt (2) +4*sin(1/4* (2*xf*x+2*%exp (1) -pi)))/abs (2xsqrt(2) +4*si
n(1/4*(2xf*x+2xexp(1)-pi))))/sqrt(2)/c) /£

maple [A] time = 1.37, size = 79, normalized size = 1.14

N7
\/Eccos(fx+e) \/a+asin(fx+e) f

2 (1 + sin (fx + e)) [arctanh [M) a\/a —asin (fx + e) - a;

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*xsin(f*x+e)) ~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x)

[Out] -2/a~(1/2)/cx(1+sin(f*x+e))*(arctanh((a-a*sin(f*x+e))~(1/2)/a~(1/2))*a*x(a-a
*sin(f*x+e))~(1/2)-a"~(3/2))/cos(f*x+e)/(a+a*sin(f*x+e))~(1/2)/f

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

) \/asin(fx+e)+a }
f(csin(fx+e) —c)sin(fx+e) ?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x, algorithm="
maxima")

[Out] -integrate(sqrt(a*sin(f*x + e) + a)/((c*xsin(f*x + e) - c)*sin(f*x + e)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

\/a+asin(e+fx) N
fsin(e+fx) (c—c sin(e+fx))d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + ax*sin(e + fx*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))),x)
[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

asin (e+fx)+a
f sin? (e+ f x)—sin (e+ fx)
c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e))**(1/2)/sin(f*x+e)/(c-c*sin(f*x+e)),x)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sin(e + f*xx)**2 - sin(e + f*x)), x)/c
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csc(e+fx)

f \/a+a sin(e+ f x) (c—c sin(e+ f x))

3.14

Optimal. Leaf size=120

2tanh_1 ( Va cos(e+fx) ) tanh_l ( Va cos(e+fx) )

sec(e + fx)\Jasin(e + fx) +a Vasinter o) V2 \Jasin(e+fo+a
acf Vacf V2+acf

[Out] -2*arctanh(cos(f*x+e)*a”~(1/2)/(ataxsin(f*x+e)) " (1/2))/c/f/a"~(1/2)+1/2*arcta
nh(1/2xcos(f*x+e)*a”(1/2)*27(1/2)/(ataxsin(f*x+e))~(1/2))/c/fx27(1/2)/a~ (1/
2)+sec(fxx+e)* (a+a*sin(f*x+e))~(1/2)/a/c/f

Rubi [A] time = 0.44, antiderivative size = 120, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 34,

number OIS _ 0,206, Rules used = {2940, 2736, 2673, 2985, 2649, 206, 2773}

integrand size

Ztanh_l ( Va cos(e+fx) ) tanh_l ( \a cos(e+fx) )

sec(e + fx)\Jasin(e + fx) +a Jasin(et fta . V2 \Jasin(e+ fx)+a
acf Vacf V2+acf

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + a*Sin[e + f*x]]*(c - cxSinl[e + fxx])),x]

[Out] (-2*%ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]])/(Sqrt[al*cx*f)
+ ArcTanh[(Sqrt[a]*Cos[e + f*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]])]/(Sqrt
[2] *Sqrt [a]l*c*f) + (Secle + f*x]*Sqrtla + a*xSin[e + fx*x]])/(axcxf)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2649

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[-2/d, S
ubst[Int[1/(2*%a - x72), x], x, (b*Cos[c + d*x])/Sqrt[a + bxSin[c + dx*x]]],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 2673

Int[(cos[(e_.) + (f£_)*(x_)1*(g_.)) " (p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D1)"(m_), x_Symbol] :> Simp[(b*(gxCos[e + f*x])~(p + 1)*(a + bxSin[e + fxx
Do(m - 1))/ (Exgx(m - 1)), x] /; FreeQ[{a, b, e, f, g, m, p}, x] && EqQ[a"2
- b2, 0] &« EqQ[2*m + p - 1, 0] && NeQ[m, 1]

Rule 2736

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)1)"(m_.)*((c_) + (d_.)*sin[(e_.) +
(f_)*x)1)"(n_.), x_Symbol] :> Dist[a"m*c"m, Int[Cos[e + f*x]~(2*m)*(c +
d*Sinfle + f*x])~(n - m), x], x] /; FreeQ[{a, b, c, d, e, f, n}, x] && EqQ[b
xc + axd, 0] &% EqQ[a"2 - b72, 0] && IntegerQ[m] && !(IntegerQ[n] && ((LtQ
[m, 0] && GtQ[n, 0]) |l LtQ[O, n, m] || LtQ[m, n, 0]))

Rule 2773

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_)*(x_)]), x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b*c + axd - d*x"2), x
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1, x, (b*Cosl[e + f*x])/Sqrtl[a + b*Sin[e + f*x]]1], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c~2 - 472, 0]

Rule 2940

Int[1/(sinl(e_.) + (f_.)*(x_)1*Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)11*(
(c_) + (d_.)#*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[d~2/(c*(b*c - axd
)), Int[Sqrt[a + b*Sin[e + f*x]]/(c + d*Sinf[e + f*x]), x], x] + Dist[1/(c*(
b*xc - a*d)), Int[(b*c - axd - b*d*Sin[e + f*x])/(Sin[e + f*x]*Sqrtl[a + b*Si
nle + fxx]11), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &
& EqQ[a"2 - b~2, 0]

Rule 2985

Int[(CA_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +

(f_)*x(x )1Ix((c_.) + (@_.)*sinl[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
*b - axB)/(b*c - a*d), Int[1/Sqrtla + b*Sin[e + f*x]], x], x] + Dist[(B*c -
Axd)/(b*c - axd), Int[Sqrtl[a + b*Sin[e + f*x]]/(c + d*Sinle + f*x]), x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B}, x] && NeQ[b*c - axd, 0] && EqQ[2"2 - b
=2, 0] && NeQ[c™2 - 4”2, 0]

Rubi steps
\Ja+asin e+fx f csc(e+fx)(2ac+ac sin(e+fx)) dx
f CSC(@ + fx) dx = f c—csin(e+fx) \a+asin(e+fx)
Va + asin(e + fx) (c — csin(e + fx)) 2a 2ac?
1
J———= W fsecz(e + fx)(a + asin(e + fx))3? dx
T 2c 2a%c
a cos(e
B sec(e + fx)\/a + asin(e + fx) Subst (f 20-x 7 4%, X, Jatasin(

acf cf

1 a cos(e+fx) tanh—l \a cos(e+fx)
2tanh ( ya+asin(e+fx) ) \/E \a+asin(e+fx) 4 sec(e

Vact T Vavaer

Mathematica [C] time = 0.46, size = 234, normalized size = 1.95

cos(e + fx) (cos (%(e + fx)) (log (— sin (%(e + fx)) + cos (%(e + fx)) + 1) - log (sin (%(e + fx)) — Cos (%(e

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrt[a + a*Sin[e + f*x]]*(c - c*Sinl[e + fxx])),x]

[Out] (Cos[e + f*x]*(-1 + Cos[(e + f*x)/2]*(Log[l + Cos[(e + f*xx)/2] - Sin[(e + £
*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]]) + (1 + I)*(-1)"(3/4
)*¥ArcTanh [(1/2 + I/2)*(-1)"(3/4)*(-1 + Tan[(e + fxx)/4])]1*(Cos[(e + fxx)/2]

- Sin[(e + f*x)/2]) - Logl[l + Cos[(e + fxx)/2] - Sin[(e + fx*x)/2]]*Sin[(e

+ f*x)/2] + Logl[l - Cos[(e + f*x)/2] + Sin[(e + f*x)/2]]1*Sin[(e + fx*x)/2]))
/(cxf*x(-1 + Sinl[e + f*xx])*Sqrt[a*x(1 + Sin[e + f*x])])
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fricas [B] time = 0.50, size = 328, normalized size = 2.73

242 \Ja sin(fx+e)+a (cos(fx+e)—sin(fx+e)+1)
va

cos(fx+e)2—(cos(fx+e)—2) sin(fx+e)+ +3 cos(fx+e)+2

cos( x+e)2—(cos(fx+e)+2) sin(fx+e)—cos( x+e)—2

\/Ex/ﬁcos(fx+e)log - +2+/a c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))”(1/2),x, algorithm
="fricas")

[Out] 1/4*(sqrt(2)*sqrt(a)*cos(f*x + e)*log(-(cos(f*x + e)”2 - (cos(f*x + e) - 2)
xsin(f*x + e) + 2xsqrt(2)*sqrt(a*sin(f*x + e) + a)x(cos(f*x + e) - sin(f*x
+ e) + 1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + e)”2 - (cos(f*x + e) + 2
)*ksin(f*xx + e) - cos(f*x + e) - 2)) + 2xsqrt(a)*cos(fxx + e)*xlog((axcos(f*x
+ e)73 - Txaxcos(f*x + e)72 - 4x(cos(f*x + e)72 + (cos(f*x + e) + 3)*sin(f
*x + e) — 2*xcos(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)*sqrt(a) - 9*axcos(fx*
x + e) + (axcos(f*x + e)72 + 8xa*xcos(f*x + e) - a)*sin(f*xx + e) - a)/(cos(f
*x + e)73 + cos(fxx + )72 + (cos(f*x + e)72 - 1)*sin(f*x + e) - cos(f*x +
e) - 1)) + 4xsqrt(a*xsin(f*x + e) + a))/(axcxf*xcos(f*x + e))

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, algorithm
="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)
Unable to check sign: (2*pi/x/2)>(-2%pi/x/2)Unable to check sign: (4*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4
*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2%pi/t_nostep/2)Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(co
s((f*t_nostep+exp(1))/2-pi/4))]Unable to check sign: (4*pi/t_nostep/2)>(-4x*
pi/t_nostep/2)Unable to check sign: (4xpi/t_nostep/2)>(-4*pi/t_nostep/2)Dis
continuities at zeroes of cos((f*t_nosteptexp(l))/2-pi/4) were not checkedU
nable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check si
gn: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4xpi/t_noste
p/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nos
tep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to c
heck sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/
x/2)>(-4%pi/x/2)Unable to check sign: (4+*pi/x/2)>(-4%pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*p
i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to ch
eck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2
)JUnable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/
2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check s
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ign: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unab
le to check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-
4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4xpi/
x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi
/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to chec
k sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)U
nable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)
>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sig
n: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4xpi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4x
pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4
*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/
2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x
/2)>(-4*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Una
ble to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(
-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2)Unable t
o check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4%*pi
/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*p
i/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to che
ck sign: (4%pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)
Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x
/2)Unable to check sign: (4*pi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/
x/2)>(-4%pi/x/2)Unable to check sign: (4+*pi/x/2)>(-4%pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/t_nos
tep/2)>(-4*pi/t_nostep/2)Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)Unable
to check sign: (2%pi/x/2)>(-2*pi/x/2)Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(t_nostep+l)]Evaluation time: 0.42Error: Bad Argument Type

maple [A] time = 1.43, size = 124, normalized size = 1.03

(1+sin(fx+e))[ az +2 arctanh( s fx+e \/_] \/a—asin(fx+e) —4arctanh[

a-a sin( x+e)

]t

5

2ca2 cos(fx+e) \/a+asin(fx+e) f

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x)

[Out] 1/2*%(1+sin(f*xx+e))*(2xa~(5/2)+2"(1/2)*arctanh(1/2*(a-a*sin(f*xx+e))~(1/2)*2"

(1/2)/a~(1/2))*a"2*(a-a*sin(f*x+e) )~ (1/2)-4*arctanh((a-a*sin(f*x+e)) " (1/2)/
a~(1/2))*a"2x(a—axsin(f*x+e) )~ (1/2))/c/a"~(5/2) /cos(f*x+e)/(at+a*xsin(fxx+e))”
(1/2)/f

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
- dx

\/asin(fx+e) +a(csin(fx+e)—c)sin(fx+e)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c-c*sin(f*x+e))/(ata*sin(f*x+e))”(1/2),x, algorithm

="maxima")

[Out] -integrate(l/(sqrt(a*sin(f*x + e) + a)*x(c*sin(f*x + e) - c)*sin(f*x + e)),

x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

1
f dx

sin(e+fx) \/a+asin(e+fx) (c—csin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*xsin(e + f*x))),x)
[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx
f \Jasin (e+fx)+a sin? (e+fx)—,/a sin (e+fx)+a sin (e+fx)

(s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c-c*xsin(f*x+e))/(ata*xsin(f*xx+e))**x(1/2),x%)

[Out] -Integral(l/(sqrt(a*sin(e + f*x) + a)*sin(e + f*x)*x2 - sqrt(a*xsin(e + f*x)
+ a)*sin(e + f*x)), x)/c
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3.15 f Vg sin(e+fx) y/a+asin(e+fx) dx

c—csin(e+fx)

Optimal. Leaf size=103

1 \a V8 cos(e+fx) )
2sec(e + fx)y/asin(e + fx) + a+/gsin(e + fx) N 2+/a g tan (\/u Sin(e+ fx)+a /g sin(e+ fx)

cf cf

[Out] 2*arctan(cos(f*x+e)*a”(1/2)*g~(1/2)/(gxsin(f*x+e))~(1/2)/(a+axsin(f*x+e)) ~(
1/2))*a~(1/2)*g~(1/2) /c/f+2*sec (f*x+e) * (gxsin(f*x+e) )~ (1/2) * (ata*xsin(f*x+e)
)~ (1/2)/c/f

Rubi [A] time = 0.47, antiderivative size = 103, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 40,

number of rules _ ),150, Rules used = {2928, 2775, 205, 2930, 12, 30}

integrand size

1 Va /g cos(e+fx)
2sec(e + fx)\/a sin(e + fx) +a \/g sin(e + fx) N 2\/5 V8 tan (\/a sin(e+ fx)+a /g sin(e+fx) )

cf cf

Antiderivative was successfully verified.
[In] Int[(Sqrt[g*Sinl[e + f*x]]*Sqrtla + a*xSin[e + fx*x]])/(c - c*Sinle + fx*x]),x]

[Out] (2*xSqrt[al*Sqrtl[gl*ArcTan[(Sqrt[a]*Sqrt[gl*Cos[e + f*x])/(Sqrtlg*Sin[e + f*
x]]1*Sqrt[a + axSin[e + f*x]])])/(c*f) + (2xSec[e + f*x]*Sqrt[g*Sinf[e + f*x]
1xSqrt[a + a*Sinf[e + fx*x]])/(cxf)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2775

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]1/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b + d*x"2), x], x
, (b*Cos[e + f*x])/(Sqrtl[a + b*Sin[e + f*x]]*Sqrtlc + d*Sin[e + f*x]])], x]
/; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&& NeQ[c™2 - 472, 0]

Rule 2928

Int[(Sqrt[(g_.)*sinl(e_.) + (f_.)*(x_)11%Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
Yk(x )11)/((c ) + (d_.)*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + bxSinle + f*x]1/Sqrt[g*Sinle + f*x]1, x], x] - Dist[(c*g)/d, Int
[Sqgrt[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c + d*Sin[e + f*x])), x],
x] /; FreeQ[{a, b, c, d, e, f, gt, x] && NeQ[b*c - axd, 0] && (EqQ[a”2 - b~
2, 0] Il EqQ[c™2 - 472, 01)
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Rule 2930

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)*x(x_)11*((c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Dist[(-2xb)/
f, Subst[Int[1/(b*c + a*d + c*gxx~2), x], x, (b*Cos[e + fx*x])/(Sqrt[g*Sin[e
+ fxx]]*Sqrt[a + b*Sinl[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

f \a+asin(e+fx) dx
f \/g sin(e + fx) \/a + asin(e + fx) = gf \/a + asin(e + fx) ~ Vg sin(e+fx)

c—csin(e + fx) \gsin(e + fx) (c — csin(e + fx)) * ¢

L acos(e+fx)
B (2ag) Subst (f cgx? dx, X, Vg sin(e+£x) y/a+asin(e+fx) ) 4 (2ag) Subst (
f

1 \a V8 cos(e+fx) ) ( 1 .
_ 2\/5 \/g tan (\/g sin(e+fx) y/a+asin(e+fx) B (2a) Subst f x2 dx, X, Vs
B cf cf

1 \a Vg cos(e+fx) )
_ 2\/5 \/g tan ( g sin(e+fx) y/a+asin(e+fx) + 2sec(e + fx)\/g sin(e + ;
B cf cf

Mathematica [C] time = 0.93, size = 194, normalized size = 1.88

26C*f¥)\[a(sin(e + fx) +1) y/gsin(e + fx) (2 (—1 + e2iletf x)) —i (e“”f ) _ i) —1 + %+ tan~! (V—l + e2ilet
Cf (_1 + e4z'(e+fx))

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + a*xSin[e + fx*x]])/(c - c*Sin[e + fx
x]) ,x]

[Out] (2*E~(Ix(e + fxx))*(2%(-1 + ET((2*¢I)*(e + f*x))) - I*(-I + E~(Ix(e + f*x)))
*Sqrt[-1 + ET((2*%I)*(e + f*x))]*ArcTan[Sqrt[-1 + ET((2*xI)x(e + f*x))]] - (-

I + E(I*x(e + f*x)))*Sqrt[-1 + E7((2xI)*(e + fxx))]*ArcTanh[E~(I*(e + f*x))
/Sqrt[-1 + E~((2%I)*(e + fx*x))]])*Sqrt[gxSin[e + f*x]]*Sqrtlax(l + Sin[e +
f*x])1)/(c*x(-1 + ET((4xI)*(e + fxx)))*f)

fricas [A] time = 0.74, size = 442, normalized size = 4.29

128 ag cos(fx+e)5—128 ag cos( x+e)4—416 ag cos(fx+e)3+128 ag cos(fx+e)2+289 ag cos(fx+e)+8 (16 cos(fx+e)z

\/—ag cos (fx + e) log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(a+a*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] [1/4x(sqrt(-a*xg)*cos(f*xx + e)*log((128*a*gxcos(f*x + e)~b - 128*axg*cos (f*x
+ e)74 - 416*axgxcos(f*x + e)”3 + 128xa*xgxcos(f*x + e)”2 + 289*axg*cos (f*x
+ e) + 8x(16*cos(f*x + e)™4 - 24*cos(f*x + e)”3 - 66*cos(f*x + e)”2 + (16%
cos(f*x + e)73 + 40xcos(f*x + e)72 - 26xcos(f*x + e) - 51)*sin(f*x + e) + 2
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5kcos(fxx + e) + Bl)xsqrt(-a*xg)*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e
)) + axg + (128*axgxcos(f*x + e)”"4 + 256*axgxcos(f*x + e)~3 - 160*a*xgkcos(f
*X + e)72 - 288kaxgxcos(f*x + e) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f
xx + e) + 1)) + 8xsqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e)))/(cxf*cos(f
*x + e)), -1/2x(sqrt(a*g)*arctan(l/4*sqrt(a*g)*(8*cos(f*x + e)~2 + 8*sin(fx*
x + e) - 9xsqrt(axsin(f*x + e) + a)*sqrt(gksin(f*x + e))/(2*axg*cos(f*x +
e)”3 + axgxcos(f*x + e)*sin(f*x + e) - 2*xaxgxcos(f*xx + e)))*cos(f*x + e) -
4xsqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*xx + e)))/(cxf*xcos(f*xx + e))]

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(ata*sin(f*x+e)) " (1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="giac")

[Out] Timed out

maple [B] time = 0.94, size = 914, normalized size = 8.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e)) (1/2)*(a+axsin(f*x+e))”(1/2)/(c-c*sin(f*x+e)),x)

[Out] 1/4/c/fx(4x2~(1/2)*(-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*sin(f*x+e)-1n(-(2"(1
/2)* (- (-1+cos(f*x+e))/sin(f*x+e) )~ (1/2) *sin(f*x+e)+sin(f*x+e)-cos (f*x+e)+1)
/(27 (1/2)* (- (-1+cos(f*x+e) ) /sin(f*x+e)) " (1/2) *sin(f*x+e)-sin(f*x+e)+cos (f*x
+e)-1) ) *sin(f*x+e)-4*arctan((-(-1+cos(f*x+e) ) /sin(f*x+e)) " (1/2)*27(1/2)+1)*
sin(f*x+e)-4*xarctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2)*27(1/2)-1) *sin(f*x+
e)-In(-(27(1/2)*(-(-1+cos (f*x+e)) /sin(f*x+e) ) ~(1/2) *sin(f*x+e) -sin(f*x+e)+c
os(f*xx+e)-1)/(27(1/2)*x(-(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2)*sin(f*x+e)+sin(f*
x+e)-cos(fxx+e)+1))*sin(f*x+e)-1n(-(27(1/2) * (- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (
1/2)*sin(f*x+e)+sin(f*x+e)-cos(f*x+e)+1) /(27 (1/2) *(-(-1+cos (f*x+e))/sin(f*x
+e)) " (1/2)*sin(f*x+e)-sin(f*x+e)+cos(f*x+e)—-1))*cos (f*x+e)-4d*arctan((-(-1+c
os(f*x+e))/sin(f*x+e) )~ (1/2)*27(1/2)+1) *cos (f*x+e) -4*arctan((-(-1+cos (f*x+e
))/sin(f*x+e) )~ (1/2)*%2°(1/2)-1) *cos (f*xx+e)-1n(-(2°(1/2) * (- (-1+cos (f*x+e)) /s
in(f*x+e))~(1/2) *sin(f*x+e)-sin(f*x+e)+cos(f*x+e)-1)/(27(1/2)*x(-(-1+cos(f*x
+e))/sin(f*xx+e) )~ (1/2) *sin(f*x+e)+sin(f*x+e)-cos (f*x+e)+1)) *cos(f*x+e)+1n(-
(27 (1/2) % (- (—1+cos(f*x+e) ) /sin(f*x+e)) " (1/2) *sin(f*x+e)+sin (f*x+e) -cos (f*x+
e)+1) /(27 (1/2)*(-(-1+cos (f*x+e)) /sin(f*x+e)) " (1/2) *sin(f*x+e) -sin(f*x+e)+co
s(fxx+e)-1))+4xarctan((-(-1+cos(f*x+e))/sin(f*x+e))~(1/2)*27(1/2)+1)+4*arct
an((-(-1+cos(f*xx+e))/sin(f*x+e)) ~(1/2)*27(1/2)-1)+1n(-(27(1/2) * (- (-1+cos (f*
x+e) ) /sin(fxx+e)) " (1/2) *sin(f*x+e)-sin(f*x+e)+cos(f*xx+e)-1)/(27(1/2)*(-(-1+
cos(f*x+e))/sin(f*xx+e))~(1/2)*sin(f*x+e)+sin(f*x+e)-cos(f*xx+e)+1)))*(gxsin(
fxx+e)) " (1/2)*x(ax(1+sin(f*x+e))) " (1/2) /sin(f*x+e) /cos(f*x+e) /(- (-1+cos (f*x+
e))/sin(f*x+e))~(1/2)*27(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

f \/asm fx+e + a\/gsin(fx+e)
csin f X+ e) -c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)*(a+a*sin(f*x+e))~(1/2)/(c-c*sin(f*x+e)),x, a
lgorithm="maxima")
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[Out] -integrate(sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(fxx + e))/(c*xsin(f*x + e) -
c), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f\/gsin(e+fx) \/a+asin(e+fx)

c—csin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c - c*sin(e + f*x)
), %)

[Out] int(((g*sin(e + f*x))~(1/2)*(a + axsin(e + fxx))~(1/2))/(c - c*sin(e + f*x)
9

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

sin (e+fx)—1

f \/g sin (e+fx) \/a sin (e+fx)+a

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))**(1/2)*(at+a*sin(f*x+e))**(1/2)/(c-c*sin(f*x+e)),x)

[Out] -Integral(sqrt(g*sin(e + f*x))*sqrt(a*sin(e + f*x) + a)/(sin(e + fxx) - 1),
x)/c
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Va+asin(e+fx)
3.16 f Vg sin(e+fx) (c-c sin(e+fx)) ax

Optimal. Leaf size=43

2sec(e + fx)yJasin(e + fx) + a+/gsin(e + fx)
cfg

[Out] 2xsec(f*x+e)*(gxsin(f*x+e))~(1/2)*(ataxsin(f*x+e))~(1/2)/c/f/g

Rubi [A] time = 0.20, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 40,

number ot rules _ () 075, Rules used = {2930, 12, 30}

integrand size

2sec(e + fx)y/asin(e + fx) + a+/gsin(e + fx)
cfg

Antiderivative was successfully verified.

[In] Int[Sqrtla + axSinle + fxx]]1/(SqrtlgxSin[e + f*x]]1x(c - c*Sinle + fx*x])),x]
[Out] (2*Secl[e + f*x]*Sqrt[gxSin[e + f*x]]*Sqrtla + a*Sinl[e + f*x]])/(cxf*g)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2930

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
Y¥(x_)]1*((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(-2xb)/
f, Subst[Int[1/(b*c + a*d + c*gxx~2), x], x, (b*Cos[e + fx*x])/(Sqrt[g*Sin[e
+ f*x]]xSqrt[a + b*Sinl[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - a*d, 0] &% EqQ[a™2 - b2, 0]

Rubi steps

1 acos(e+fx)
f \/El +a sin(e + fx) dx = — (2{1) Subst (f Cg7 dx’ X \/g sin(e+fx) \/a+a sin(e+fx) )
Vg sin(e + fx) (c — csin(e + fx)) f
1 acos(e+fx)
_ (2a) Subst (f x2 dx, x, Vg sin(e+fx) y/a+asin(e+fx) )
cf8
_ 2sec(e+ fx)\/g sin(e + fx) \/a + asin(e + fx)
- cfg

Mathematica [A] time = 0.21, size = 40, normalized size = 0.93

2 tan(e + fx)\/a(sin(e + fx)+1)

cf+/gsin(e + fx)
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Antiderivative was successfully verified.
[In] Integratel[Sqrtl[a + a*Sinl[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c - c*Sin[e + fx*x

1)) ,x]
[Out] (2xSqrtlax(l + Sin[e + fx*x])]*Tan[e + f*x])/(cxfxSqrt[gxSinle + f*x]])

fricas [A] time = 0.45, size = 41, normalized size = 0.95

2 asin(fx+e) +a\/gsin(fx+e)
cfgcos (fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/(c-c*sin(f*xx+e))/(g*sin(f*x+e))~(1/2),x, a

lgorithm="fricas")
[Out] 2*sqrt(a*sin(f*x + e) + a)*sqrt(g*sin(fxx + e))/(cxf*xgxcos(f*x + e))

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/asin(fx+e) +a
dx
(csin(fx+e) —c) gsin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+ta*sin(f*x+e))”(1/2)/(c-cxsin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a

lgorithm="giac")
[Out] integrate(-sqrt(a*sin(f*x + e) + a)/((cxsin(f*xx + e) - c)*sqrt(g*sin(f*x +

e))), x)

maple [A] time = 0.65, size = 45, normalized size = 1.05

2\/a(1+sin(fx+e)) sin(fx+e)
cf gsin(fx+e) cos(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] int((ata*sin(f*x+e))”(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x)
[Out] 2/c/f*x(a*x(1+sin(f*xx+e)))~(1/2)*sin(f*x+e)/(gxsin(f*x+e)) ~(1/2)/cos(f*x+e)

maxima [B] time = 0.49, size = 309, normalized size = 7.19

) 32 a N sin(fx+e) . V2 \a Vs sin( X+e)2]

cos(fx+e)+1 (cos(fve)+1)

4 3 V2 va g sin(fr-+e) B V2 a8 sin(fx+e)2 sin(fx-+e) ~
cos(fx+e)+l cos( Fre)+ 2 cos(fx+e)+1 sin( fx+e
(ospese)) v 24 i

cos(fx+e)+1

3

sin(fx+e) )2 342 as
+

cos(fx+e)+1 COS(fx-I

V&

cg sin(fx+e)
- cos(fx+e)+1

- 12f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/(c-cxsin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a

lgorithm="maxima"
[Out] -1/12%(4x((3*sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x + e) + 1) - sqrt
(2)xsqrt(a)*sqrt(g) *sin(f*x + e)~2/(cos(f*x + e) + 1)72)*sqrt(sin(f*x + e)/
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(cos(fxx + e) + 1)) - 2x(3xsqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)/(cos(f*x +
e) + 1) + sqrt(2)*sqrt(a)*sqrt(g)*sin(f*x + e)~2/(cos(f*x + e) + 1)72)/sqrt
(sin(f*x + e)/(cos(f*x + e) + 1)))/(c*xg - cxgxsin(f*x + e)/(cos(f*x + e) +
1)) - (2%sqrt(2)*sqrt(a)*(sin(f*x + e)/(cos(f*x + e) + 1))7(3/2) + 3*sqrt(2
)*sqrt(a)*sin(f*x + e)/(cos(f*xx + e) + 1))/(c*sqrt(g)) - (2xsqrt(2)*sqrt(a)
x(sin(fxx + e)/(cos(f*x + e) + 1))7(3/2) - 3*sqrt(2)*sqrt(a)*sin(f*x + e)/(
cos(f*x + e) + 1))/ (c*sqrt(g)))/f

mupad [B] time = 12.94, size = 52, normalized size = 1.21

251n(2€+2fx) \/a (sin(e+fx)+1)
cf (cos(2€+2fx)+1) gsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))

), %)

[Out] (2*sin(2*e + 2xf*xx)*x(a*x(sin(e + f*xx) + 1))°(1/2))/(c*xf*(cos(2xe + 2*xfx*xx) +
Dx(gxsin(e + £xx))~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

asin (e+fx)+a

_ f \/gsin (e+fx) sin (e+fx)—‘lgsin (e+fx)

c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**x(1/2)/(c-c*sin(f*x+e))/(gxsin(f*x+e))**(1/2),%)

[Out] -Integral(sqrt(a*sin(e + f*x) + a)/(sqrt(gxsin(e + f*x))*sin(e + f*x) - sqr
t(gxsin(e + f*x))), x)/c
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\/g sin(e+fx)

3.17 f Va+asin(e+fx) (c—c sin(e+£x))

Optimal. Leaf size=114

\/_ tan_l \a Vg cos(e+fx)
sec(e + f x)\/a sin(e + fx) +a \/g sin(e + fx) N 8 V2 \Jasin(e+ fx)+a /g sin(e+fx)

acf V2 +acf
[Out] 1/2*arctan(1/2*cos(f*x+e)*a”(1/2)*g”(1/2)*27(1/2)/(gxsin(f*x+e))~(1/2)/(a+a

xsin(fxx+e)) ~(1/2))*g~(1/2)/c/E*x27(1/2) /a~ (1/2) +sec(f*x+e) * (gksin(f*xx+e)) ~(
1/2) * (ataxsin(fxx+e)) ~(1/2)/a/c/f

Rubi [A] time = 0.49, antiderivative size = 114, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 40,

number of rules _ ) 150, Rules used = {2936, 2782, 205, 2930, 12, 30}

integrand size

\/_ tan_l \a Vg cos(e+fx)
sec(e + fx)y/asin(e + fx) + a+/gsin(e + fx) s 8 V2 \Jasin(e+ fx)+a \/gsin(e+ )

acf V2 +acf

Antiderivative was successfully verified.
[In] Int[Sqrtlg+*Sinl[e + fx*x]]/(Sqrtla + a*Sin[e + f*x]]*(c - c*Sinl[e + f*x])),x]

[Out] (Sqrtlgl*ArcTan[(Sqrt[a]*Sqrt[gl*Cosl[e + f*x])/(Sqrt[2]*Sqrt[g*Sin[e + f*x]
1*Sqrt[a + a*Sinl[e + f*x]1)]1)/(Sqrt[2]*Sqrt[al*c*f) + (Secle + f*x]*Sqrtl[g*
Sin[e + f*x]]*Sqrt[a + a*Sinl[e + fx*x]])/(axcx*f)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x"(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2782

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]]*Sqrtl[(c_.) + (d_.)=*sin[(e
_) + (f_)*x(x)1]1), x_Symbol] :> Dist[(-2*a)/f, Subst[Int[1/(2%b~2 - (a*c
- bxd)*x72), x], x, (b*Cos[e + f*x])/(Sqrtla + b*Sin[e + f*x]]*Sqrt[c + dxS
infe + £*x]1)], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - ax*d, 0] &&
EqQ[a~2 - b2, 0] && NeQ[c™2 - 472, 0]

Rule 2930

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(Sqrtl(g_.)*sinl(e_.) + (f_.
Y¥(x_)]11*((c_) + (d_.)*sinf(e_.) + (£f_.)*(x_)1)), x_Symbol] :> Dist[(-2xb)/
f, Subst[Int[1/(b*c + a*d + c*xgxx~2), x], x, (b*Cos[e + fx*x])/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]]1)], x] /; FreeQ[{a, b, ¢, d, e, £, g}, xI]
&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]
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Rule 2936

Int[Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
Yk(x )11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> -Dist[(ax*g)/
(bxc - a*d), Int[1/(SqrtlgxSin[e + fxx]]*Sqrt[a + b*Sin[e + f*x]]), x], x]

+ Dist[(c*g)/(b*c - axd), Int[Sqrt[a + bxSin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]
1x(c + dxSin[e + f*x]1)), x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[b
xc - a*xd, 0] && (EqQ[a"2 - "2, 0] || EqQlc™2 - 472, 0])

Rubi steps
\a+asin(e+fx) 1
f VgSin(e + fx) dy = gf Vg sin(e+£x) (c—csin(e+£x)) dx 3 gf Vg sin(e+fx) y/a+asin(e+fx) dx
Va + asin(e + fx) (c — csin(e + fx)) 2a 2c
L acos(e+fx)
B _g Subst (f cgx? dx, X, Vg sin(e+fx) y/a+asin(e+fx) ) 4 (ag) Subst (
B f

1 \a Vg cos(e+fx) 1
3 \/g tan V2 /g sin(e+fx) y/a+asin(e+fx) ) Subst (f x2 dx, x, @

V2acf i
1 \a /8 cos(e+fx)
B V8 tan V2 Vg sin(e+ fx) ya+asin(e+ fx)) . sec(e + fx)4/g sin(e -

V2 acf

Mathematica [A] time = 0.32, size = 133, normalized size = 1.17

y/sin(e + fx) csc(2(e + fx))\/a(sin(e + fx) +1) \/g sin(e + fx) (2\/E \sin(e + fx) — V2 \/c —csin(e + fx) |

ac’?f

Antiderivative was successfully verified.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrtl[a + a*Sin[e + f*x]]*(c - cxSin[e + f*x
1)) ,x]

[Out] (Csc[2*x(e + f*x)]*Sqrt[Sinf[e + f*xx]]*Sqrt[g*Sinl[e + f*x]]*Sqrt[ax(1 + Sin[e
+ f£xx])]1*(2xSqrt[c]*Sqrt[Sin[e + f*x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]*S
qrt[Sinf[e + f*x]])/Sqrtlc - c*Sinl[e + f*x]]]1*Sqrtlc - c*Sinle + f*x]]))/(ax
c~(3/2)*f)

fricas [A] time = 0.66, size = 385, normalized size = 3.38

— cos( fx+e 3+ \/_ cos( fx+e 2+ cos( fx+e)+4)sin| fx+e)—cos| fx+e)- asin| fx+e)+a Sit
\/Ea\/%Cos(fxw)log[wg (e 24 o colfe) fo code) o) nle) ol o) ol veea e

cos(fx+e)3+3 Cos(fx+e)2+(cos(fx+e)2—2 <

8 ac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e)) (1/2)/(c-c*sin(f*x+e))/(ata*sin(f*x+e)) " (1/2),x, a
lgorithm="fricas")

[Out] [1/8*(sqrt(2)*a*xsqrt(-g/a)*cos(f*x + e)*log((17*gkcos(f*x + e)~3 + 4xsqrt(2
)*(3xcos(f*xx + e)”2 + (3xcos(f*x + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)
*xsqrt (axsin(f*xx + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3*gkcos(f*x + e
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)72 - 18*gkxcos(fxx + e) + (17xg*cos(f*x + e)”2 + ldxgxcos(fxx + e) - 4*g)x*s
in(f*x + e) - 4*g)/(cos(f*x + e)”3 + 3*cos(f*x + e)72 + (cos(f*x + e)72 - 2
xcos(fxx + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4)) + 8xsqrt(a*xsin(f*x +
e) + a)*sqrt(gxsin(f*x + e)))/(axcxf*cos(f*x + e)), -1/4*(sqrt(2)*a*sqrt(g
/a)*arctan(1/4*sqrt(2) *sqrt (a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(g
/a)*(3*xsin(f*x + e) - 1)/(gxcos(f*x + e)xsin(f*x + e)))*cos(f*x + e) - 4x*sq
rt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e)))/(axc*f*cos(fxx + e))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”~(1/2)/(c-c*sin(f*x+e))/(a+axsin(f*x+e))”~(1/2),x, a
lgorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;0UTPUT:Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)
Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)Unable to check sign: (2%pi/x/2
)>(-2%pi/x/2)Unable to check sign: (2*pi/x/2)>(-2%pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4
*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Warning, integration of abs or
sign assumes constant sign by intervals (correct if the argument is real):
Check [abs(cos((f*t_nostep+exp(1l))/2-pi/4))]Unable to check sign: (4*pi/t_n
ostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t
_nostep/2)Discontinuities at zeroes of cos((f*t_nostep+exp(l))/2-pi/4) were
not checkedUnable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unabl
e to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign:
(4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)
>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4xpi/t_nostep/
2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4%pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*p
i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to ch
eck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2
)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/
2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check s
ign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unab
le to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-
4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/
x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi
/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to chec
k sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)U
nable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)
>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sig
n: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4x*
pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4
*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/
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2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x
/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Una
ble to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(
-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable t
o check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi
/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*p
i/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to che
ck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)
Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2
)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*xpi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x
/2)Unable to check sign: (4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/
x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-
2xpi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to c
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heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xp
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2x*
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/
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t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2x*pi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%p
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*xpi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xp
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i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nost
ep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2
JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
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le to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi
/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x%
pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:



90

(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2*%pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi
/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x%
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign

(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable

to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2xpi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2
)JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to

check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%p
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/x/2)>(-2%pi/x/2)Unable to

check sign: (2*pi/x/2)>(-2%pi/x/2)Warning, integration of abs or sign assu
mes constant sign by intervals (correct if the argument is real):Check [abs
(t_nostep+l)]Evaluation time: 1.2index.cc index_m i_lex_is_greater Error: B
ad Argument Value

maple [A] time = 0.78, size = 190, normalized size = 1.67

gsin ( fx+ e) (—1 + cos ( fx+ e)) [2 arctan[ ——_1;?;52;6) ]cos ( fx+ e) — cos ( fx+ e) ——_1;:();81 ):)re) —
cfsin (fx-+€) a1 +sin {7+ ]) (|- (s cos(frve)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((gxsin(fx*x+e))~(1/2)/(c-cxsin(f*x+e))/(ataxsin(f*x+e))~(1/2),x)

[Out] 1/c/fx(gxsin(f*x+e))”(1/2)*(-1+cos(f*x+e))*(2xarctan((-(-1+cos(f*x+e))/sin(
fxx+e)) " (1/2))*cos (f*x+e)-cos(f*x+e) *(—(-1+cos(f*x+e))/sin(f*xx+e))~(1/2)-(-
(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*sin(f*x+e) - (- (-1+cos(f*x+e)) /sin(f*x+e))”
(1/2))/sin(f*x+e)/(ax(1+sin(f*x+e))) ~(1/2) /(- (-1+cos(f*x+e)) /sin(f*x+e) )~ (1
/2)/(-1+cos(f*x+e)+sin(f*x+e))
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maxima [B] time = 0.53, size = 270, normalized size = 2.37

3
sin(fx+e) 2 242 sin(fx+e) sin(fx+6) sin(fx+e
442 \/E(cos(fxw)ﬂ ) V2 Vg arctan cos(fx+e)+1 cos(fx-+e)+1 +V2 VB V2 VB cos(fx-+e)
Vac sin(fx+e) ) - \/Ec ﬁcsin(fx+e) Vacsin
\/EC+ Vac sin(fx+e) _{\/Eﬁ cos(fx+e)+1 ]sm( x+e) \/EC+ cos(fx+e)+1 \/EH— cos(fx—
cos( x+e)+1 cos(fx+e)+1

2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(fx*x+e))”(1/2)/(c-c*sin(f*x+e))/(ata*sin(f*x+e)) " (1/2),x, a
lgorithm="maxima"

[Out] 1/2%(4*sqrt(2)*sqrt(g)*(sin(f*x + e)/(cos(f*x + e) + 1))7(3/2)/(sqrt(a)*c +
sqrt(a)*c*sin(f*x + e)/(cos(f*x + e) + 1) - (sqrt(a)*c + sqrt(a)*c*sin(f*x

+ e)/(cos(f*xx + e) + 1))*sin(fxx + e)/(cos(f*x + e) + 1)) - 2*sqrt(2)*sqrt
(g)*arctan(sqrt(sin(f*x + e)/(cos(f*x + e) + 1)))/(sqrt(a)*c) + (sqrt(2)*sq
rt(g)*sqrt (sin(f*x + e)/(cos(f*xx + e) + 1)) + sqrt(2)*sqrt(g))/(sqrt(a)*c +
Sqrt(a)*c*sin(f*x + e)/(cos(fxx + e) + 1)) + (Sqrt(2)*Sqrt(g)*sqrt(3in(f*x

+ e)/(cos(f*x + e) + 1)) - sqrt(2)*sqrt(g))/(sqrt(a)*c + sqrt(a)*c*sin(f*x

+ e)/(cos(f*x + e) + 1)))/f

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f\/ gsin(e+fx) n

a+asin(e+fx) (c—csin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.
[In] int((gxsin(e + fxx))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))
) ,X%)

[Out] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c - cx*sin(e + f*x))
9

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f gsin (e+fx) p
X
\Jasin (e+fx)+a sin (e+fx)—, [asin (e+fx)+a
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**x(1/2)/(c-c*xsin(f*x+e))/(ataxsin(f*x+e))**(1/2),x)

[Out] -Integral(sqrt(g*sin(e + f*x))/(sqrt(a*sin(e + f*x) + a)*sin(e + f*x) - sqr
t(a*xsin(e + f*x) + a)), x)/c
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[—= = —dx
Vg sin(e+fx) y/a+asin(e+fx) (c—c sin(e+x))

3.18

Optimal. Leaf size=118

tan_l \a Vg cos(e+fx)
sec(e + fx)y/asin(e + fx) + a+/gsin(e + fx) V2 \[asin(e+ fx)+a \/gsin(e+ fx)
acfg V2+acfg

[Out] -1/2%arctan(1/2*cos(f*x+e)*a”(1/2)*g~(1/2)*27(1/2)/(gxsin(f*x+e))~(1/2)/(a+
axsin(fxx+e))~(1/2))/c/fx27(1/2)/a~(1/2) /g~ (1/2) +sec(f*xx+e) * (gksin(f*x+e))”
(1/2) *(ataxsin(fxx+e)) ~(1/2)/a/c/f/g

Rubi [A] time = 0.50, antiderivative size = 118, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 40,

number of rules _ ) 150, Rules used = {2938, 2782, 205, 2930, 12, 30}

integrand size

tan-! Va /g cos(e+fx)
sec(e + f. x)\/a sin(e + fx) +a \/ gsin(e + fx) V2 \Jasin(e+ fx)+a /g sin(e+ fx)
acfg V2+Jacf3

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrtla + a*Sin[e + f*x]]*(c - cxSinl[e + fxx])),
x]

[Out] -(ArcTan[(Sqrt([al*Sqrt[gl*Cosle + f*xx])/(Sqrt[2]*Sqrt[g*Sinle + f*x]]*Sqrt[
a + axSin[e + f*x]]1)]/(Sqrt[2]*Sqrt[al*cxf*Sqrtlgl)) + (Secle + fxx]*Sqrtlg
xSin[e + fxx]]*Sqrtla + a*Sin[e + f*xx]])/(axcxfxg)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rule 2782

Int[1/(Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1xSqrt[(c_.) + (d_.)=*sin[(e
_) + (f_)*(x)1]1), x_Symbol] :> Dist[(-2*a)/f, Subst[Int[1/(2%b~2 - (a*c
- bxd)*x"2), x], x, (b*Cos[e + f*x])/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*S
inle + f*x]1)1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - ax*xd, 0] &&
EqQ[a™2 - b~2, 0] && NeQ[c~™2 - d~2, 0]

Rule 2930

Int[Sqrt[(a_) + (b_.)*sinl(e_.) + (£f_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
d)x(x_)11x((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol]l :> Dist[(-2x%b)/
f, Subst[Int[1/(b*xc + a*d + c*gxx~2), x], x, (b*Cos[e + fx*x])/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + b*Sin[e + f*x]1)], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
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&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2938

Int[1/(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]]*Sqrtl(a_) + (b_.)*sin[(e_.) + (£
_O*(x )]1x((c) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], x] - D
ist[d/(b*c - axd), Int[Sqrtl[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]x(c +
dxSinle + f*x])), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[b*c - ax
d, 0] && (EqQ[a"2 - ™2, 0] || EqQl[c™2 - 472, 01)

Rubi steps
f \a+asin(e+fx) d f 1
f 1 _ 7 ygsin(e+fx) (c-csin(e+fx)) X + Vg sin(e+fx) \/a+
Vg sin(e + fx)y/a + asin(e + fx) (c — csin(e + fx)) 2a 2c
L acos(e+fx)
3 _SubSt (f cgx? dx, x, Vg sin(e+fx) y/a+asin(e+fx) )
- f

-1 Va /g cos(e+£x)
an ( V2 \/8 sin(e+fx) \/a+a sin(e+£x) ) Subst (J

NN

tan_l \a Vg cos(e+fx)
V2 Vg sin(e+fx) y/a+asin(e+fx) sec(e + )
+

V2 Vacfyg

Mathematica [A] time = 0.27, size = 132, normalized size = 1.12

VB e |G

c—csin(e

sing(e + fx) csc(2(e + fx))y/a(sin(e + fx) +1) (2\/5 \sin(e + fx) + V2 +/c —csin(e + fx) tan™! (
ac®? f{/gsin(e + fx)

Antiderivative was successfully verified.

[In] Integrate[1/(Sqrt[g*Sin[e + fxx]]*Sqrtl[a + a*Sin[e + f*x]]*(c - cxSin[e + f
*x])) ,x]

[Out] (Csc[2*x(e + f*x)]*Sin[e + f*x]~(3/2)*Sqrtla*x(l + Sin[e + fx*x])]1*(2*Sqrt[c]*
Sqrt[Sin[e + fxx]] + Sqrt[2]*ArcTan[(Sqrt[2]*Sqrt[c]l*Sqrt[Sinle + f*x]])/Sq

rt[c - cxSinl[e + f*x]]]*Sqrtlc - c*Sin[e + f*x]]))/(axc™(3/2)*f*Sqrt[g*Sin[

e + f*x]])

fricas [A] time = 0.66, size = 391, normalized size = 3.31

_ V2(3 cos(fx+e 2+ cos( fx+e|+4)sin| fx+e)—cos| fx+e)—4 | /asin( fx+e)+a /gsin(fx+e) | [—
\/Eag\/%cos(fx+e)log —4 2(3 (Fere] +(3 coslfere) 4) sin(fvee)—cos{s )4)\/ (f+e) \/g (f )\/7

cos(fx+e)3+3 cos(fx+e)2+(cos(fx+e)2—2

8acf,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c-c*sin(fx*x+e))/(g*sin(f*x+e))”~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="fricas")
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[Out] [1/8*(sqrt(2)*axg*sqrt(-1/(axg))*cos(f*x + e)xlog(-(4*sqrt(2)*(3*cos(f*x +
e)”2 + (3xcos(f*x + e) + 4)xsin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*x

+ e) + a)*sqrt(g*sin(f*x + e))*sqrt(-1/(axg)) - 17*cos(f*x + e)~3 - 3x*cos(
fxx + )72 - (17*cos(f*x + e)”2 + 1ld*cos(f*x + e) - 4)*sin(f*x + e) + 18%co
s(fxx + e) + 4)/(cos(f*x + e)73 + 3*xcos(f*x + e)72 + (cos(f*x + e)72 - 2xco
s(fxx + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4)) + 8*sqrt(a*sin(f*x + e)

+ a)*sqrt(gxsin(fxx + e)))/(a*xcxf*xgkcos(fxx + e)), 1/4x(sqrt(2)*a*xg*sqrt(l
/(axg))*arctan(1/4*sqrt (2) *sqrt(a*sin(f*x + e) + a)*sqrt(g*ksin(f*x + e))*sq
rt(1/(a*xg))*(3*xsin(f*xx + e) - 1)/(cos(f*x + e)*sin(f*x + e)))*cos(f*x + e)

+ 4xsqrt(a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e)))/(a*xcxfxgkcos(f*x + e))]

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
- dx

\/asin(fx+e) + a(csin(fx+e) —c) gsin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))”~(1/2)/(ata*sin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(-1/(sqrt(a*sin(f*x + e) + a)*x(cxsin(f*x + e) - c)*sqrt(g*sin(f*x

+e))), x)

maple [A] time = 0.64, size = 117, normalized size = 0.99

—1+cos(fx+e)
sin( fx+e)

—1+cos( x+e)

arctan -
[ sin( f x+e)

{2c05(fx+e) - )+sin(fx+e)—cos(fx+e)+1 sin( x+e)

cf(—l + cos (fx+e) + sin(fx+e)) \/gsin(fx +e) \/a (1 + sin(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c-c*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*xsin(f*x+e)) " (1/2),x%)

[Out] 1/c/f*x(2xcos(fxx+e)*(-(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2)*arctan((-(-1+cos(f*
x+e)) /sin(f*xx+e)) ~(1/2))+sin(f*x+e)-cos(f*x+e)+1) *xsin(f*x+e)/(-1+cos (f*xx+e)
+sin(f*x+e))/(gxsin(f*xx+e))~(1/2)/(a*x(1+sin(f*x+e)))~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
- dx

\/asin(fx+e) + a(csin(fx+e) —c) gsin(fx +e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c-c*xsin(fx*x+e))/(g*sin(f*x+e))~(1/2)/(ata*xsin(f*x+e))~(1/2),x,
algorithm="maxima"

[Out] -integrate(1/(sqrt(a*sin(f*x + e) + a)*(c*ksin(f*x + e) - c)*sqrt(gxsin(f*x

+e))), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

\/g sin(e+fx) \/a+a sin(e+fx) (c—c sin(e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/((gxsin(e + fxx))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x
))),%)

[Out] int(1/((gxsin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x
))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1

\/gsin (e+fx) \/11 sin (e+fx)+a sin (e+fx)—\/g sin (e+fx) \/a sin (e+fx)+a
c

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c-cxsin(fx*x+e))/(g*sin(f*x+e))**(1/2)/(ata*xsin(f*x+e))**(1/2),
x)

[Out] -Integral(l/(sqrt(g*sin(e + f*x))*sqrt(a*sin(e + f*x) + a)*sin(e + f*x) - s
qrt(gxsin(e + fxx))*sqrt(a*xsin(e + f*x) + a)), x)/c
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319 [ cscle+fx)\/a+asin(e + fx)/c — csin(e + fx) dx

Optimal. Leaf size=46

sec(e + fx)\/a sin(e + fx)+a \/c - csin(e + fx) log(sin(e + fx))
f

[Out] 1n(sin(f*x+e))*sec(f*xx+e)*(at+a*sin(f*x+e)) ~(1/2)*(c-cxsin(f*x+e))~(1/2)/f

Rubi [A] time = 0.17, antiderivative size = 46, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 36,

number of rules _ ) 156 Rules used = {2948, 3475}

integrand size

sec(e + fx)\/a sin(e + fx) +a \/c —csin(e + fx) log(sin(e + fx))
f

Antiderivative was successfully verified.
[In] Int([Cscle + fxx]*Sqrtla + axSin[e + fxx]]xSqrtlc - c*Sinle + f*x]],x]

[Out] (Logl[Sin[e + fx*x]]*Sec[e + fxx]*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc - c*Sin[e +
fxx]])/f

Rule 2948

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]]1*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11)/sinl(e_.) + (£_.)*(x_)], x_Symbol] :> Dist[(Sqrt[a + b*Sin
[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])/Cosle + f*x], Int[Cotl[e + f*x], x], xI]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] &% EqQ[a"2 - b~2, 0]
&& EqQ[c™2 - 472, 0]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x11/d, x] /; FreeQ[{c, d}, xI

Rubi steps

fcsc(e + fx)y/a + asin(e + fx)/c - csin(e + fx) dx = (sec(e + fx)y/a + asin(e + fx)/c - csin(e + fx) ) f

_ log(sin(e + fx)) sec(e + fx)\/a + asin(e + fx) \/c —-c
B f

Mathematica [A] time = 0.11, size = 62, normalized size = 1.35

sec(e + fx)y/a(sin(e + fx) + 1) y/c — csin(e + fx) (log (sin (%(e + fx))) +log (cos (%(e + fx))))
f

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]]*Sqrtlc - c*Sin[e + f*x]],x]

[Out] ((Logl[Cos[(e + f*x)/2]] + LoglSin[(e + fx*x)/2]])*Sec[e + f*xx]*Sqrtl[ax(l + S
inle + f*x])]*Sqrtlc - c*Sinle + f*x]])/f
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fricas [A] time = 0.64, size = 202, normalized size = 4.39

256 ac cos(fx+e)5—512 ac cos(fx+e)3+337 ac cos(fx+e)+(256 cos(fx+e)4—512 cos(fx+e)2+175) Vac \/u sin(fx+e)+a \/—c sit

cos(fx+e)3—cos(fx+e)
2f

_ |
Vac log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e))”(1/2)*(c-c*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/2x*sqrt(axc)*log(4*(266*%a*ckcos(f*x + e)”5 - B12*axc*cos(f*x + e)~3 + 337
xaxckxcos(fxx + e) + (266*%cos(fxx + e)”4 - 512*cos(f*x + e)”2 + 175)*sqrt(ax
c)*sqrt(axsin(f*x + e) + a)*sqrt(-c*sin(f*x + e) + c))/(cos(f*x + €)~3 - co

s(f*x + e)))/f, -sqrt(-a*c)*arctan(sqrt(-axc)*(16*xcos(f*x + e)~2 - 7)*sqrt(
a*sin(f*xx + e) + a)*sqrt(-cxsin(f*x + e) + c)/(16*a*xc*xcos(f*x + e)~3 - 25*a
xcxcos(f*x + e)))/f]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)*(c-c*xsin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to

check sign: (4*pi/x/2)>(-4*pi/x/2)sqrt(2*a)*sqrt(2xc)*4*(1/4*sign(sin(1/2x(
fxx+exp(1))-1/4xpi))*sign(cos(1/2* (f*x+exp(1))-1/4*pi))*1n(abs((-cos(1/4x(2
*xf*xx+2%exp(1)-pi))+1)/(cos(1/4* (2*f*x+2%exp(1)-pi))+1)+1))-1/8*sign(sin(1/2

*x (fxx+exp(1))-1/4*pi))*sign(cos(1/2* (f*x+exp(1))-1/4*pi))*1n(abs(((-cos(1/4

*x (2xf*x+2%exp (1) -pi) ) +1)/(cos (1/4* (2*f*x+2%exp (1) -pi) ) +1)) "2-6*(-cos(1/4*(2
*xf*xx+2%exp (1) -pi) ) +1)/(cos(1/4x (2xf*x+2%exp (1) -pi))+1)+1))) /£

maple [A] time = 0.66, size = 74, normalized size = 1.61

_(m(ﬁ) i (_l(f—W)) J-c(oin(fx+e)—1) Ja(l+sim(fx+e))
feos(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(fx*x+e)) (1/2)*(c—cxsin(f*x+e))~(1/2)/sin(f*x+e),x)

[Out] -1/f*(1n(2/(cos(f*x+e)+1))-1n(-(-1+cos(f*x+e))/sin(f*x+e)))*(-cx(sin(f*x+e)
-1))~(1/2)*(ax(1+sin(f*x+e))) ~(1/2) /cos (f*x+e)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

JA\/asin(fx+e) +a\/—csin(fx+e) +c
sin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.



98

[In] integrate((ata*sin(f*x+e))~(1/2)*(c-c*xsin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima"

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(-cxsin(f*x + e) + c)/sin(f*x + e),

X)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f\/a+asin(e+fx) \/c—csin(e+fx) N

sin (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + axsin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2))/sin(e + f*x),x)
[Out] int(((a + a*sin(e + f*xx))~(1/2)*(c - c*xsin(e + f*x))~(1/2))/sin(e + f*x), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/a (sin (e + fx) + 1) \/—c (sin (e + fx) - 1)
f dx

sin (e +f x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**(1/2)*(c-c*sin(f*x+e))**(1/2)/sin(f*x+e),x)
[Out] Integral(sqrt(ax(sin(e + f*x) + 1))*sqrt(-c*(sin(e + fxx) - 1))/sin(e + f*x

), %)
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3.20

f csc(e+fx)/a+asin(e+fx) dx
‘Jb—csnﬂe+fx)

Optimal. Leaf size=102

sec(e + fx)y/asin(e + fx) + a+/c— csine + fx) log(sin(e + fx))  acos(e+ fx)log(1 - sin(e + fx))
cf f+Jasin(e + fx) + a+Jc - csin(e + fx)

[Out] -axcos(f*x+e)*1n(1-sin(f*xx+e))/f/(ataxsin(f*x+e))~(1/2)/(c-cxsin(f*xx+e)) (1
/2)+1n(sin(f*x+e) ) *sec(f*x+e)*(a+a*sin(fxx+e)) " (1/2)*(c-c*xsin(f*x+e))~(1/2)

/c/f

Rubi [A] time = 0.46, antiderivative size = 102, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 36,
number of rules _ ) 167, Rules used = {2942, 2737, 2667, 31, 2948, 3475}

integrand size

sec(e + fx)y/asin(e + fx) + a+/c — csin(e + fx) log(sin(e + fx))  acos(e+ fx)log(l - sin(e + fx))

cf frJasin(e + fx) + a+Jc—csin(e + fx)

Antiderivative was successfully verified.
[In] Int[(Cscle + f*xx]*Sqrtl[a + a*Sinl[e + f*x]])/Sqrtlc - c*Sinl[e + f*x]],x]

[Out] -((axCos[e + fxx]*Logl[l - Sin[e + f*x]])/(f*Sqrtl[a + axSin[e + f*x]]x*Sqrt(c
- c*Sinfe + f*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + axSin[e + f
*xx]]1*Sqrtc - c*Sinle + f*x]])/(cxf)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2667

Int[cos[(e_.) + (£_)*(x )1 (p_.)*x((a ) + (b_.)*sinl[(e_.) + (£_D)*E)D1D)"(n
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x], x, bxSinle + fxx]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a”2 - b~2, 0] && (GeQlp, -1] || !IntegerQ[m + 1/2
D

Rule 2737

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11/Sqrtl[(c_) + (d_.)*sin[(e_.)

+ (f_.)*(x_)]], x_Symbol] :> Dist[(axcxCos[e + f*x])/(Sqrt[a + bxSin[e + fx*
x]1*Sqrt[c + d*Sin[e + f*x]]), Int[Cos[e + fxx]/(c + d*Sinle + fx*x]), x], x
1 /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[b*xc + axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2942

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*x(x_)]11/(sinl[(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> -Dist[d/c, Int[Sqrt[
a + b*Sinle + f*x]]/Sqrtlc + d*Sin[e + fxx]], x], x] + Dist[1/c, Int[(Sqrtl
a + bxSinf[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])/Sinle + f*x], x], x] /; FreeQ
[{a, b, ¢, d, e, f}, x] && NeQ[bxc - a*d, 0] & EqQ[a"2 - b~2, 0] && EqQ[bx*
c + axd, 0]

Rule 2948

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1]1*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_)*(x_)]11)/sinl[(e_.) + (£_.)*(x_)], x_Symbol] :> Dist[(Sqrt[a + b*Sin
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[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])/Cosle + f*x], Int[Cotl[e + fxx], x], xI]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a~2 - b~2, 0]
&& EqQ[c™2 - 472, 0]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x]11/d, x] /; FreeQl{c, d}, x]

Rubi steps

fcsc(e + fx)4/a + asin(e + fx) J [ esc(e + fx)\Ja + asin(e + fx) c — csin(e + fx) dx ) f \/a + asin(
X = N

yc —csin(e + fx) c \Jc = csin(e
cos(e+fx)

~ (accos(e + fx)) [ esiner ) 0X (sec(e + fx)4/a + asin(e + fx)
- Va + asin(e + fx) y/c — csin(e + fx) *

(ac

_ log(sin(e + fx)) sec(e + fx)\/a + asin(e + fx) \/c —csin(e + fx)
= F
_ acos(e + fx)log(l — sin(e + fx)) N log(sin(e + fx)) sec(e + fx)
~ fya+asin(e+ fx)+Jc—csin(e + fx)

Mathematica [C] time = 1.33, size = 144, normalized size = 1.41
V2 (e“”f ) — i) Va(sin(e + fx) +1) (i (log (1 — e2ilerf x)) —log (1 + g2+ f x))) +2tan™! (e““f x)))
f (ei(e+fx) + l) \/ice—i(e+fx) (ez'(e+fx) _ Z')Z

Antiderivative was successfully verified.

[In] Integrate[(Cscle + f*x]*Sqrtl[a + a*Sin[e + f*x]])/Sqrtl[c - c*Sinl[e + fx*x]],
x]

[Out] (Sqrt[2]*(-I + E~(Ix(e + fx*x)))*(2%ArcTan[E~(I*(e + f*x))] + Ix(Logl[l - E~(
(2%I)*(e + f*x))] - Logl[l + E"((2xI)*(e + fxx))]))*Sqrtlax(l + Sin[e + f*x]
)1)/(Sqrt [(I*cx(-I + E~(Ix(e + f*x)))"2)/E~(I*x(e + fxx))]*(I + E"(I*(e + fx*
x)))*f)

fricas [F] time = 0.64, size = 0, normalized size = 0.00

\/asin(fx+e) +a\/—csin(fx+e) +c N

ccos(fx+e)2 +csin(fx+e) -c

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))”~(1/2),x, algor
ithm="fricas")

[Out] integral(sqrt(axsin(f*x + e) + a)*sqrt(-c*sin(f*xx + e) + c)/(c*xcos(f*x + e)
"2 + c*xsin(f*x + e) - c), x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c-c*sin(f*x+e))”~(1/2),x, algor
ithm="giac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (8*pi/x/2)>(-8
*xpi/x/2)Unable to check sign: (8*pi/x/2)>(-8*pi/x/2)-sqrt(2+*a)*sqrt(c)*sign
(cos(1/2* (f*x+exp(1))-1/4*pi))*1n(abs(-4*(tan(1/2%(1/2xfxx+1/4* (2*exp (1) -pi
)))"2+1/tan(1/2% (1/2xfxx+1/4% (2%exp (1) -pi)))~2)+24) ) /sqrt(2)/c/f/sign(tan(1

/2% (1/2xf*x+1/4% (2%exp (1) -pi))) "3+tan(1/2x (1/2*f*x+1/4% (2xexp(1)-pi))))

maple [A] time = 0.47, size = 111, normalized size = 1.09

Ja(T+sin(Fx+€) (-1 cos (Fx-+ ¢) + sin (fx +¢)) (2 In (_—ucos(izzei:i)n(me)) o (_1T<f)>))

f(—l + cos (fx+e) - sin(fx+e)) \/—c (sin(fx+e) —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+axsin(f*xx+e))~(1/2)/sin(f*x+e)/(c-cxsin(f*x+e))”~(1/2),x)

[Out] 1/f*x(ax(1+sin(f*x+e))) " (1/2)*(-1+cos(f*x+e)+sin(f*x+e))*(2x1n(-(-1+cos (f*x+
e)+sin(f*x+e))/sin(f*x+e))-1n(-(-1+cos(f*x+e))/sin(f*x+e)))/(-1+cos(f*x+e)-
sin(fxx+e))/(-cx(sin(f*xx+e)-1))~(1/2)

maxima [A] time = 0.43, size = 59, normalized size = 0.58

2\/510g( snlfeve) —1) \/5108( sn{fe) )

cos(fx+e)+1 _ cos(fx+e)+1
Ve Ve
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c-c*xsin(f*x+e))~(1/2),x, algor
ithm="maxima")

[Out] (2*sqrt(a)*log(sin(f*x + e)/(cos(f*x + e) + 1) - 1)/sqrt(c) - sqrt(a)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(c))/f

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f \/a+asm e+fx) N

sin e+f c—cs1n(e+f )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))~(1/2)),x)

[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c - c*sin(e + f*x))~(1/2)), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/a (sin (e + fx) + 1)
\/—c (sin (e +fx) - 1) sin (e + fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*xx+e))**(1/2)/sin(f*x+e)/(c-cxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/(sqrt(-c*(sin(e + fxx) - 1))*sin(e + f*
x)), %)
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391 f csc(e+fx)/c—c sin(e+fx) dx

\/a+a sin(e+f x)

Optimal. Leaf size=100

sec(e + fx)y/asin(e + fx) + a+/c— csine + fx) log(sin(e + fx))  ccos(e+ fx)log(sin(e + fx) +1)

af frJasin(e + fx) + a+/c—csin(e + fx)

[Out] -c*cos(f*x+e)*1n(1+sin(f*xx+e))/f/(ataxsin(f*x+e))~(1/2)/(c-cxsin(f*xx+e)) (1
/2)+1n(sin(f*x+e))*sec(f*x+e)*(a+a*sin(fxx+e)) " (1/2)*(c-c*xsin(f*x+e))~(1/2)

/a/f

Rubi [A] time = 0.45, antiderivative size = 100, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 36,
number of rules _ ) 167, Rules used = {2942, 2737, 2667, 31, 2948, 3475}

integrand size

sec(e + fx)y/asin(e + fx) + a+/c — csin(e + fx) log(sin(e + fx))  ccos(e+ fx)log(sin(e + fx) +1)

af frJasin(e + fx) + a+Jc—csin(e + fx)

Antiderivative was successfully verified.
[In] Int[(Cscle + f*xx]*Sqrtlc - c*Sinl[e + f*x]])/Sqrtl[a + a*Sinl[e + f*xx]],x]

[Out] -((cxCosl[e + fxx]*Logl[l + Sin[e + f*x]])/(f*Sqrtla + axSin[e + f*x]]*Sqrt(c
- c*Sinfe + f*x]])) + (Log[Sin[e + f*x]]*Sec[e + f*x]*Sqrt[a + axSin[e + f
*xx]]1*Sqrt[c - c*Sinle + f*x]])/(axf)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 2667

Int[cos[(e_.) + (£_)*(x )1 (p_)*x((a_) + (b_.)*sinl[(e_.) + (£_D)*E)D1D)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"(m + (p - 1)/2)*(a - x)
“((p - 1)/2), x], x, bxSinle + fxx]], x] /; FreeQ[{a, b, e, f, m}, x] && In
tegerQ[(p - 1)/2] && EqQ[a™2 - b~2, 0] && (GeQlp, -1] || !IntegerQ[m + 1/2
D

Rule 2737

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]11/Sqrtl[(c_) + (d_.)*sin[(e_.)

+ (f_.)*(x_)]], x_Symbol] :> Dist[(axcxCos[e + f*x])/(Sqrt[a + bxSin[e + fx*
x]1*Sqrt[c + d*Sin[e + f*x]]), Int[Cos[e + fxx]/(c + d*Sin[e + fx*x]), x], x
1 /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[b*xc + axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2942

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*x(x_)]11/(sinl[(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> -Dist[d/c, Int[Sqrt[
a + b*xSinle + f*x]]/Sqrtlc + d*Sinl[e + fxx]], x], x] + Dist[1/c, Int[(Sqrtl[
a + bxSinl[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])/Sinle + f*x], x], x] /; FreeQ
[{a, b, ¢, d, e, f}, x] && NeQ[bxc - a*d, 0] & EqQ[a"2 - b~2, 0] && EqQ[bx*
c + axd, 0]

Rule 2948

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1]1*Sqrtl(c_) + (d_.)#*sin[(e_.)
+ (f_)*(x_)]11)/sinl(e_.) + (£_.)*(x_)], x_Symbol] :> Dist[(Sqrt[a + b*Sin
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[e + f*x]]*Sqrt[c + d*Sin[e + f*x]])/Cosle + f*x], Int[Cotl[e + f*x], x], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a~2 - b~2, 0]
&& EqQ[c™2 - 472, 0]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x]11/d, x] /; FreeQl{c, d}, x]

Rubi steps

fcsc(e + fx)4/c —csin(e + fx) = fcsc(e + fx)y/a + asin(e + fx) y/c — csin(e + fx) dx f c — Csit

\/a + asin(e + fx) a

)
(accos(e + fx)) f af:;i;f}x dx (sec(e + fx)+/a + asin(e +
+

Va+ a sii

B _\/a + asin(e + fx) \/c —csin(e + fx)

_ log(sin(e + fx)) sec(e + fx)\/a + asin(e + fx) \/c —csin(e + fx) B

af

ccos(e + fx)log(1l + sin(e + fx)) N log(sin(e + fx)) sec(e + f

_f\/a +asin(e + fx) y/c —csin(e + fx)

Mathematica [C] time = 1.34, size = 145, normalized size = 1.45
V2 (ei(e+f 0 4 i) yc—csin(e + fx) (2 tan™! (ei(”f x)) —i (log (1 — g2ile+f x)) —log (1 + eZile+f "))))
f(ei(e+fx) —Z)\/ ige—ile+fx) ( i(e+£x) +i)2

Antiderivative was successfully verified.

[In] Integrate[(Cscle + f*x]*Sqrtlc - c*Sin[e + f*x]])/Sqrtl[a + a*Sin[e + fx*x]],
x]

[Out] (Sqrt[2]*(I + E~(Ix(e + f*x)))*(2*%ArcTan[E~(I*(e + f*x))] - I*(Log[l - E~((
2xI)x(e + f*x))] - Logl[l + E7((2*¢I)*(e + f*x))]))*Sqrtlc - cxSin[e + fxx]])

/((-I + E"(I*x(e + £*x)))*Sqrt[((-I)*ax(I + E~(Ix(e + f*x)))"2)/E"(Ix(e + fx*
x))]1*f)

fricas [F] time = 0.66, size = 0, normalized size = 0.00

\/asin(fx+e) +a\/—csin(fx+e) +c

integral | — 5 , X
ucos(fx+e) —asin(fx+e) —-a

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c-c*sin(f*x+e))”(1/2)/sin(f*x+e)/(ata*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] integral(-sqrt(a*sin(f*x + e) + a)*sqrt(-c*xsin(f*x + e) + c)/(a*xcos(f*x + e
)72 - a*sin(fx*x + e) - a), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/—csin(fx+e) +c
\/asin(fx+e) +a sin(fx+e)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sin(f*x+e))”(1/2)/sin(f*x+e)/(ata*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] integrate(sqrt(-c*sin(f*x + e) + c)/(sqrt(a*sin(f*x + e) + a)*sin(f*x + e))
» X)

maple [A] time = 0.48, size = 112, normalized size = 1.12

(—1 + cos (fx + e) —sin (fx + e)) \/—c (Sin (fx + e) - 1) (ln (_W sin(fx+e)

—1+cos(fx+e) ) 71 ( -1 +cos(fx+e)—sin(fx+e)
f— n —

)

f\/a (1 + sin(fx+e)) (—1 + cos (fx+e) + sin(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c-c*sin(fx*x+e))~(1/2)/sin(f*x+e)/(a+axsin(f*xx+e)) " (1/2),x)

[Out] -1/f*(-1+cos(f*x+e)-sin(f*x+e))*(—cx(sin(f*x+e)-1))"(1/2)*(In(-(-1+cos(f*x+
e))/sin(fxx+e))-2x1In(-(-1+cos(f*x+e)-sin(f*x+e))/sin(f*x+e)))/(a*x(1+sin(f*x
+e)))~(1/2)/(-1+cos(f*x+e)+sin(f*x+e))

maxima [A] time = 0.42, size = 59, normalized size = 0.59
24C 1o ( sin(fx-+e) +1) Velo ( sin(fx-+e) )
J cos(fx+e)+1 _ 8 cos(fx+e)+1
Va Va
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sin(f*x+e))~(1/2)/sin(f*x+e)/(at+ta*sin(f*x+e))”(1/2),x, algor
ithm="maxima"

[Out] (2*xsqrt(c)*log(sin(f*x + e)/(cos(f*xx + e) + 1) + 1)/sqrt(a) - sqrt(c)*log(s
in(f*x + e)/(cos(f*x + e) + 1))/sqrt(a))/f

mupad [F] time = 0.00, size = -1, normalized size = -0.01

\/c—csin(e+fx)
sin(e+fx) \/a+asin(e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c - c*sin(e + f*x))~(1/2)/(sin(e + fxx)*(a + a*sin(e + f*xx))~(1/2)),x)

[Out] int((c - c*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/—c (sin (e+fx) —1)
\/a (sin (e+fx) +1) sin (e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c-c*sin(f*x+e))**(1/2)/sin(f*x+e)/(ataxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(-c*(sin(e + f*x) - 1))/(sqrt(a*(sin(e + fxx) + 1))*sin(e + f*
x)), %)
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csc(e+fx)

f \/a+a sin(e+f x) \/c—c sin(e+fx)

3.22

Optimal. Leaf size=46

cos(e + fx)log(tan(e + fx))
frJasin(e + fx) + a+/c—csin(e + fx)

[Out] cos(f*x+e)*1ln(tan(f*x+e))/f/(a+axsin(f*xx+e))~(1/2)/(c—c*sin(f*x+e))~(1/2)

Rubi [A] time = 0.19, antiderivative size = 46, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 36,

number of rules _ ), 083, Rules used = {2946, 2620, 29}

integrand size
cos(e + fx)log(tan(e + fx))
f+Jasin(e + fx) + a+Jc—csin(e + fx)

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + a*Sin[e + f*x]]*Sqrtlc - c*Sinl[e + f*x]]),x]

[Out] (Cosle + f*x]*Logl[Tanle + f*x]])/(fxSqrtl[a + a*Sin[e + f*x]]*Sqrt[c - c*Sin
[e + £*x]])

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 2620

Int[csc[(e_.) + (£_)*(x )] (m_.)*sec[(e_.) + (f_.)*(x_ )] (n_.), x_Symbol]
:> Dist[1/f, Subst[Int[(1 + x™2)°((m + n)/2 - 1)/xm, x], x, Tan[e + fx*x]],
x] /; FreeQ[{e, £}, x] &% IntegersQ[m, n, (m + n)/2]

Rule 2946

Int[1/(sinl(e_.) + (f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11%S
grt[(c_) + (d_.)*sinl[(e_.) + (f_.)*(x_)]]1), x_Symbol] :> Dist[Cos[e + fxx]/
(Sqgrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]), Int[1/(Cos[e + f*x]*Si
nle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
EqQ[a~2 - b~2, 0] &% EqQ[c™2 - d72, 0]

Rubi steps

csc(e + fx) = cos(e + fx) fcsc(e + fx)sec(e + fx)dx

f \/a + asin(e + fx) \/c —csin(e + fx) - \/a + asin(e + fx) \/c —csin(e + fx)
cos(e + fx) Subst ( f % dx, x, tan(e + f x))

 fyJa+asin(e + fx)Jo— csin(e + fx)
cos(e + fx)log(tan(e + fx))

B f\/a +asin(e + fx) \/c—csin(e+fx)

Mathematica [A] time = 0.18, size = 63, normalized size = 1.37

_sec(e + fx)4/asin(e + fx) +1) y/c — csin(e + fx) (log(cos(e + fx)) — log(sin(e + fx)))
acf
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Antiderivative was successfully verified.

[In] Integrate[Cscle + fxx]/(Sqrtl[a + a*Sin[e + f*x]]*Sqrtlc - cxSin[e + fx*x]]),

x]

[Out] -(((Logl[Cos[e + f*x]] - Logl[Sin[e + f*x]])*Sec[e + f*x]*Sqrt[ax(1l + Sin[e +

fxx])]*Sqrtlc - cxSinl[e + fxx]])/(a*xcxf))

fricas [A] time = 0.59, size = 193, normalized size = 4.20

2ac cos(fx+e)5—2 ac cos(fx+e)3+ac cos(fx+e)—\/% (2 cos(fx+e)2—1) \/11 sin( x+e)+a \/—c sin(fx+e)+c )

_ A
Vac log| -

cos(fx+e)5—cos(fx+e)3

\/—ac arctan

2acf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*xx+e))~(1/2)/(c-c*xsin(f*x+e))~(1/2),x, alg

orithm="fricas")

[Out] [1/2x*sqrt(a*c)*log(-4*(2xa*xc*cos(f*xx + e)~5 - 2*xaxcxcos(f*x + e)~3 + a*c*co

s(f*x + e) - sqrt(a*xc)*(2xcos(f*x + e)”2 - 1)*sqrt(a*xsin(f*x + e) + a)*sqrt
(-c*sin(f*x + e) + c))/(cos(f*x + e)”5 - cos(f*x + e)~3))/(a*xc*xf), sqrt(-ax
c)*arctan(sqrt(-a*xc)*sqrt(a*sin(f*x + e) + a)*sqrt(-cxsin(fxx + e) + c)/ (2%
axcxcos(f*x + e)73 - axcxcos(fxx + e)))/(a*xcxf)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~(1/2),x, alg

orithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int(sage0,x) : ;OUTPUT :Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)
Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)Unable to check sign: (2%pi/x/2
)>(-2*%pi/x/2)Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to
check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(
—-4*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Warning, integrat
ion of abs or sign assumes constant sign by intervals (correct if the argum
ent is real):Check [abs(cos((f*t_nostep+exp(1))/2-pi/4))]Unable to check si
gn: (4xpi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_noste
p/2)>(-4xpi/t_nostep/2)Discontinuities at zeroes of cos((f*t_nostep+exp(1))
/2-pi/4) were not checkedUnable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_n
ostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to
check sign: (4*pi/t_nostep/2)>(-4xpi/t_nostep/2)Unable to check sign: (4xp
i/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4xpi/t_nostep/2)>(-4
*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*p
i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
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pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to ch
eck sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2
JUnable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/
2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check s
ign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unab
le to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-
4xpi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign:
(4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/
x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi
/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to chec
k sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)U
nable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)
>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sig
n: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4x
pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4
*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/
2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x
/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Una
ble to check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4xpi/x/2)>(
—-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4%pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable t
o check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*xpi/x/2)>(-4*pi
/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xp
i/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to che
ck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)
Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x
/2)Unable to check sign: (4*pi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/
x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*p
i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
pi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to ch
eck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(-4
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Warning, integratio
n of abs or sign assumes constant sign by intervals (correct if the argumen
t is real):Check [abs(sin((f*t_nostep+exp(1))/2-pi/4))]Unable to check sign
(8*pi/t_nostep/2)>(-8*pi/t_nostep/2)Discontinuities at zeroes of sin((f*t
_nosteptexp(1))/2-pi/4) were not checkedUnable to check sign: (4*pi/t_noste
p/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nos
tep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/
2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (2*pi/x
/2)>(-2xpi/x/2)Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)Unable to check
sign: (2*pi/x/2)>(-2xpi/x/2)Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)War
ning, integration of abs or sign assumes constant sign by intervals (correc
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t if the argument is real):Check [abs(t_nostep+1),abs(t_nostep-1)]Warning,
integration of abs or sign assumes constant sign by intervals (correct if t
he argument is real):Check [abs(t_nostep)]Sign error (%%%{a,0%h%h}+%hk{-2%a,
1%hhr+%hh{a, 2% %hy)Sign error (Y%hhi-2*a, 1%khr+hh%k{a,2%%%})Evaluation time: O
.48Limit: Max order reached or unable to make series expansion Error: Bad A
rgument Value

maple [B] time = 0.44, size = 111, normalized size = 2.41

[nf e )t

f\/ 1+ sin fx+e))\/ (s1n(fx+e) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(a+axsin(f*xx+e))~(1/2)/(c-c*sin(f*x+e)) " (1/2),x)

[Out] -1/f*(ln(-(-1+cos(f*x+e)+sin(f*x+e))/sin(f*x+e))-1n(-(-1+cos(f*x+e))/sin(fx*
x+e))+1n(-(-1+cos(f*xx+e)-sin(f*x+e))/sin(f*x+e))) *cos(f*x+e)/(ax(1+sin(f*x+

e)))~(1/2)/(-c*(sin(f*x+e)-1))~(1/2)

maxima [C] time = 0.61, size = 190, normalized size = 4.13

16 (cos(z fx+2 e)2+sin(2 fx+2 e)2+2 cos(2 fx+2 e)+1)

-D* cos(2 fx+2¢) oy (4 7T Sin (2 fx+2 e)) log —2i (1) cos(2 fa+

. . 2
ac 6(21 fx+2i e) _1|

2vavcf

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c-c*xsin(f*x+e))~(1/2),x, alg
orithm="maxima")

[Out] -1/2%((-1)"(4*cos(2xf*x + 2%e))*cosh(4*pi*sin(2*f*x + 2xe))*Llog(16*(cos(2*f
*x + 2%e) 72 + sin(2*f*x + 2%e)”2 + 2xcos(2*f*x + 2xe) + 1)/(axcxabs(e” (2*Ix*

fxx + 2xIxe) - 1)72)) - 2xIx(-1)"(4*cos(2xf*x + 2%e))*arctan2(4*sin(2*f*x +

2xe) /(sqrt(a)*sqrt(c)*abs(e” (2*%Ixf*xx + 2*Ixe) - 1)), 4x(cos(2*fxx + 2xe) +

1)/ (sqrt(a)*sqrt(c)*abs(e” (2xI*f*x + 2xIxe) - 1)))*sinh(4*pi*sin(2xf*x + 2
*xe)))/ (sqrt(a)*sqrt(c)*f)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

1
sin(e+fx) \/u+a sin(e+fx) \/c—c sin(e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - cxsin(e + f*x))7(1/2)),
x)

[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c - c*sin(e + f*x))~(1/2)),
x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/ . . ax

sm e+fx +1) \/—c (sm (e+fx) —1) sin (e+fx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))**(1/2)/(c-c*sin(f*xx+e))**x(1/2),x)

[Out] Integral(l/(sqrt(a*(sin(e + fxx) + 1))*sqrt(-c*(sin(e + f*x) - 1))*sin(e +
f*x)), %)
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3.3 f csc(e+fx)/a+asin(e+fx) dx

c+d sin(e+fx)

Optimal. Leaf size=105

’ 7 tanh Va Vd cos(e+fx) -1 ( \a cos(e+fx) )
\/E\/_ a (\/c-l-_d\/a sin(e+fx)+a B 2\/5 tanh yasin(e+fx)+a

cfVec+d cf

[Out] -2*arctanh(cos(f*xx+e)*a”~(1/2)/(ataxsin(f*x+e)) " (1/2))*a"~(1/2)/c/f+2*xarctanh
(cos(fxx+e)*a~(1/2)*d"(1/2)/(c+d)~(1/2)/(at+axsin(f*xx+e)) "~ (1/2))*xa~(1/2)*d"(
1/2)/c/f/(c+d)~(1/2)

Rubi [A] time = 0.29, antiderivative size = 105, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 33,

number of rules _ ).121, Rules used = {2934, 2773, 206, 208}

integrand size

’ 7 tanh™ Va Vd cos(e+fx) -1 ( \a cos(e+fx) )
\/E\/_ a (\/H—_d\/a sin(e+fx)+a 3 2\/5 tanh yasin(e+fx)+a

cfVec+d cf

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[a]*Cos[e + fx*x])/Sqrtla + a*Sinl[e + £*x]]1])/(c*f)
+ (2*Sqrt[a]*Sqrt [d]*ArcTanh[(Sqrt[a]*Sqrt[d]*Cos[e + f*x])/(Sqrtlc + d]*S
grtla + a*Sin[e + f*x]])])/(c*Sqrtlc + d]*f)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2773

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_)*(x_)]11/((c_.) + (d_.)*sin[(e_.) + (
f_.)x(x_)]), x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b*c + axd - d*x"2), x
1, x, (b*Cosl[e + f*x])/Sqrtla + b*Sin[e + f*x]]1]1, x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[b*c - axd, 0] && EqQ[a”2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 2934

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1]1/(sinl(e_.) + (f_.)*(x_)1*((c
)+ (d_)xsin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[1/c, Int[Sqrt[a + b
xSin[e + fxx]]/Sinf[e + f*x], x], x] - Dist[d/c, Int[Sqrt[a + b*Sin[e + f*x]
1/(c + d*Sinfe + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc -
axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps
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f \a+a sm(e+fx

c+d sin(e+fx)

fcsc(e + fx)y/a + asin(e + fx) e [ csc(e + fx)\Ja + asin(e + fx) dx

c+dsin(e + fx) c c

(2a) Subst ( f a_lxz dx, x, \/% ) (2ad) Subst ( f m d
= - 7 + 7
2\/5 tanh_l( Va cos(e+fx) ) 2\/5\/3 tanh! ( Va Vd cos(e+fx) )
cf cVe+df

Mathematica [C] time = 5.65, size = 746, normalized size = 7.10

#13(—\/(71)ei€fxw/;

1o a(sin(e + fx) +1) | Vd (cos (%) + isin RootSum |#1*de? + 2i#1%ce - d&,
8 8 f 2

Antiderivative was successfully verified.

[In] Integrate[(Cscl[e + f*xx]*Sqrt[a + a*Sin[e + f*x]])/(c + dxSinl[e + fxx]),x]

[Out] ((-1/8 + I/8)*((4 + 4xI)*Sqrtlc + dl*(Log[l + Cos[(e + f*x)/2] - Sin[(e + £
*x)/2]] - Logl[l - Cos[(e + f*x)/2] + Sin[(e + fxx)/2]]) + Sqrt[d]*RootSum[-
d + (2%I)*c*E~(I*xe)*#172 + d*E~((2*xID)*e)*#174 & , ((1 + I)*d*Sqrt[E~((-I)*e
YIxf*xx - (2 - 2%I)*d*Sqrt[E~((-I)*e)]*Log[E~((I/2)*f*x) - #1] - IxSqrt[d]*S
grtlc + d]l*f*xxx#1 + 2xSqrt[d]*Sqrtlc + dl*Logl[E~((I/2)*f*x) - #1]*#1 + ((1
- D)xcxf*xxx#172) /Sqrt [ET((-I)*e)] + ((2 + 2xI)*c*xLog[E~((I/2)*fxx) - #1]x*#1
~2)/Sqrt[ET((-I)*e)] - Sqrt[d]x*Sqrtlc + dI*E~(Ixe)x*f*x*#173 - (2xI)*Sqrt[d]
*3qrt [c + d]*E~(Ixe)*Log[E~((I/2)*f*x) — #11*#1°3)/((-I)*d - c*E~(I*e)*#1"2
) & 1*(Cos[e/2] + IxSin[e/2]) + Sqrt[d]*RootSum[-d + (2*I)*c*E~(Ix*e)*#172 +
d*E~((2*I)*e)*#174 & , ((1 - I)*d*xSqrt[E~((-I)*e)]*f*x + (2 + 2xI)*dxSqrtl[
ET((-I)*e)]*Log[E~((I/2)*f*x) - #1] + Sqrt[d]*Sqrtlc + d]*f*xxx#1 + (2*I)*Sq
rt[d]*Sqrtlc + d]l*Log[E~((I/2)*f*x) - #1]x#1 - ((1 + I)*c*xf*xxx#172)/Sqrt[E”
((-IDxe)] + ((2 - 2+I)*c*xLog[E~((I/2)*f*x) - #1]1*#172)/Sqrt[E~((-I)*e)] - I
xSqrt [d] *Sqrt [c + d]*E~(I*e)*fxx*#173 + 2*xSqrt[d]*Sqrtlc + d]*E~(Ix*e)*LoglE
T((I/2)*%f*x) - #1]*#173)/(d - I*c*E~(I*e)*#172) & ]*(Cos[e/2] + Ix*Sinl[e/2])
)*Sqrt[a*x(1 + Sinf[e + f*x])])/(c*Sqrtlc + dl*fx(Cos[(e + f*x)/2] + Sin[(e +
f*x)/21))

fricas [B] time = 0.95, size = 781, normalized size = 7.44

ad? cos(fx+e)3—acz—2 acd—adz—(6 acd+7 udz) cos(fx+e)2+4 ((cd+d2) cos(fx+e)2—cz—4 cd-3 dz—(cz+3 cd+2 dz) cos(fx+e)+(c2

d
— lo
w08 d2 cos(fx+e)3+(2 cd+d2) cos( x+e)2—cz—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
fricas")
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[Out] [1/2*(sqrt(a*xd/(c + d))*log((a*xd™2*cos(f*x + e€)73 - a*c™2 - 2xa*xcxd - axd™2
- (6*axcxd + T*axd"2)*cos(fxx + e)72 + 4*((cxd + d"2)*cos(f*x + e)72 - ¢c™2
- 4xcxd - 3%d72 - (c72 + 3*cxd + 2*%d"2)*cos(f*x + e) + (c72 + 4xcxd + 3*d”
2 + (cxd + d"2)*cos(f*x + e))*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(a
*d/(c + d)) - (axc™2 + 8*axc*xd + 9*xaxd™2)*cos(f*x + e) + (a*xd™2*xcos(f*x + e
)72 - axc”2 - 2*xakc*d - axd”2 + 2% (3xaxckd + 4*axd"2)*cos(f*x + e))*sin(fxx
+ e))/(d"2*cos(f*x + e)”3 + (2*c*kd + d"2)*cos(f*x + )72 - ¢c™2 - 2*c*xd - d
"2 - (c72 + d"2)*cos(f*x + e) + (d"2*cos(f*x + e)72 - 2*xckd*cos(f*x + e) -
c2 - 2%cxd - d"2)*sin(f*x + e))) + sqrt(a)*log((axcos(f*x + e)~3 - T7xaxcos
(f*x + )72 - 4*x(cos(f*x + e)72 + (cos(f*x + e) + 3)*sin(f*xx + e) - 2*cos(f
xx + e) - 3)*sqrt(a*xsin(f*x + e) + a)*sqrt(a) - 9*axcos(f*x + e) + (axcos(f
*xX + e)72 + 8*akxcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + )73 + cos(f
*x + e)72 + (cos(f*x + e)”2 - 1)*sin(f*x + e) - cos(f*x + e) - 1)))/(cxf),
1/2x(2*%sqrt(-axd/(c + d))*arctan(1l/2*sqrt(a*sin(f*x + e) + a)*x(d*sin(f*x +
e) - ¢ - 2xd)x*sqrt(-axd/(c + d))/(a*dxcos(f*x + e))) + sqrt(a)*log((a*xcos(f
*x + e)73 - T*xaxcos(f*x + e)72 - 4*x(cos(f*x + e)”2 + (cos(f*x + e) + 3)*sin
(f*x + e) - 2xcos(f*x + e) - 3)*sqrt(a*sin(f*x + e) + a)xsqrt(a) - 9*axcos(
fxx + e) + (axcos(f*x + e)72 + 8*axcos(f*x + e) - a)*sin(f*x + e) - a)/(cos
(f*x + )73 + cos(f*x + e)72 + (cos(f*x + e)72 - 1)*sin(f*x + e) - cos(f*x

+e) - 1)))/(cxf)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x, algorithm="
giac")

[Out] Exception raised: NotImplementedError >> Unable to parse Giac output: Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to

check sign: (4*pi/x/2)>(-4xpi/x/2)4*sqrt(2*a)*(-1/4*sign(cos(1/2*(f*x+exp(1
))-1/4*pi))*1n(abs(-2*sqrt (2) +4*sin (1/4* (2xf*x+2*exp(1)-pi)))/abs(2xsqrt (2)
+4*xsin(1/4* (2*%f*xx+2*%exp(1)-pi))))/sqrt(2)/c+1/2*xd*sign(cos(1/2* (f*x+exp(1))
-1/4xpi))*atan(sqrt(2) *d*sin(1/4* (2*xf*x+2*%exp(1)-pi))/sqrt(-d~2-c*d))/sqrt(
2)/sqrt(-d~2-c*d)/c) /£

maple [A] time = 1.46, size = 120, normalized size = 1.14

Va(c+d)d Va
Vacya(c+d)d cos(fx+e) \/a+asin(fx+e) f

2 (1 + sin ( fx+ e)) \/ -a (sin ( fx+ e) - 1) [d arctanh( elein{feve)-1) d) a; - arctanh( (el 1) ] afa (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ataxsin(f*xx+e)) (1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x)

[Out] 2/a”(1/2)*(1+sin(f*x+e)) *(—a*x(sin(f*x+e)-1))~(1/2) *(d*arctanh((-a* (sin(f*x+
e)-1))~(1/2)*d/ (ax(c+d) *d) ~(1/2) ) *a~ (3/2) —arctanh ((-a*(sin(f*x+e)-1))~(1/2)
/a~(1/2))*ax(ax(c+d)*d)~(1/2))/c/(a*x(c+d) *d) ~(1/2) /cos (f*x+e) /(a+a*sin(f*xx+
e))”~(1/2)/f

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

\/asin(fx+e) +a
f(dsin(fx+e) +c)sin(fx+e) e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)) ,x, algorithm="
maxima")

[Out] integrate(sqrt(a*xsin(f*x + e) + a)/((d*sin(f*x + e) + c)*sin(f*x + e)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

\/a+asin(e+fx)
fsin(e+fx) (c+d sin(e+fx)) *

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + ax*sin(e + fx*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))),x)
[Out] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

\/a (sin (e + fx) + 1)
f (c +dsin (e + fx)) sin (e + fx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+a*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/((c + d*sin(e + f*x))*sin(e + f*x)), x)
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csc(e+fx)

~[AJa+usHKe+fx)@+dsHKe+fx»

3.24

Optimal. Leaf size=165

Ve+d \fasin(e+fx)+a V2 \Jasin(e+ fx)+a Vasin(e+fx)+a

Vacf(c-dVe+d Va f(c—d) Vacf

2432 tanh ™t ( Va Vd cos(e+fx) ) \/5 tanh™} ( Va cos(e+fx) ) 2 tanh™! ( Va cos(e+fx) )
+

[Out] -2*arctanh(cos(f*x+e)*a”(1/2)/(a+a*sin(f*x+e))~(1/2))/c/f/a"~(1/2)+arctanh(1l
/2%cos (f*xx+e)*a”~ (1/2)*27(1/2) /(a+a*sin(f*x+e) )~ (1/2))*27(1/2)/(c-d) /f/a~(1/
2)-2%d" (3/2) *arctanh(cos (f*x+e)*a”~ (1/2)*d~(1/2)/(c+d) ~(1/2) / (a+a*sin(f*x+e)
)"(1/2))/c/(c-d)/f/a~(1/2)/(c+d)~(1/2)

Rubi [A] time = 0.46, antiderivative size = 165, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 6, integrand size = 33,

number of rules _ 5 185 Rules used = {2940, 2773, 208, 2985, 2649, 206}

integrand size

32 -1 Va Vd cos(e+fx) -1 Va cos(e+fx) -1 ( +a cos(e+fx)
24”* tanh ( Ve+d \/m \/E tanh V2 +fa sin(e+fx)+a 2tanh yasin(e+fx)+a

+ —

Vacf(c-—d)Ve+d Va f(c-d) Vacf

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + a*Sin[e + f*x]]*(c + dxSinl[e + fxx])),x]

[Out] (-2*%ArcTanh[(Sqrt[al*Cos[e + f*x])/Sqrt[a + a*Sin[e + f*x]]])/(Sqrt[al*cx*f)
+ (Sqrt[2]*ArcTanh[(Sqrt[a]*Cos[e + fx*x])/(Sqrt[2]*Sqrt[a + a*Sin[e + fx*x]

1)1)/(Sqrtlal*(c - d)*f) - (2*%d~(3/2)*ArcTanh[(Sqrt[a]*Sqrt[d]*Cos[e + f*x]

)/ (Sqrt[c + dl*Sqrtla + a*Sin[e + f*x]])])/(Sqrtlal*cx(c - d)*Sqrtlc + d]l*f

)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2649

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[-2/d, S
ubst[Int[1/(2*a - x72), x], x, (b*Cos[c + d*x])/Sqrt[a + bxSin[c + dxx]]],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b~2, 0]

Rule 2773

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11/((c_.) + (d_.)*sin[(e_.) + (
f_ )x(x_)]), x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b*c + axd - d*x"2), x
1, x, (bxCos[e + f*x])/Sqrt[a + b*Sin[e + f*x]]], x] /; FreeQ[{a, b, c, d,

e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 2940

Int[1/(sinl(e_.) + (f_.)*(x_)1*Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11*(
(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[d~2/(c*x(b*c - axd
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)), Int[Sqrtla + b*Sinle + f*x]]/(c + d*Sinf[e + fx*x]), x], x] + Dist[1/(c*(
bxc - a*d)), Int[(b*c - a*d - b*d*Sin[e + f*x])/(Sin[e + f*x]*Sqrt[a + bx*Si
nle + f*xx]]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &
& EqQ[a~2 - b~2, 0]

Rule 2985

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)1)/(Sqrtl(a_) + (b_.)*sin[(e_.) +
(f_I*x(x )1I*x((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A
xb - axB)/(b*c - a*d), Int[1/Sqrtla + b*Sin[e + f*x]], x], x] + Dist[(B*c -
Axd)/(b*c - a*d), Int[Sqrtl[a + b*Sin[e + f*x]]/(c + d*Sinle + f*x]), x], x
1 /; FreeQ[{a, b, c, d, e, f, A, B}, x] && NeQ[b*c - a*d, 0] && EqQ[2"2 - b
=2, 0] && NeQ[c™2 - d°2, 0]

Rubi steps
f csc(e+fx)(ac—ad—ad sin(e+fx)) dx d2 \/m
f CSC(€ + fx) dx = Va+asin(e+fx) + f c+d sm(e+fx)
\/a + asin(e + fx) (c + dsin(e + fx)) ac(c —d) ac(c — d)
— 1 4 (2
[ esc(e + fx)\Ja + asin(e + fx) dx J Jarasnern ( |
B ac c—d
3/2 ~1(  VaVd cos(e+fx) 1 .
24”4 tanh ( N 2 Subst f — dx, x, \/ﬁ
Vac(c-d)yVe+df cf
U ioserf) | 5 g [YEeserf) )
2tanh ( \a+asin(e+fx) ) \/_ an ( V2 a+asin(e+fx) ‘

Vacf i Vac—df

Mathematica [C] time = 2.24, size = 331, normalized size = 2.01

_(sin (%(e + fx)) + cos (%(e + fx))) (d3/2 log (sec2 (i(e + fx)) (\/m —Vd sin (%(e + fx)) +Vd cos (%(e

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrtl[a + a*Sin[e + f*x]]*(c + d*Sin[e + fx*x])),x]

[Out] -((((2 + 2*%I)*(-1)"(3/4)*c*Sqrtlc + d]l*ArcTanh[(1/2 + I/2)*(-1)"(3/4)*(-1 +
Tan[(e + f*x)/4])] + (c - d)*Sqrtlc + dl*Log[l + Cos[(e + f*x)/2] - Sin[(e

+ f*x)/2]] - cxSqrtlc + dl*Log[l - Cos[(e + f*x)/2] + Sin[(e + fxx)/2]] +
d*Sqrt[c + dl*Logl[l - Cos[(e + fx*x)/2] + Sin[(e + f*x)/2]] + d~(3/2)*LoglSe

c[(e + f£*x)/4]72%(Sqrt[c + d] + Sqrt[d]*Cos[(e + fx*x)/2] - Sqrt[d]*Sin[(e +
fxx)/2])] - d7(3/2)*Logl[Sec[(e + f*x)/4]72*%(Sqrtlc + d] - Sqrt[d]*Cos[(e +
fxx)/2] + Sqrt[d]*Sin[(e + f*x)/2])])*(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2]
))/(c*x(c - d)*Sqrtlc + d]*f*Sqrtlax(l + Sin[e + fx*xx])]))

fricas [B] time = 2.61, size = 1044, normalized size = 6.33
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, algorithm
="fricas")
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[Out] [-1/2x(axd*sqrt(d/(a*xc + a*d))*log((d~2*cos(f*x + e)~3 - (B*cxd + 7*d~2)*co
s(f*x + e)72 - ¢c72 - 2xc*d - 472 + 4x((c*xd + d"2)*cos(f*x + )72 - ¢c72 - 4%
ckd - 3*%d72 - (c72 + 3*%cxd + 2kd"2)*cos(f*x + e) + (c72 + 4xcxd + 3%d72 + (
ckd + d72)*cos(f*xx + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d/(axc
+ axd)) - (c72 + 8*xc*xd + 9*xd”"2)*cos(fxx + e) + (d"2*cos(f*x + e)”2 - c™2 -
2xcxd - d72 + 2x(3xcxd + 4*xd"2)*cos(f*x + e))*sin(f*x + e))/(d"2*cos(f*x +
e)”3 + (2%cxd + d72)*cos(f*x + )72 - ¢72 - 2*c*xd - 472 - (c72 + d72)*cos(
fxx + e) + (d"2*%cos(f*x + e)72 - 2xckd*cos(f*x + e) - ¢72 - 2%c*d - d™2)*si
n(f*x + e))) + sqrt(2)*sqrt(a)*c*log(-(cos(f*x + e)72 - (cos(f*x + e) - 2)*
sin(f*x + e) - 2*sqrt(2)*sqrt(axsin(f*x + e) + a)*(cos(f*x + e) - sin(f*x +
e) + 1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + e)72 - (cos(f*x + e) + 2)
*sin(f*x + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*log((axcos(f*x + e)~3
- Txaxcos(f*x + e)72 - 4x(cos(f*x + )72 + (cos(f*x + e) + 3)*sin(f*x + e)
- 2%cos(f*x + e) - 3)xsqrt(a*xsin(f*x + e) + a)*sqrt(a) - 9*xaxcos(f*x + e) +
(a*xcos(f*x + e)72 + 8*xaxcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)”
3 + cos(f*x + e)72 + (cos(f*x + e)”2 - 1)*sin(f*x + e) - cos(f*x + e) - 1))
)/ ((a*xc™2 - axc*xd)*f), -1/2*%(2*xaxd*sqrt(-d/(a*xc + a*xd))*arctan(1/2*sqrt(a*s
in(f*x + e) + a)x(d*sin(f*x + e) - ¢ - 2xd)*sqrt(-d/(axc + axd))/(d*cos(f*x
+ e))) + sqrt(2)*sqrt(a)*cxlog(-(cos(f*x + )72 - (cos(f*x + e) - 2)*sin(f
*x + e) - 2*xsqrt(2)*sqrt(a*sin(f*x + e) + a)*(cos(f*x + e) - sin(f*x + e) +
1)/sqrt(a) + 3*cos(f*x + e) + 2)/(cos(f*x + )72 - (cos(f*x + e) + 2)*sin(
fxx + e) - cos(f*x + e) - 2)) - sqrt(a)*(c - d)*log((a*xcos(f*x + e)~3 - T*a
xcos(fxx + e)72 - 4x(cos(fxx + e)72 + (cos(f*x + e) + 3)*sin(f*x + e) - 2xc
os(f*x + e) - 3)xsqrt(a*xsin(f*x + e) + a)*sqrt(a) - 9*xaxcos(f*x + e) + (axc
os(f*x + e)72 + 8xaxcos(f*x + e) - a)*sin(f*x + e) - a)/(cos(f*x + e)”3 + ¢
os(f*x + e)72 + (cos(f*x + e)72 - D)*sin(f*xx + e) - cos(fxx + e) - 1)))/((a
*C"2 — axcxd)*f)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, algorithm
="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)
Unable to check sign: (2*pi/x/2)>(-2%pi/x/2)Unable to check sign: (4*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4x*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4
*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2*pi/t_nostep/2)Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(co
s((fxt_nosteptexp(1))/2-pi/4))]Unable to check sign: (4*pi/t_nostep/2)>(-4x*
pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Dis
continuities at zeroes of cos((f*t_nosteptexp(l))/2-pi/4) were not checkedU
nable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check si
gn: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4xpi/t_noste
p/2)>(-4xpi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nos
tep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to ¢
heck sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4xpi/
x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*p
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i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
pi/x/2)>(-4*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to ch
eck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2
JUnable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/
2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check s
ign: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unab
le to check sign: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-
4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4xpi/
x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi
/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to chec
k sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)U
nable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)
>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sig
n: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4x
pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4
*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/
2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x
/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Una
ble to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(
—-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable t
o check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4x*pi
/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*p
i/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to che
ck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)
Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4
*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x
/2)Unable to check sign: (4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/
x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (2*pi/x/2)>
(-2xpi/x/2)Unable to check sign: (2%pi/x/2)>(-2*pi/x/2)Warning, integration
of abs or sign assumes constant sign by intervals (correct if the argument
is real):Check [abs(t_nostep+l)]Evaluation time: 0.45Error: Bad Argument T

ype

maple [A] time = 1.93, size = 208, normalized size = 1.26

(14 sin(fx + &) e sin (F +0) 1) [Zdz arctanh (_W] 5 arctan (_W

Vacd+a d?

cag (c—d)va(c+d)d cos|

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ataxsin(f*x+e)) ~(1/2),x)

[Out] -(1+sin(f*x+e))*(—a*x(sin(f*x+e)-1)) " (1/2)*(2*d"2*xarctanh((a-a*sin(f*x+e)) (
1/2)*d/ (a*xcxd+a*xd™2) ~(1/2))*a"(5/2)-2"(1/2) *arctanh(1/2*(a—a*sin(f*x+e) )~ (1
/2)*x27(1/2)/a"(1/2)) *cxa~2*(ax(c+d) *d) ~(1/2)+2*arctanh((a-a*sin(f*x+e)) " (1/
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2)/a”~(1/2))*a~2*x(a*x(c+d)*d) ~(1/2) *c-2*xarctanh((a-a*sin(f*x+e)) "~ (1/2)/a~(1/2
))*a~ 2% (ax(c+d)*d) ~(1/2)*d) /c/a~(56/2)/(c-d) / (a*x(c+d)*d) ~(1/2) /cos(f*x+e)/(a
+axsin(f*xx+e)) " (1/2)/f

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f\/ dx

asin fx+e +a(ds1n(fx+e) +c)sm(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+dxsin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, algorithm
="maxima")

[Out] integrate(l/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
1
sin(e+fx) \/a+a sin(e+fx) (c+d sin(e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))),x)
[Out] int(1/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1
\/a (sin (e + fx) + 1) (c +dsin (e + fx)) sin (e + fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+d*sin(f*x+e))/(ata*sin(f*xx+e))**x(1/2),x%)

[Out] Integral(l/(sqrt(a*(sin(e + fxx) + 1))*(c + d*sin(e + f*x))*sin(e + f*x)),
x)
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3.95 f Vg sin(e+fx) y/a+asin(e+fx) dx

c+d sin(e+fx)

Optimal. Leaf size=149

N Va /e /g cos(e+fx) Va /g cos(e+fx)
) t 1 -1
\/E \/E \/g an ( Ve+d Jasin(e+fx)+a /g sin(e+fx) ) B 2\/E \/g tan ( Vasin(e+fx)+a /g sin(e+£x) )

dfve+d af

[Out] -2*arctan(cos(f*x+e)*a”~(1/2)*xg~(1/2)/(gxsin(f*x+e))~(1/2)/(ata*sin(f*x+e))”
(1/2))*a~(1/2)*g~(1/2) /d/f+2*arctan(cos (f*x+e)*a~ (1/2)*c~(1/2)*g~(1/2) /(c+d

)7 (1/2)/ (gxsin(f*x+e) )~ (1/2)/(a+a*sin(f*x+e) )~ (1/2))*a~(1/2) *c™ (1/2)*g~(1/2
)/d/f/(c+d)~(1/2)

Rubi [A] time = 0.51, antiderivative size = 149, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 39,

number of rules _ ) 103, Rules used = {2928, 2775, 205, 2930}

integrand size

_ Va e g cos(e+fx) Va g cos(e+£x)
2 tan™! -1
\/E \/E \/g an ( Ve+d Jasin(e+fx)+a /g sin(e+fx) ) B 2\/5 \/g tan ( yasin(e+fx)+a /g sin(e+fx) )

dfve+d df

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sinle + f*x]]*Sqrtla + a*Sinle + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] (-2*Sqrt[al*Sqrt[gl*ArcTan[(Sqrt[al*Sqrt[gl*Cosle + f*x])/(Sqrtlg*Sinle + f
xx]]*Sqrtla + a*Sinl[e + f*x]])])/(d*f) + (2xSqrtlal*Sqrt[c]l*Sqrt[g]*ArcTanl[
(Sqrt[al*Sqrt[c]*Sqrt[gl*Cos[e + f*x])/(Sqrtlc + dl*Sqrt[g*Sin[e + f*x]]*Sq

rt[a + a*Sinf[e + f*x]]1)])/(d*Sqrtlc + d]xf)

Rule 205

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2775

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]1/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b + d*x~2), x], x
, (b*Cos[e + f*x])/(Sqrtl[a + b*Sin[e + f*x]]*Sqrtlc + d*Sin[e + f*x]])], x]
/; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b2, 0]
&& NeQ[c™2 - 472, 0]

Rule 2928

Int[(Sqrt[(g_.)*sinl(e_.) + (£_.)*(x_)11*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
d)x(x_)11)/((c_) + (d_.)*sinl(e_.) + (£_.)*(x_)]), x_Symbol] :> Dist[g/d, In
t[Sqrt[a + bxSinle + f*x]1/Sqrt[g*Sinle + f*x]1, x], x] - Dist[(c*g)/d, Int
[Sqrt[a + b*Sinfe + f*x]1/(Sqrt[g*Sinfe + f*x]]1*(c + d*Sinl[e + fxx])), x],
x] /; FreeQ[{a, b, c, d, e, f, gt, x] && NeQ[b*c - axd, 0] && (EqQ[a”2 - b~
2, 0] Il EqQ[c™2 - 472, 01)

Rule 2930

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
d¥(x_)]1*((c_) + (d_.)*sinf[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-2xb)/
f, Subst[Int[1/(b*c + a*d + c*xg*x~2), x], x, (b*Cosl[e + f*x])/(Sqrtl[g*Sinle
+ fxx]]*Sqrtla + b*Sin[e + f*x]])], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x]
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&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

f \a+asin(e+fx) dx (Cg) f \a+asin(e+fx)

f Vg sin(e + fx) \/a +asin(e + fx) 0 Vgsinerfy) Jg sin(e+ fx) (c+d sin(e+ fx))
c +dsin(e + fx) d d
1 acos(e+fx)
3 _(Zﬂg) Subst (f a+gx? dx, x " Jgsin(e+fx) yJatasin(e+fx) ) 4 (2acg) Subs
= i

g sin(e+fx) y/a+asin(e+fx)

af de

2\/5\@ tan~! ( _ Ve V8 COS(EJfo) ) 2\/5\/5\/57 tan~! (@
+

Mathematica [C] time = 56.10, size = 661, normalized size = 4.44

. 5. , - _
(% + %)e_il(ﬁfx) (—1 + eZ’(e+fx)) \/a(sm(e + fx) +1) /gsin(e + fx) ( =t 1) V-1 + e2ie+f) 4 ( < .

,/dz_cz

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrtl[a + a*Sin[e + fx*x]])/(c + d*Sin[e + f*
x]),x]

[Out] ((1/2 + I/2)*(-1 + E~((2*I)*(e + £xx)))~(6/2)*((I + (c - d)/Sqrt[-c2 + d72
1)*Sqrt[-1 + ET((2*xI)*x(e + fxx))] + (I + (-c + d)/Sqrt[-c”2 + d"2])*Sqrt[-1
+ ET((2%ID)x(e + £xx))] - (2*%I)*(Sqrt[-1 + E7((2xI)*(e + fxx))] - ArcTan[Sq
rt[-1 + E((2*%D)*(e + £*x))]1]) + ((I + (-c + d)/Sqrt[-c”2 + d72])*(Sqrt[2]*
Sqrtlcl*Sqrt[c + I*Sqrt[-c”2 + d~2]]*ArcTan[(d - ((-I)*c + Sqrt[-c”2 + 472]
Y¥E~ (Ix(e + f*x)))/(Sqrt[2]*Sqrt[c]*Sqrtlc + IxSqrt[-c”2 + d72]]*Sqrt[-1 +
E~((2xID)x(e + £xx))])] + ((-I)*c + Sqrt[-c”2 + d72])*ArcTanh[E~(Ix(e + f*x)
)/8qrt[-1 + ET((2*D)*(e + f*x))]1]))/d + ((I + (c - d)/Sqrt[-c™2 + d"2])*(Sq
rt [2]*Sqrt [c]*Sqrt[c - I*Sqrt[-c™2 + d~2]]*ArcTan[(d + (I*c + Sqrt[-c™2 + d
“2])*#E7(I*x(e + fxx)))/(Sqrt[2]*Sqrtlcl*Sqrt[c - I*Sqrt[-c~2 + d~2]]*Sqrt[-1
+ ET((2xI)*(e + fxx))])] - (I*c + Sqrt[-c”2 + d72])*ArcTanh[E"(I*(e + f*x)
)/Sqrt[-1 + ET((2*I)*(e + f*x))]]1))/d)*Sqrt[g*Sinle + f*x]]*Sqrtl[ax(1 + Sin
[e + f*x])])/(Sqrt[2]*d*E™(((6%I)/2)*(e + f*x))*(((-I)*(-1 + E7((2*I)*(e +
£*x))))/E"(Ix(e + £*x)))~(5/2)*xfx(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sqrt
[Sinfe + £x*x]1)

fricas [B] time = 2.16, size = 3273, normalized size = 21.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(a+a*sin(f*x+e))”~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] [1/4x(sqrt(-a*xcxg/(c + d))*log(((128*%a*xc™4 + 256%a*xc”3*d + 160*a*xc”™2xd”2 +
32*%axc*d”3 + axd”4)*gxcos(f*x + e)75 - (128*axc™4 + 192*%axc”3xd + 64*xa*xc” 2%
d™2 - 4xa*xcxd”3 - axd"4)xgkcos(f*x + e)”"4 - 2x(208*axc”4 + 368*axc”3xd + 19
Bkaxc~2xd"2 + 32*akxcxd”3 + axd"4)*gxcos(f*x + e)”3 + 2x(64*axc”4 + 94xaxc”3
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xd + 29%axc”2xd"2 - 4*axc*d”3 - axd”4)*gxcos(fxx + e)72 + (289*axc”4 + 480%
axc~3xd + 230*%axc”2+d”2 + 32*axcxd”3 + axd"4)*gxcos(f*x + e) + 8x((16%xc™4 +
40%c73*d + 34xc”2%d”2 + 11xcxd™3 + d74)*cos(f*x + e)74 + 51*xc™4 + 110%*c™ 3%
d + 76%c”2%d"2 + 18*c*d”3 + d74 - (24%c”™4 + 52%c”3*xd + 3b*c72*%d"2 + Txc*xd"3
)*cos(f*xx + e)73 - (66%c™4 + 149%c™3xd + 110*c™2*d”~2 + 29%c*xd~3 + 2*d~4)*co
s(f*x + e)72 + (25%c™4 + 53%c™3%d + 35%c™2%d"2 + T*xckd"3)*cos(f*x + e) - (b
1%c™4 + 110%c™3xd + 76%xc™2*d"2 + 18*c*d”3 + d74 - (16%c™4 + 40xc™3*d + 34x*c
T2%d"2 + 11%c*kd™3 + d74)*cos(f*x + e)73 - (40%c™4 + 92%c”3*d + 69%cT2xd"2 +
18%c*d”3 + d74)*cos(f*x + e)72 + (26%c™4 + b7*c™3*d + 41%c™2%d"2 + 1lxc*d”
3 + d74)*cos(f*xx + e))*sin(f*xx + e))*sqrt(-axc*g/(c + d))*sqrt(axsin(f*x +
e) + a)xsqrt(gxsin(fxx + e)) + (a*xc™4 + 4xaxc™3xd + 6%a*xc™2*d”2 + 4xa*xcxd™3
+ axd~4)*xg + ((128*%axc™4 + 256%axc”3*d + 160*a*xc™2xd"2 + 32%a*xc*d™3 + a*xd”
4)*xgkcos(f*x + e)74 + 4x(64*axc™4 + 112%axc™3*d + 56*axc™2xd"2 + T*xaxc*xd™3)
xgxcos (f*xx + e)73 - 2x(80*axc™4 + 144xa*xc”™3*d + 83%a*c™2+%d”2 + 18*axc*d”3 +
axd~4)*gxcos(fxx + e)72 - 4x(72xaxc”™4 + 119%a*xc™3*d + B6*a*xc™2*d™2 + Txa*c
xd~3)*gxcos(f*xx + e) + (a*c™4 + 4xa*xc™3*d + 6*axc”™2xd"2 + 4*axcxd”3 + axd”4
)*g)*sin(f*xx + e))/(d"4*xcos(fxx + e)75 + (4*xc*xd™3 + d"4)*cos(f*xx + e)™4 + c
T4 + 4xc”3xd + 6%xcT2xd"2 + 4xcxd”3 + d74 - 2%(3%cT2%d"2 + d74)*cos(f*x + e)
73 - 2x(2%c73%d + 3%cT2%d"2 + 4*c*d”3 + d74)*cos(fxx + e)72 + (cT4 + 6*cT2x
d™2 + d74)*cos(f*x + e) + (d"4xcos(f*x + e)”4 - 4*c*d"3*cos(f*x + €)73 + ¢~
4 + 4*c™3*xd + 6%cT2xd"2 + 4*xcxd”3 + d74 - 2% (3*cT2xd”2 + 2%cxd”3 + d74)*cos
(f*x + e)72 + 4%(c™3xd + cxd~3)*cos(f*x + e))*sin(f*x + e))) + sqrt(-axg)*1
og((128xaxgkcos(f*x + e)~5 - 128xaxgkcos(fxx + e)~4 - 416xaxg*cos(f*x + e)”
3 + 128xaxgxcos(f*x + e)72 + 289*axgkcos(f*x + e) - 8*(16xcos(f*x + e)74 -
24*cos(f*x + e)”3 - 66*cos(f*x + e)”2 + (16%cos(f*x + e)~3 + 40*cos(f*x + e
)72 - 26*cos(f*x + e) - Bl)*sin(f*x + e) + 26xcos(f*x + e) + 51)*sqrt(-axg)
xsqrt(axsin(f*xx + e) + a)*sqrt(g*sin(f*x + e)) + axg + (128*axgxcos(f*x + e
)74 + 256xaxgkcos(fxx + e)73 - 160*xaxg*cos(f*x + e)~2 - 288xaxgxcos(f*x + e
) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*x + e) + 1)))/(d*f), -1/4%(2x*s
grt(axcxg/(c + d))*arctan(1/4*((8*c™2 + 8xc*d + d~2)*cos(f*x + e)72 - 9xc™2
- 8%ckd - d72 + 2x(4xc”2 + 3kcxd)*sin(f*x + e))*sqrt(axcxg/(c + d))*sqrt(a
xsin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(a*xc™2xgkcos(f*x + e)*sin(f*x + e)
+ (2*%axc™2 + axckxd)*gkcos(f*x + e)73 - (2*%axc™2 + akxckd)*gkcos(f*x + e))) -
sqrt (-axg) *log((128*a*gkcos(f*x + e)~5 - 128*axgkcos(f*x + e)74 - 416*axg
cos(f*x + e)73 + 128*axgkcos(f*x + e)72 + 289*axgxcos(f*x + e) - 8x(16*cos(
fxx + e)74 - 24*xcos(f*x + e)”3 - 66%cos(f*x + e)”2 + (16*cos(f*x + e)”3 + 4
Oxcos(f*x + e)72 - 26%xcos(f*x + e) - 51)*sin(f*x + e) + 25xcos(f*x + e) + 5
1) xsqrt(-a*xg)*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + axg + (128xax
gxcos(f*x + e)74 + 256*axgxcos(f*x + e)73 - 160*a*xgkcos(f*x + e)”2 - 288*ax
gkcos(f*x + e) + axg)*sin(f*x + e))/(cos(f*x + e) + sin(f*xx + e) + 1)))/(dx
f), 1/4%(2xsqrt(axg)*arctan(1/4*xsqrt(axg)*(8*xcos(f*x + e)~2 + 8*sin(f*x + e
) - 9 xsqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e))/(2*axgxcos(f*x + )73
+ axgkcos(fxx + e)*sin(fxx + e) - 2*axgkcos(f*x + e))) + sqrt(-axc*xg/(c + d
))*x1og(((128*axc™4 + 256%a*xc”3*d + 160*a*xc™2xd"2 + 32*a*xc*d™3 + a*xd~™4)*g*co
s(f*x + e)75 - (128%a*c™4 + 192%a*xc™3%d + 64*a*xc™2*d™2 - 4*axckd™3 - a*xd™4)
xgxcos (f*xx + e)”4 - 2x(208*a*xc™4 + 368*axc”3*d + 195*axc”2xd"2 + 32xa*xcxd”3
+ axd”4)*xgxcos(f*x + e)73 + 2k (64*axc™4 + 94xa*xc”3xd + 29%a*xc”2*d"2 - 4xax
c*d”3 - axd”4)*gxcos(f*x + e)”2 + (289*axc”4 + 480*a*xc”3xd + 230*axc”2xd"2
+ 32%axcxd”3 + axd"4)*gxcos(f*x + e) + 8x((16%xc™4 + 40*c™3*xd + 34xc™2xd"2 +
11%c*xd™3 + d74)*cos(f*x + e)74 + 51*c™4 + 110%c™3*d + 76%c™2%d"2 + 18*c*d™
3 + d74 - (24xc™4 + 52%c73xd + 3b*c72#d"2 + Txc*xd"3)*cos(fxx + e)"3 - (66%*c
T4 + 149%c73*d + 110%c™2xd"2 + 29%c*d”3 + 2+d"4)*cos(f*x + e)72 + (25%xc”4 +
53xc73xd + 35*%cT2%d"2 + T*xc*kd"3)*cos(f*x + e) - (51*c™4 + 110%c™3*d + 76%c
“2%d72 + 18xc*d”3 + d74 - (16*c”4 + 40*%c”3xd + 34*cT2xd"2 + 11xc*d”3 + d74)
xcos(f*xx + )73 - (40%c™4 + 92%c™3*d + 69%c”2*d"2 + 18xc*d”™3 + d74)*cos(f*x
+ e)72 + (26%c™4 + 57*c™3%d + 41*c”2%d"2 + 11*cxd™3 + d74)*cos(f*x + e))*s
in(f*x + e))*sqrt(-axc*g/(c + d))*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x +
e)) + (axc™4 + 4xaxc”3*d + 6kaxc"2xd"2 + 4d*axckxd”3 + axd"4)*g + ((128*axc”
4 + 266*axc”3xd + 160*axc”2*d"2 + 32*%axc*d”3 + axd~4)*gxcos(f*x + e)"4 + 4%
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(64xa*xc™4 + 112%a*xc™3*d + b6*axc™2*d"2 + Txakxcxd~3)*gxcos(f*xx + e)~3 - 2x(8
Oxaxc™4 + 144xaxc™3*d + 83*axc™2+xd”2 + 18*axcxd™3 + axd™4)x*gxcos(f*x + e)”2
- 4% (72xa*c™4 + 119%axc™3*d + 56*axc™2xd"2 + T*akxckxd"3)*gxcos(f*x + e) + (
axc™4 + 4xaxc”3*d + 6*%axcT2xd"2 + 4kaxc*d”3 + axd”4)*g)*sin(fxx + e))/(d74x*
cos(fxx + e)75 + (4%cxd™3 + d"4)*cos(f*x + e)74 + c™4 + 4xc™3*d + 6%xc”2%d"2
+ 4xcxd”3 + d74 - 2% (3%c”2*%d"2 + d"4)*cos(f*xx + e)73 - 2% (2%c73*d + 3*xcT2x
d™2 + 4%c*d”3 + d”4)*cos(f*xx + e)72 + (c74 + 6%c™2xd"2 + d"4)*cos(f*x + e)
+ (d74*cos(f*x + e)”4 - 4xcxd"3xcos(f*x + e)73 + c74 + 4*c”™3*d + 6*c™2%d"2
+ 4xcxd”3 + d74 - 2% (3*%cT2%d72 + 2%c*kd”3 + d74)*cos(fxx + e)72 + 4% (c”3*d +
cxd"3)*xcos(f*x + e))*sin(f*x + e))))/(d*f), -1/2*(sqrt(a*xc*xg/(c + d))*arct
an(1/4*%((8*xc™2 + 8*cxd + d™2)*cos(f*x + e)72 - 9%c™2 - 8*ckd - d72 + 2x(4x*c
72 + 3*ckd)*sin(fxx + e))*sqrt(axcxg/(c + d))*sqrt(axsin(f*x + e) + a)*sqrt
(g*xsin(f*x + e))/(axc™2xg*cos(f*x + e)*sin(f*xx + e) + (2%a*xc™2 + axckd)*g*c
os(fxx + e)73 - (2xaxc”2 + axcxd)*gxcos(f*x + e))) - sqrt(axg)*arctan(1/4*s
grt(a*xg)*(8xcos(f*x + e)72 + 8*sin(f*x + e) - 9)*sqrt(axsin(f*x + e) + a)*s
grt(gxsin(f*x + e))/(2*xaxg*cos(f*x + e)~3 + axgxcos(f*x + e)*sin(f*x + e) -
2xaxgkxcos (fxx + e))))/(dxf)]

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(ataxsin(f*x+e))”~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="giac")

[Out] Timed out

maple [B] time = 0.95, size = 1025, normalized size = 6.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((gxsin(fx*x+e))~(1/2)*(ataxsin(f*x+e)) " (1/2)/(c+d*sin(f*x+e)) ,x)

[Out] 1/2/fx(gxsin(f*x+e))~(1/2)*(ax(1+sin(f*x+e)))~(1/2)*(-1+cos(f*x+e))*(2*arct
anh ((-(-1+cos (f*x+e))/sin(f*x+e)) ~(1/2) *c/((-d+(-(c-d)*(c+d))~(1/2))*c)~(1/
2))*(=(c-d)*(c+d)) " (1/2)*27(1/2) * (((-(c-d) *(c+d) ) ~(1/2)+d) *c) " (1/2) *c+2*arc
tanh((-(-1+cos (f*x+e))/sin(f*xx+e) )~ (1/2)*c/((-d+(-(c-d) *(c+d) )~ (1/2))*c)~ (1
/2))*%27(1/2) *(((=(c=d) *(c+d) )~ (1/2)+d) *c) " (1/2) *c~2-2*arctanh ( (- (-1+cos (f*x
+e))/sin(f*x+e))~(1/2) *c/ ((-d+(-(c-d) *(c+d) ) ~(1/2))*c)~(1/2))*2~(1/2) * (((-(
c—d)*(c+d)) " (1/2)+d) *c) " (1/2) *c*xd-2*arctan((-(-1+cos (f*x+e) ) /sin(f*x+e)) " (1
/2)*c/(((=(c-d)*(c+d)) ~(1/2)+d)*c)~(1/2) ) *(-(c-d) *(c+d) ) ~(1/2) %27 (1/2)*((-d
+(=(c-d)*(c+d)) " (1/2))*c) ~(1/2) *c+2*arctan((-(-1+cos (f*x+e) ) /sin(f*x+e)) " (1
/2)*c/(((=(c-d)*(c+d))~(1/2)+d)*c)~(1/2))*2~(1/2) * ((-d+ (- (c-d) *(c+d) ) ~(1/2)
Yxc) " (1/2)*c”2-2*xarctan((-(-1+cos (f*x+e)) /sin(f*x+e) )~ (1/2)*c/(((-(c-d) *(c+
d))~(1/2)+d) *c) ~(1/2)) %27 (1/2) * ((-d+(-(c-d) *(c+d) ) ~(1/2) ) *c) " (1/2) *c*d+1n(-
(27 (1/2)* (- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (1/2) *sin(f*x+e) +sin(f*x+e) -cos (f*x+
e)+1) /(27 (1/2) * (- (-1+cos (f*x+e) ) /sin(f*x+e)) ~(1/2) *sin(f*x+e)-sin (f*x+e)+co
s(fxxt+e)-1))*(-(c-d)*(c+d)) ~(1/2) % (((-(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2) * ((-d+(
-(c-d)*(c+d))~(1/2))*c)~(1/2)+4*arctan((-(-1+cos (f*x+e)) /sin(f*x+e) )~ (1/2) *
27 (1/2)+1) * (= (c-d) *(c+d) )~ (1/2) * (((=(c=d) *(c+d) ) ~(1/2)+d) *c) " (1/2) * ((=d+ (- (
c-d)*(c+d)) " (1/2))*c)~(1/2)+4*arctan((-(-1+cos (f*x+e)) /sin(f*x+e)) ~(1/2) %2~
(1/2)-1)*(=(c-d) *(c+d) ) ~(1/2) * (((-(c-d) *(c+d) ) ~(1/2)+d) *c) " (1/2) * ((-d+ (- (c-
d)*(c+d)) " (1/2))*c) " (1/2)+1n(-(27(1/2) * (- (-1+cos (f*x+e) ) /sin(f*x+e) ) ~(1/2) *
sin(f*x+e)-sin(f*x+e)+cos (f*x+e)-1)/(27(1/2)*(-(-1+cos(f*x+e))/sin(f*x+e))”
(1/2)*sin(f*x+e)+sin(f*x+e)-cos (f*x+e)+1) ) * (- (c-d) *(c+d) )~ (1/2) * (((-(c-a) *(
c+d)) " (1/2)+d) *c) " (1/2) * ((=d+ (= (c-d) *(c+d) ) ~(1/2) ) *c) ~(1/2) ) /sin(f*x+e) /(-1
+cos(f*x+e)-sin(f*x+e)) /(- (-1+cos(f*xx+e))/sin(f*x+e)) ~(1/2)*2°(1/2) /d/ (- (c-
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d)*(c+d)) " (1/2) / (((-(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2) / ((-d+ (= (c-d) *(c+d) ) ~(1/2
))*c)”(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/asm fx+e +a\/gsm fx+e)

dsm fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((gxsin(f*x+e))”(1/2)*(a+a*sin(f*x+e))”~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)xsqrt(g*sin(f*x + e))/(d*sin(f*x + e) + ¢

), %)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f\/gsm e+fx \/a+asin(e+fx)

c+dsm(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((g*sin(e + fx*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), %)

[Out] int(((g*sin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/ sin e+fx +1)\/gsin(e+fx)

c+dsm(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))**(1/2)*(ata*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e)),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))*sqrt(gxsin(e + f*x))/(c + d*sin(e + f*x
)), %)
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Va+asin(e+fx)
3.26 f Vg sin(e+fx) (c+d sin(e+fx)) ax

Optimal. Leaf size=83

Ve+d \fasin(e+fx)+a /g sin(e+fx)

Ve fygVe+d

2\/5 tan_l ( Vafe Vg cos(e+fx) )

[Out] -2*arctan(cos(f*xx+e)*a”~(1/2)xc~(1/2)*g~(1/2)/(c+d)~(1/2)/(gxsin(f*x+e))~(1/

2) /(at+axsin(fxx+e)) ~(1/2))*a~(1/2)/£f/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A] time = 0.23, antiderivative size = 83, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 39,

number of rules _ ),051, Rules used = {2930, 205}

2\/5 tan-1 ( Vafe Vg cos(e+fx) )

integrand size

Ve+d \fasin(e+fx)+a /g sin(e+fx)

NN

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + a*Sinl[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c + d*Sin[e + f*x])),x]
[Out] (-2*Sqrt[al*ArcTan[(Sqrt[al*Sqrt[c]*Sqrt(gl*Cos[e + f*x])/(Sqrtlc + dl*Sqrt

[gxSin[e + f*x]]*Sqrtla + axSin[e + fxx]])])/(Sqrtlc]*Sqrtlc + d]l*fxSqrt[g]
)

Rule 205

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2930

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
d¥(x_)]1*((c_) + (d_.)*sinf[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-2%b)/
f, Subst[Int[1/(b*c + a*d + c*gxx~2), x], x, (b*Cos[e + fx*x])/(Sqrt[g*Sin[e
+ f*x]]xSqrt[a + b*Sinl[e + f*x]]1)], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[b*c - axd, 0] && EqQ[a”2 - b~2, 0]

Rubi steps
1 acos(e+fx)
f \/a + asin(e + fx) p (22) Subst (f ac+ad-+cgx? ax, X, Vg sin(e+£x) yJa+asin(e+fx) )
X =-
\gsin(e + fx) (c + dsin(e + fx)) f

Ve+d \fgsin(e+ fx) \Ja+asin(e+x)

Vv dfyR

2\/5 tan-1 ( \a \/E\/g cos(e+fx) )

Mathematica [C] time = 54.72, size = 436, normalized size = 5.25

(% ; z) g\/aGine + fx) + 1) (Cos (g(e ; fx)) —isin (g(e ; fx))) (isin((e + fx)) + cos(2(e + fx)) —1)%2 (\ﬁ

v
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Warning: Unable to verify antiderivative.

[In] Integrate[Sqrtl[a + a*Sinl[e + f*x]]/(Sqrtlg*Sin[e + f*x]]*(c + d*Sin[e + fxx
1)) ,x]

[Out] ((1/4 + I/4)*g*x(Sqrtlc + I*Sqrt[-c”2 + d"2]]*(I*c - I*d + Sqrt[-c”2 + d72])
xArcTan[(d - ((-I)*c + Sqrt[-c”2 + d"2])*(Cos[e + f*x] + I*Sin[e + fx*x]))/(

Sqrt [2]*Sqrt [c]*Sqrt[c + I*Sqrt[-c™2 + d~2]]1*Sqrt[-1 + Cos[2x(e + f*x)] + I
xSin[2x(e + f*x)]])] + Sqrtlc - I*Sqrt[-c”2 + d72]]*((-I)*c + Ixd + Sqrtl[-c

"2 + d72])*ArcTan[(d + (I*c + Sqrt[-c”2 + d72])*(Cos[e + f*x] + I*Sin[e + f
xx]))/(Sqrt [2]*Sqrt [c]*Sqrt[c - IxSqrt[-c”2 + d72]]1*Sqrt[-1 + Cos[2x(e + fx*

x)] + I*Sin[2*(e + f*x)]])])*Sqrtl[ax(1 + Sinle + f*x])]1*(Cos[(3*(e + f*x))/

2] - IxSin[(3x(e + f*x))/2])*(-1 + Cos[2x(e + f*x)] + I*Sin[2*(e + fxx)])~(
3/2))/(8qrt [2]*Sqrt [c]*d*Sqrt [-c~2 + d"2]*f*(Cos[(e + f*x)/2] + Sin[(e + f*
x)/2])*(g*Sinle + f*x])~(3/2))

fricas [B] time = 1.35, size = 1303, normalized size = 15.70

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fxx+e))”(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e)) ~(1/2),x, a
lgorithm="fricas")

[Out] [1/4x*sqrt(-a/((c”2 + c*xd)*g))*Llog(((128*%a*xc™4 + 256%a*c”3*d + 160*a*xc”2xd"2
+ 32*%axckd”3 + axd"4)*cos(f*x + e)75 + axc™4 + 4xaxc”3*d + 6xaxc”2xd"2 + 4
xaxcxd™3 + axd™4 - (128*%a*c”4 + 192%axc”3xd + 64*xaxc”2xd"2 - 4dxaxcxd”3 - ax
d"4)*cos(f*x + e)~4 - 2% (208*a*xc”4 + 368*a*xc”3*d + 195*xa*c”2*xd"2 + 32*axc*xd
“3 + a*d"4)*cos(f*xx + e)73 + 2% (64*a*xc”4 + 9dxaxc”3xd + 29%axc”2*xd”"2 - 4d*xax
c*d”3 - a*d"4)*cos(f*x + e)72 - 8%(51xc”5 + 110*c™4xd + 76%c”3*d"2 + 18%c”2
*d"3 + c*d™4 + (16*%c”™5 + 40%c™4*d + 34*c”3*d"2 + 11%c™2%d"3 + c*d"4)*cos(fx*
X + e)”4 - (24%c”5 + B2*c74*d + 35*xc”3*%d"2 + T*c"2*d"3)*cos(f*x + e)”3 - (6
6*%c”™5 + 149%c”4*xd + 110*%c™3*d"2 + 29*%c”2*d"3 + 2*xc*d"4)*cos(f*x + e)72 + (2
5%c”5 + B3*cT4*xd + 35*xc73%d"2 + T*c”2*%d"3)*cos(f*x + e) - (51*c”5 + 110*c”4
*d + 76%c”3*%d"2 + 18*%c”2*%d"3 + c*d"4 - (16*%c”5 + 40%c”4*xd + 34xc~3*d"2 + 11
*c"2+%d"3 + cxd"4)*cos(fxx + e)”3 - (40*c”5 + 92*xc”4*d + 69*%c”3*d"2 + 18*c”2
*d"3 + c*kd"4)*cos(f*x + e)72 + (26%c”5 + 57*c™4*d + 41%c”3*%d"2 + 11*c”2*d"3
+ c*d"4)*cos(fxx + e))*sin(f*x + e))*sqrt(a*xsin(f*x + e) + a)*sqrt(grsin(f
*x + e))xsqrt(-a/((c”2 + cxd)*g)) + (289*a*c”™4 + 480*a*xc”3*d + 230*a*xc”2*d”
2 + 32%a*xc*d”™3 + axd"4)xcos(f*x + e) + (axc™4 + 4xaxc”3xd + 6*axc”2xd”2 + 4
xaxcxd™3 + axd™4 + (128*%a*xc”4 + 256*axc”3*xd + 160*a*xc”2*xd”2 + 32%axcxd”3 +
axd"4)*cos(f*x + e)~4 + 4x(64*a*xc™4 + 112*a*xc™3xd + 56*a*xc™2%d”2 + T*xaxcxd™
3)*kcos(f*x + e)~3 - 2% (80*a*c™4 + 144*axc™3xd + 83*a*xc™2*d"2 + 18*axcxd~3 +
a*d"4)*cos(f*x + e)72 - 4x(72*a*c™4 + 119*%axc™3xd + 56*a*xc”2*%d”2 + T*xakxcxd
~3)*cos(f*x + e))*sin(f*x + e))/(d"4*cos(f*xx + e)”5 + (4*c*d"~3 + d~4)x*cos(f
*X + )74 + cT4 + 4xcT3xd + 6%cT2+%d72 + 4xcxd”3 + d74 - 2% (3*%cT2*%d72 + d74)
*cos(f*x + e)73 — 2% (2xc™3*d + 3*c”2*d"2 + 4*xcxd”3 + d74)*cos(f*x + e)72 +
(c™4 + 6%c™2%d"2 + d"4)*cos(f*x + e) + (d"4*xcos(f*xx + e)~4 - 4xcxd " 3*xcos(fx*
X + e)”3 + cT4 + 4*xcT3%d + 6%cT2xd"2 + 4xc*xd”3 + d74 - 2% (3%cT2*xd"2 + 2xc*d
"3 + d”4)*cos(f*x + e)”2 + 4%(c"3*d + c*d"3)*cos(f*x + e))*sin(f*xx + e)))/f
, 1/2xsqrt(a/((c”2 + cxd)*g))*arctan(1/4*((8*c™2 + 8xc*d + d™2)*cos(f*x + e
)72 - 9%cT2 - 8*ckd - d72 + 2x(4xc”2 + 3kcxd)*sin(f*x + e))xsqrt(axsin(fx*x
+ e) + a)*sqrt(g*sin(f*x + e))*sqrt(a/((c”2 + cxd)*g))/((2xa*xc + a*xd)*cos(f
*X + e)73 + akckxcos(f*x + e)*sin(fxx + e) - (2%axc + axd)*cos(f*x + e)))/f]

giac [F] time = 0.00, size = 0, normalized size = 0.00

f \/asin(fx+e)+a n

(dsin(fx+e) +c) gsin(fx +e)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e)) ~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

maple [B] time = 0.56, size = 526, normalized size = 6.34

—1+cos( x+e)

2 _% \/a (1+sin (fx +e)) sin(fx +e)|arctanh e Si“((:‘;()ﬁd) - \/ (V=(c=d)(c+d) +d)c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e))”(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x)

[Out] 2/f*x(-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*(ax(1+sin(f*x+e))) " (1/2) *sin(f*x+e)
*(arctanh ((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*c/ ((-d+(-(c-d) *(c+d) )~ (1/2) ) *
c)~(1/2))*(((-(c-d)*(c+d) ) ~(1/2)+d) *c) " (1/2) * (- (c-d) *(c+d) ) ~(1/2) +arctanh ((
—(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*c/((-d+(-(c-d) *(c+d)) ~(1/2))*c)~(1/2))*(
((=(c=d)*(c+d))~(1/2)+d) *c)~(1/2)*c-arctanh ((-(-1+cos (f*x+e) ) /sin(f*x+e)) ~(
1/2)*c/((=d+(-(c-d)*(c+d))~(1/2))*c)~(1/2) ) *(((-(c-d) *(c+d) ) ~(1/2)+d)*c)~ (1
/2)*d-arctan((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*c/(((-(c-d) *(c+d)) " (1/2)+d
)*c) " (1/2) )% ((=d+ (- (c-d)*(c+d) ) ~(1/2) ) *c)~(1/2) *(-(c-d) *(c+d) ) " (1/2) +arctan
((-(-1+cos(f*x+e))/sin(f*xx+e)) " (1/2)*c/(((-(c-d)*(c+d) )~ (1/2)+d)*c)~(1/2))*
((-d+(-(c-d)*(c+d))~(1/2))*c) ~(1/2) *c—arctan((-(-1+cos (f*x+e) ) /sin(f*x+e) )"~
(1/2)*c/(((-(c-d)*x(ct+d)) ~(1/2)+d)*c) ~(1/2) ) * ((-d+ (- (c-d) *(c+d) ) " (1/2) ) *c) " (
1/2)*d) / (gxsin(f*xx+e))~(1/2)/ (-1+cos(f*x+e)-sin(f*x+e)) /(- (c-d)*(c+d) )~ (1/2
)/ (((=(c=-d)*(c+d))~(1/2)+d)*c)~(1/2) / ((=d+(-(c-d) *(c+d) ) ~(1/2) ) *xc)~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

\/asin(fx+e) +a
(dsin(fx+e) +c) gsin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e))”~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(a*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

\/a+asin(e+fx)
gsin(e+fx) (c+dsin(e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
), %)

[Out] int((a + a*sin(e + f*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + dxsin(e + fxx))
), %)



127
sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/a (sin (e + fx) + 1)

gsin (e + fx) (c +dsin (e + fx))

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*xx+e))**x(1/2)/(c+td*sin(f*x+e))/(gxsin(f*x+e))**(1/2),%)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/(sqrt(g*sin(e + f*x))*(c + d*sin(e + fx
x))), x)
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f \/g sin(e+fx)
\/a+a sin(e+ f x) (c+d sin(e+fx))

3.27

Optimal. Leaf size=166

1 Va /g cos(e+£x) 1 Va +fc g cos(e+fx)
\/E \/§ tan ( V2 \Jasin(e+ fx)+a y/gsin(e+ fx) ) 2\/E \/g tan ( Ve+d \Jasin(e+fx)+a /g sin(e+fx)

Va f(c - d) Va f(e-d)Ve+d

[Out] arctan(1/2*cos(f*xx+e)*a”(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(ata*sin
(fxx+e))~(1/2))*27(1/2)*g~(1/2)/(c-d) /f/a" (1/2)-2*arctan(cos (f*x+e)*a~(1/2)
xc”(1/2)*g~(1/2) / (c+d) ~(1/2) / (gxsin(f*xx+e)) ~(1/2) / (ataxsin(fxx+e)) ~(1/2)) *c
~(1/2)*g~(1/2) /(c-d) /£/a~(1/2) / (c+d) ~(1/2)

Rubi [A] time = 0.52, antiderivative size = 166, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 39,
number of rules _ ).103, Rules used = {2936, 2782, 205, 2930}

integrand size

1 Va /g cos(e+£x) 1 Va +fc \/g cos(e+£x)
\/E \/g tan ( V2 \Jasin(e+ fx)+a y/gsin(e+fx) ) 2\/2 \/g tan ( Ve+d \Jasin(e+fx)+a /g sin(e+fx)

Vafe-d) Vi fle—d)Ve+d

Antiderivative was successfully verified.
[In] Int[Sqrtl[g*Sin[e + f*x]]/(Sqrtla + a*xSin[e + fxx]]*(c + d*Sin[e + f*x])),x]

[Out] (Sqrt[2]*Sqrt[gl*ArcTan[(Sqrt[al*Sqrt[gl*Cosle + f*x])/(Sqrt[2]*Sqrt[g*Sin[
e + fxx]]*Sqrt[a + a*Sinle + f*x]])])/(Sqrtlal*(c - d)*f) - (2xSqrt[c]*Sqrt

[g] *ArcTan[(Sqrt [a]l *Sqrt [c]*Sqrt [g]*Cos[e + f*x])/(Sqrtlc + dl*Sqrt[g*Sin[e

+ fxx]]*Sqrt[a + a*Sinl[e + f*x]]1)])/(Sqrtlal*(c - d)*Sqrtlc + d]*f)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 2782

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1xSqrtl[(c_.) + (d_.)=*sin[(e
_.) + (£_.)*(x_)11), x_Symbol] :> Dist[(-2xa)/f, Subst[Int[1/(2¥b~2 - (axc
- bxd)*x72), x], x, (b*Cos[e + f*x])/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + dxS
infe + f*x]1)]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - a*xd, 0] &&
EqQ[a”2 - b~2, 0] && NeQ[c~™2 - d~2, 0]

Rule 2930

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
Y¥(x_)]1*((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(-2%b)/
f, Subst[Int[1/(b*c + a*d + c*xg*x~2), x], x, (b*Cosl[e + f*x])/(Sqrt[g*Sin[e
+ f*x]]*Sqrt[a + bxSin[e + f*x]]1)], x] /; FreeQ[{a, b, c, d, e, £, g}, x]
&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2936

Int[Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
)x(x_ )11x((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> -Dist[(axg)/
(bxc - a*d), Int[1/(Sqrtlg*Sin[e + fxx]]*Sqrt[a + b*Sin[e + f*x]]), x], x]
+ Dist[(c*g)/(b*c - axd), Int[Sqrt[a + b*Sin[e + fx*x]]/(Sqrt[g*Sin[e + f*x]
1*(c + d*Sinfe + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b
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xc - axd, 0] &% (EqQ[a"2 - b2, 0] || EqQ[c~2 - 472, 0])

Rubi steps
1 Va+asin(e+fx)
f V8 sin(e + fX) dx = _g f Vg sin(e+fx) y/a+asin(e+£x) ax + (Cg) f Vg sin(e+fx) (c+d sin(e+ £
Va + asin(e + fx) (c + dsin(e + fx)) c—d a(c — d)
1 acos(e+fx)
B (2ag) Subst (f 242 +agx? dx, X, Vg sin(e+fx) y/a+asin(e+fx) ) 3 (2¢8)
(c-d)f

1 \a Vg cos(e+fx) f
_\/E\/gtan ( ) 2+/c /g tan (\/

V2 /g sin(e+/x) y/a+asin(e+fx)

Va(c—d)f ) NA

Mathematica [C] time = 39.40, size = 61028, normalized size = 367.64

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrt[a + axSin[e + fxx]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] Result too large to show

fricas [A] time = 2.02, size = 3048, normalized size = 18.36

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(a+ta*sin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] [-1/4*(sqrt(2)*sqrt(-g/a)*log((17*gxcos(f*x + e)~3 - 4xsqrt(2)*(3xcos(f*x +
e)”2 + (3*cos(fxx + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
X + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-g/a) + 3*gkcos(f*x + e)72 - 18*gxcos
(f*x + e) + (17*gxcos(f*xx + e)72 + ldxgxcos(f*x + e) - 4xg)*sin(f*x + e) -
4xg)/(cos(f*x + e)73 + 3*cos(f*x + e)”2 + (cos(f*x + e)72 - 2*cos(f*x + e)
- 4)xsin(f*x + e) - 2*xcos(f*x + e) - 4)) + sqrt(-cxg/(axc + axd))*log(((128
*C"4 + 256%c”3*d + 160*c”2*%d”"2 + 32xcxd”3 + d74)*gxcos(f*x + e)”5 - (128xc”
4 + 192%c73xd + 64*c”2*%d"2 - 4*c*kd”3 - d"4)*gxcos(fxx + e)74 - 2%x(208*%c™4 +
368%c”3xd + 195%c™2*d"2 + 32%cxd”"3 + d74)*gxcos(f*x + e)”3 + 2%(64%c™4 + 9
4xc”3xd + 29%cT2*%d"2 - 4xc*kd”3 - d"4)*gkxcos(fxx + e)72 + (289%c”4 + 480%c”3
xd + 230*%c72*%d"2 + 32%c*xd”"3 + d74)*gxcos(f*x + e) + 8*x((16*%c™4 + 40*c™3*d +
34%c72%d"2 + 11xc*xd™3 + d74)*cos(f*x + e)”4 + Bl*kc™4 + 110%c”™3xd + 76%c™2%
d”2 + 18*%c*xd”™3 + d74 - (24%c”™4 + 52%c”3*d + 3b*%c72%d”"2 + T*xc*xd"3)*cos(f*xx +
e)”3 - (66%xc™4 + 149%c”3*d + 110%c™2*d™2 + 29*%cxd™3 + 2*d"4)*cos(f*x + e)~
2 + (26%c™4 + B3%c7™3xd + 35xc”2%d"2 + T*c*d"3)*cos(fxx + e) - (51lxc™4 + 110
xC73%d + T76xc”2%d"2 + 18%c*xd”3 + d74 - (16%xc”4 + 40*c”3*xd + 34*c72*%d"2 + 11
xc*xd”™3 + d74)*cos(f*x + e)73 - (40%c™4 + 92%c”3*d + 69xc”2*d"2 + 18*%cxd”3 +
d"4)*cos(f*x + e)72 + (26%c™4 + B7*c™3xd + 41xc™2*%d"2 + 11xcxd”3 + d~4)*co
s(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqr
t(-cxg/(axc + axd)) + (c”4 + 4*c”™3*d + 6*%c™2+%d"2 + 4*xc*xd”3 + d"4)*g + ((128
*xC™4 + 266%c”3*%d + 160*c™2+d"2 + 32*cxd”3 + d”4)*gxcos(f*x + e)"4 + 4x(64xc
T4 + 112%c73*d + 56*cT2xd"2 + Tkxcxd”"3)*gxcos(fxx + )73 - 2%(80%c”4 + 144xc
“3xd + 83%cT2*d"2 + 18xc*d”3 + d"4)*gxcos(f*xx + e)72 - 4*x(72xc”4 + 119%c”3%
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d + 56*c”2+d"2 + Txc*xd"3)*gxcos(f*x + e) + (c74 + 4xc™3*xd + 6xc”2xd"2 + 4x*c
*d"3 + d74)*g)*sin(fxx + e))/(d"4xcos(f*x + e)75 + (4xc*d”3 + d74)*cos(f*x
+ e)74 + c74 + 4%cT3xd + 6%cT2xd"2 + 4*xcxd”3 + d74 - 2%(3*xc”2%d"2 + d"4)*co
s(f*x + e)73 - 2%x(2%c™3%d + 3%c”2%d"2 + 4%c*d”3 + d"4)*cos(f*x + e)72 + (c~
4 + 6%xc”2%d"2 + d"4)*cos(f*xx + e) + (d74*cos(f*x + e)”4 - 4xcxd"3xcos(f*x +
)73 + c74 + 4*c73*%d + 6*%cT2xd"2 + 4xcxd”3 + d74 - 2% (3*%cT2xd"2 + 2%c*xd”3
+ d”4)*cos(f*x + e)72 + 4x(c”3*d + c*d"3)*cos(f*x + e))*sin(fxx + e))))/((c
- d)*f), -1/4x(sqrt(2)*sqrt(-g/a)*log((17*gxcos(f*x + e)~3 - 4xsqrt(2)*(3x
cos(fxx + e)72 + (3*cos(fxx + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt
(axsin(f*x + e) + a)*xsqrt(gxsin(f*x + e))*sqrt(-g/a) + 3*gkcos(f*x + e)72 -
18xgxcos(f*x + e) + (17*gxcos(f*x + e)72 + 1ldxgxcos(f*x + e) - 4xg)*sin(f*
x + e) - 4xg)/(cos(f*x + )73 + 3xcos(f*x + e)”2 + (cos(f*x + e)”2 - 2xcos(
fxx + e) - 4)*sin(f*x + e) - 2%cos(f*x + e) - 4)) - 2*sqrt(cxg/(a*xc + axd))
*xarctan(1/4*((8*c™2 + 8*c*d + d”2)*cos(f*x + e)72 - 9%c™2 - 8%cxd - d72 + 2
*x(4xc”2 + 3kcxd)*sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e)
)*sqrt (c*xg/(axc + axd))/((2*c™2 + c*d)*gxcos(f*xx + e)”3 + c™2*gxcos(f*x + e
)*ksin(f*xx + e) - (2%c™2 + cxd)*gxcos(f*x + e))))/((c - d)*f), -1/4x(2*sqrt(
2)*sqrt(g/a)*arctan(1/4*sqrt(2) *sqrt(a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e
))*sqrt(g/a)*(3*sin(f*x + e) - 1)/(gxcos(f*x + e)*sin(f*x + e))) + sqrt(-cx
g/ (a*xc + a*d))*1log(((128*c™4 + 256%c~3*d + 160*c™2*d"2 + 32%cxd”3 + d~4)x*g*
cos(f*x + e)75 - (128%c™4 + 192%c”3*d + 64*c”2xd"2 - 4*cxd”~3 - d~4)*gxcos(f
*X + e)74 - 2x(208*%c”4 + 368*c”3*d + 195%xcT2xd"2 + 32xc*d”3 + d74)*g*cos(fx*
X + e)73 + 2%(64xc™4 + 94xc73*%d + 29%cT2+d"2 - 4xc*xd”3 - d74)*gxcos(f*x + e
)72 + (289%c™4 + 480%c”3*d + 230%c”2xd"2 + 32%c*kd”3 + d"4)*gxcos(fxx + e) +
8% ((16%xc™4 + 40%c™3*d + 34*c™2xd"2 + 11%c*d™3 + d~4)*cos(f*x + e)”4 + bBlxc
4 + 110%c73*%d + 76%c”2*%d"2 + 18*c*d”3 + d74 - (24*c”4 + 52%c”3xd + 35*cT2x%
d™2 + T*xc*kd"3)*cos(fxx + e)73 - (66%c™4 + 149%c™3%d + 110%c™2%d"2 + 29%c*d”
3 + 2xd"4)*cos(f*xx + e)72 + (25%c™4 + B53xc”3xd + 35*%c”2%d”2 + T*c*d”3)*cos(
fxx + e) - (51*%c™4 + 110%c™3*d + 76%c™2%d"2 + 18%cxd™3 + d74 - (16*%c”™4 + 40
*xC73*d + 34%cT2%d”2 + 11xcxd”3 + d74)*cos(f*x + e)73 - (40%c”™4 + 92%c”3*d +
69*xc™2xd"2 + 18%c*d”™3 + d4)*cos(f*x + e)72 + (26%c”4 + L7*c™3%d + 41%c”2%
d”2 + 11*xc*d”™3 + d"4)*cos(f*x + e))*sin(fxx + e))*sqrt(a*xsin(f*x + e) + a)*
sqrt(gxsin(f*xx + e))*sqrt(-c*xg/(axc + a*xd)) + (c™4 + 4xc™3*d + 6xc™2*d"2 +
4xcxd”3 + d74)*g + ((128%c™4 + 2656%c™3xd + 160*c™2%d"2 + 32%c*xd™3 + d74)*g
cos(f*x + e)74 + 4%(64%c™4 + 112%c73xd + 56%c™2xd"2 + 7T*c*xd™3)*gkcos(f*xx +
e)”3 - 2%(80*%c”™4 + 144*c”3xd + 83%c”2xd"2 + 18%c*d”3 + d"4)*gkxcos(f*x + e)”
2 - 4x(72%c”4 + 119%c™3*d + b56xc™2xd"2 + T*cxd"3)*gxcos(f*xx + e) + (c™4 + 4
*xC73%d + 6%xc”2+d”2 + 4xc*xd”3 + d74)*g)*sin(f*x + e))/(d"4*xcos(f*x + e)”5 +
(4xc*d”3 + d74)*cos(f*x + e)74 + c™4 + 4*%c™3*d + 6%c™2%d"2 + 4xcxd”3 + d74
- 2%(3*c72xd72 + d74)*cos(f*x + )73 - 2%(2%c”3%d + 3*c”2%d"2 + 4xcxd”3 + d
“4)*cos(f*x + e)72 + (c74 + 6%c”2%d"2 + d”4)*cos(f*x + e) + (d"4*cos(f*x +
e)74 - 4xcxd"3*xcos(f*xx + e)73 + c74 + 4%c73%d + 6%cT2%d”2 + 4xcxd”3 + d74 -
2% (3xc™2xd"2 + 2xcxd”3 + d"4)*cos(f*x + e)72 + 4x(c”3*d + c*d"3)*cos(f*x +
e))*sin(f*x + e))))/((c - d)*£f), -1/2x(sqrt(2)*sqrt(g/a)*arctan(1/4*sqrt(2
)*ksqrt (a*xsin(f*x + e) + a)*sqrt(gxsin(f*x + e))*sqrt(g/a)*(3*sin(f*x + e) -
1)/ (g*cos(f*xx + e)*sin(f*xx + e))) - sqrt(c*g/(a*xc + axd))*arctan(1/4*((8*c
T2 + 8xcxd + d72)*cos(f*x + e)72 - 9%cT2 - 8kckd - d72 + 2%(4%cT2 + 3xcxd)*
sin(f*x + e))*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sqrt(c*g/(axc +
axd))/((2*%c™2 + cxd)*gxcos(f*x + e)73 + c"2*xgxcos(f*x + e)*sin(f*x + e) -
(2%c™2 + c*xd)*gxcos(f*x + e))))/((c - d)*f)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)/(ctd*sin(f*x+e))/(ata*sin(f*x+e)) " (1/2),x, a
lgorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
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UT:sage2:=int(sage0,x) : ;OUTPUT:Unable to check sign: (2*pi/x/2)>(-2*pi/x/2)
Unable to check sign: (2%pi/x/2)>(-2%pi/x/2)Unable to check sign: (2*pi/x/2
)>(-2%pi/x/2)Unable to check sign: (2*pi/x/2)>(-2%pi/x/2)Unable to check si
gn: (4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Warning, integration of abs or
sign assumes constant sign by intervals (correct if the argument is real):
Check [abs(cos((f*t_nostep+exp(1))/2-pi/4))]Unable to check sign: (4*pi/t_n
ostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t
_nostep/2)Discontinuities at zeroes of cos((f*t_nostep+exp(1))/2-pi/4) were
not checkedUnable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unabl
e to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign:
(4#pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check sign: (4xpi/t_nostep/2)
>(-4*pi/t_nostep/2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/
2)Unable to check sign: (4*pi/t_nostep/2)>(-4*pi/t_nostep/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*p
i/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4%
pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to ch
eck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2
)JUnable to check sign: (4x*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/
2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check s
ign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unab
le to check sign: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-
4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2)Unable to
check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/
x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi
/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to chec
k sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)U
nable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)
>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sig
n: (4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable
to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4x
pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4
*xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to c
heck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/
2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x
/2)>(-4*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(-4*pi/x/2)Una
ble to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4xpi/x/2)>(
-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign:
(4xpi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable t
o check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*xpi/x/2)>(-4*pi
/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*p
i/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to che
ck sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4*pi/x/2)
Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2
)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check si
gn: (4*xpi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unabl
e to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>(-4
*xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (
4xpi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to
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check sign: (4*pi/x/2)>(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x
/2)Unable to check sign: (4*pi/x/2)>(-4%pi/x/2)Unable to check sign: (4*pi/
x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check
sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Un
able to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign: (4x*pi/x/2)>
(-4xpi/x/2)Unable to check sign: (4*pi/x/2)>(-4*pi/x/2)Unable to check sign
(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-
2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to c
heck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to chec
k sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_no
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step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2x*
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_noste
p/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xp
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
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check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x
pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Una
ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*p
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%*pi
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/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%
pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2
JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unab
le to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign:
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nost
ep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi
/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%
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pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Una
ble to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
(2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/
t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2xpi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep
/2)>(-2xpi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nost
ep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ch
eck sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t
_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi
/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unabl
e to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)
>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/
2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_no
step/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_
nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2xpi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nos
tep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to ¢
heck sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/
t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*p
i/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/t_nostep/2)Unab
le to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign:
(2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2
)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep
/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to chec
k sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_n
ostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t
_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2
*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(
-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)
Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check s
ign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nost
ep/2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_no
step/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi
/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2x%
pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Una
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ble to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign
: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/
2)>(-2%pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_noste
p/2)Unable to check sign: (2xpi/t_nostep/2)>(-2%pi/t_nostep/2)Unable to che
ck sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_
nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2xpi/
t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable
to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (
2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>
(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2
)JUnable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check
sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nos
tep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_n
ostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to
check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xp
i/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2
*pi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Un
able to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sig
n: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2*pi/x/2)>(-2
*xpi/x/2)Unable to check sign: (2%pi/x/2)>(-2%pi/x/2)Warning, integration of
abs or sign assumes constant sign by intervals (correct if the argument is
real) :Check [abs(t_nostep+l)]Evaluation time: 1.35Error: Bad Argument Type

maple [B] time = 0.75, size = 614, normalized size = 3.70

—1+cos(fx+e)

gsin(fx+e) (1—cos(fx+e)+sin(fx+e)) 2arctan[ - ]\/(cd)(c+d) (\/—(c—

sin( f x+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ataxsin(f*x+e)) ~(1/2),%)

[Out] -1/f*x(g*sin(f*x+e))”(1/2)*(1-cos(f*x+e)+sin(f*x+e))*(2*arctan((-(-1+cos(f*x
+e))/sin(f*x+e))~(1/2))*(-(c-d)*(c+d)) ~(1/2) * (((-(c-d) *(c+d) )~ (1/2)+d) *c) ~(
1/2)* ((-=d+(=(c-d)*(c+d) )~ (1/2))*c)~(1/2)+(-(c-d) *(c+d) ) ~(1/2) * (((-(c-d) * (c+
d))~(1/2)+d)*c) " (1/2)*arctanh ((-(-1+cos (f*x+e)) /sin(f*x+e)) ~(1/2)*c/((-d+(-
(c-d)*(c+d))~(1/2))*c)~(1/2) ) *c-(-(c-d) *(c+d) ) ~(1/2) * ((-d+(-(c-d) *(c+d) )~ (1
/2))*c)~(1/2)*arctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2)*c/(((-(c-d) *(c+d))
~(1/2)+d) *c) " (1/2) ) *c+(((-(c-d) *(c+d) )~ (1/2)+d) *c) " (1/2) *arctanh ( (- (-1+cos(
fxx+e))/sin(f*xx+e))~(1/2)*xc/ ((=d+(-(c-d)*(c+d))~(1/2))*c)~(1/2))*c~2-(((-(c
-d)*(c+d)) " (1/2)+d) *c) "~ (1/2) *arctanh ((-(-1+cos (f*x+e)) /sin(f*x+e) )~ (1/2) *c/
((=d+(=(c=d) *(c+d) ) ~(1/2))*c) ~(1/2) ) *c*kd+((-d+ (- (c-d) *(c+d) ) ~(1/2) ) *xc)~(1/2
Yxarctan((-(-1+cos(f*x+e))/sin(fxx+e)) " (1/2) *c/ (((-(c-d)*(c+d) )~ (1/2)+d) *c)
“(1/2))*c”2-((=d+(=(c=d)* (c+d) ) ~(1/2) ) *c) " (1/2) *arctan ( (- (-1+cos(f*x+e) ) /si
n(fxx+e))~(1/2)*c/(((-(c-d)*(c+d))~(1/2)+d)*c) ~(1/2))*c*d) /(a*x(1+sin(f*x+e)
))~(1/2) /sin(f*x+e) /(- (-1+cos(f*x+e)) /sin(f*x+e)) " (1/2)/(c-d) /(- (c-d) *(c+d)
)7(1/2) / (((=(c-d)*(c+d) )~ (1/2)+d) *c) ~(1/2) / ((-d+(-(c-d) *(c+d) ) ~(1/2))*c)~ (1
/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

gsin(fx+e)
\/asin(fx+e) +a(dsin(fx+e) +c)

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((gxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(ata*sin(f*x+e))~(1/2),x, a

lgorithm="maxima")
[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) +

c)), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
g sin (e +f x)

\/a+asin(e+fx) (c+dsin(e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))7(1/2)*(c + d*sin(e + f*x))

) %)

[Out] int((g*sin(e + f*x))~(1/2)/((a + a*sin(e + f*x))~(1/2)*(c + dxsin(e + fxx))
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f gsin (e+fx) N
\/ sm e+fx +1) (c+dsin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))/(a+taxsin(f*x+e))**(1/2),%)
[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(ax(sin(e + f*x) + 1))*(c + d*sin(e + fx*

x))), x)
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[—= — —dx
Vg sin(e+fx) y/a+asin(e+fx) (c+d sin(e+ fx))

Optimal. Leaf size=168

3.28

_ Va +fc \g cos(e+£x) 1 Va /g cos(e+£x)
2 ! 2
dtan ( Ve+d +Jasin(e+fx)+a /g sin(e+fx) ) \/— tan V2 \fasin(e+ fx)+a /g sin(e+ fx)

Vave fyg(c—dVe+d Va fyg(c—d)

[Out] -arctan(1/2*cos(f*xx+e)*a~(1/2)*g~(1/2)*27(1/2)/(g*sin(f*x+e))~(1/2)/(ata*xsi
n(fxx+e))~(1/2))*27(1/2)/(c-d) /f/a~(1/2) /g~ (1/2)+2*d*arctan(cos (f*x+e) *a~ (1
/2)*xc”(1/2)*g~(1/2) / (c+d) ~(1/2) / (gxsin(f*x+e)) ~(1/2) /(ataxsin(f*x+e) )~ (1/2)

)/ (c-d)/f/a~(1/2)/c~(1/2)/(c+d)~(1/2) /g~ (1/2)

Rubi [A] time = 0.54, antiderivative size = 168, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 39,

number of rules _ ) 103, Rules used = {2938, 2782, 205, 2930}

integrand size

1 \afe Vg cos(e+fx) 1 \a Vg cos(e+fx)
2d tan Ve+d \Jasin(e+fx)+a /g sin(e+fx) ) \/E tan ( V2 \Jasin(e+ fx)+a y/gsin(e+ fx)

Vavef\Re-dVerd Va B (- d)

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrtla + a*Sin[e + f*x]]*(c + dxSinl[e + fxx])),
x]

[Out] -((Sqrt[2]*ArcTan[(Sqrt[a]*Sqrt[g]*Cosle + fxx])/(Sqrt[2]*Sqrt[g*Sin[e + f*
x]]*Sqrtla + a*Sin[e + f*x]1])])/(Sqrtlal*(c - d)*f*Sqrtlg])) + (2*d*ArcTan[
(Sqrt[al*Sqrt [c]*Sqrt[g]*Cos[e + f*x])/(Sqrtlc + dl*Sqrt[g*Sin[e + f*x]]*Sq

rt[a + axSinf[e + f*x]]1)])/(Sqrt[al*Sqrtlcl*(c - d)*Sqrtlc + d]*fxSqrtlg]l)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/bl

Rule 2782

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrt[(c_.) + (d_.)*sin[(e
_) + (f_)*x(x_)1]1), x_Symbol] :> Dist[(-2*a)/f, Subst[Int[1/(2%b"2 - (a*c
- bxd)*x72), x], x, (b*Cos[e + f*x])/(Sqrtl[a + b*Sin[e + f*x]]*Sqrt[c + dxS
infe + f*x]1)]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - a*xd, 0] &&
EqQ[a”2 - b2, 0] && NeQ[c™2 - d~2, 0]

Rule 2930

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)x(x )11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[(-2%Db)/
f, Subst[Int[1/(b*c + a*xd + c*xg*x~2), x], x, (b*Cosl[e + f*x])/(Sqrt[g*Sin[e
+ f*x]]1*Sqrt[a + bxSin[e + f*x]1]1)], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x]
&& NeQ[bxc - axd, 0] && EqQ[a"2 - b~2, 0]

Rule 2938

Int[1/(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrtl(a_) + (b_.)*sin[(e_.) + (f
_Ox(x )11x((c ) + (d_.)*sinf[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrtla + b*Sin[e + f*x]]), x], x] - D
ist[d/(b*c - a*d), Int[Sqrtl[a + b*Sin[e + fxx]]/(Sqrtl[g*Sinle + f*x]]x*(c +
d*Sinle + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[bxc - ax
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d, 0] & (EqQ[a~2 - b~2, 0] || EqQlc™2 - d~2, 0])

Rubi steps

1 d d \a+asin(e+
f 1 dx = f Vg sin(e+fx) y/a+asin(e+£x) X 3 f Vg sin(e+fx) (c+d
Vg sin(e + fx)y/a + asin(e + fx) (c + d sin(e + fx)) c—d a(c —d)

(2a) Subst ( f

acos(e+fx
———dx, x, cos(er/x)
20%+agx /g sin(e+fx) y/a+a sin(e+

c-d)f

1 \a Vg cos(e+fx) ]
\/E tan ( V2 \[gsin(e+ fx) y/a+asin(e+fx) ) 2d tan

Va(c-dfyg

Mathematica [C] time = 40.37, size = 99621, normalized size = 592.98

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[1/(Sqrt[gxSin[e + fxx]]*Sqrt[a + a*Sin[e + f*x]]*(c + d*Sin[e + f
*x])) ,x]

[Out] Result too large to show

fricas [B] time = 2.47, size = 3175, normalized size = 18.90

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*sin(f*x+e)) ~(1/2),x,
algorithm="fricas")

[Out] [-1/4*(sqrt(2)*(a*xc”™2 + axc*d)*gxsqrt(-1/(a*g))*log((4*sqrt(2)*(3xcos(f*x +
e)”2 + (3*cos(fxx + e) + 4)*sin(f*x + e) - cos(f*x + e) - 4)*sqrt(axsin(f*
X + e) + a)*sqrt(gxsin(f*x + e))*sqrt(-1/(a*xg)) + 17*xcos(f*x + e)”3 + 3*cos
(f*x + e)72 + (17*xcos(f*x + e)72 + 14xcos(f*x + e) - 4)*sin(f*x + e) - 18%c
os(f*x + e) - 4)/(cos(f*x + e)73 + 3xcos(fxx + e)72 + (cos(f*x + e)72 - 2xc
os(f*x + e) - 4)*sin(f*x + e) - 2xcos(f*x + e) - 4)) - sqrt(-(axc™2 + a*xcxd
)*g)*d*log (((128*a*c™4 + 256*a*xc™3xd + 160*axc”2*d~2 + 32*kaxcxd”3 + axd™4)x*
gxcos(f*xx + )75 - (128%a*xc™4 + 192%a*xc”3*d + 64xaxc”2*%d™2 - 4*akxcxd™3 - ax
d~4)xg*cos(f*x + e)”™4 - 2x(208*a*xc™4 + 368%axc”3xd + 195kaxc”2xd"2 + 32xax*c
*xd~3 + axd"4)x*gkcos(f*xx + e)”3 + 2x(64*%axc”4 + O94*axc”3*kd + 29*axc”2*xd"2 -
4xa*xcxd”3 - axd"4)xgxcos(f*x + e)”2 + (289*%axc”4 + 480*a*xc”3*d + 230*a*xc”2*
d™2 + 32xaxc*d”3 + axd"4)xgxcos(f*xx + e) + 8x((16*c™3 + 24*c™2xd + 10*c*d™2
+ d"3)*cos(f*x + e)74 - (24xc™3 + 28*c”2xd + T*ckd"2)*cos(f*x + e)”3 + blx
c™3 + B9*kcT2xd + 17xc*d”2 + d73 - (66%c”3 + 83%c”2*d + 27*cxd”2 + 2*d"3)*co
s(fxx + e)72 + (25%c”™3 + 28xc”2*d + Txc*d"2)*cos(f*x + e) + ((16%c™3 + 24x*c
“2xd + 10%cxd”2 + d73)*cos(f*x + e)73 - 51xc”™3 - 59*c”2*d - 17xc*d"2 - 473
+ (40%c™3 + B2*c”2xd + 17xc*d”2 + d73)*cos(f*x + e)72 - (26%c™3 + 31*c™2xd
+ 10*%c*d™2 + d~3)*cos(f*x + e))*sin(f*x + e))*sqrt(-(a*xc™2 + axc*d)*g)*sqrt
(axsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (a*xc™4 + 4xaxc”™3xd + 6*akxc™2*d”
2 + 4dxaxckxd”3 + axd"4)*g + ((128*axc™4 + 256%a*xc”3xd + 160*axc”2xd"2 + 32xa
xc*d”3 + axd”4)*gxcos(fxx + e)74 + 4x(64xa*xc”4 + 112*axc”3*xd + 56*axc”2*xd"2
+ Txaxcxd~3)*gxcos(f*x + e)73 - 2x(80%a*c™4 + 144*axc™3*xd + 83*axc™2xd"2 +
18*axcxd~3 + axd~4)*gxcos(f*x + e)”2 - 4x(72*%axc™4 + 119*%axc™3*d + 56*akxc”
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2xd72 + Txaxcxd~3)*gxcos(f*x + e) + (axc™4 + 4xa*xc”3*d + 6kaxc”2xd"2 + 4*ax
c*d”3 + axd"4)x*g)*sin(f*x + e))/(d"4*cos(f*x + e)75 + (4xc*xd”3 + d~4)*cos(f
*X + e)74 + cT4 + 4%cT3%d + 6%cT2%d72 + 4*ckd”3 + d74 - 2x(3%cT2+d”2 + d74)
xcos(fxx + e)73 - 2% (2%xc7™3*d + 3%cT2%d"2 + 4*kckd”3 + d74)*cos(f*x + )72 +
(c™4 + 6%c™2%d”2 + d74)*cos(f*x + e) + (d74xcos(f*x + e)”4 - 4*cxd"3*cos(fx*
X + e)73 + ¢4 + 4xcT3*d + 6%cT2%d72 + 4xc*kd”3 + d74 - 2% (3*cT2*d72 + 2xc*d
3 + d74)*cos(f*x + e)72 + 4*x(c"3xd + c*d"3)*cos(fxx + e))*sin(f*x + e))))/
((a*c™3 - axcxd™2)*xf*xg), 1/4*(2*sqrt(2)*(axc™2 + axckd)*gksqrt(1l/(a*xg))*arc
tan(1/4*sqrt(2)*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sqrt(1/(axg))
*x(3xsin(f*x + e) - 1)/(cos(f*x + e)*sin(f*x + e))) + sqrt(-(a*xc™2 + axckxd)x*
g)*d*log (((128*a*xc™4 + 256%axc”3*d + 160*axc™2xd"2 + 32xa*xcxd™3 + a*xd™4)*gx
cos(f*x + e)75 - (128%axc™4 + 192%axc”3%d + 64*a*xc™2*%d"2 - 4*akxcxd™3 - a*xd”
4)*xgxcos(f*x + e)74 - 2x(208xa*xc”4 + 368*a*xc”3*xd + 195*axc”2xd"2 + 32%axckd
73 + axd”4)*gxcos(f*x + )73 + 2% (64*a*xc”4 + 94xaxc”3xd + 29%axc”2xd”"2 - 4x
axcxd™3 - axd"4)x*gkcos(f*xx + e)72 + (289xa*xc”4 + 480*axc”3*xd + 230*a*xc”2*d”
2 + 32xaxcxd”3 + axd"4)xgkcos(f*xx + e) + 8%((16%c™3 + 24*c”2xd + 10*c*d”~2 +
d™3)*cos(f*x + e)74 - (24%c™3 + 28%c™2%d + 7T*c*d"2)*cos(f*x + e)73 + blxc”
3 + B9xc72xd + 17*c*d™2 + d™3 - (66%c™3 + 83xc™2xd + 27*c*d™2 + 2*d~3)*cos (
fxx + )72 + (25%xc”3 + 28*%c72*d + T*kckd"2)*cos(fxx + e) + ((16%c™3 + 24*c™2
xd + 10*c*d”2 + d73)*cos(f*x + e)73 - B51xc™3 - B9*c™2xd - 17*xc*d”2 - 473 +
(40%c™3 + B52*c™2xd + 17*c*d”2 + d”~3)*cos(f*x + e)72 - (26%xc™3 + 31*c™2*d +
10xc*d”™2 + d73)*cos(f*x + e))*sin(f*x + e))*sqrt(-(axc™2 + axcxd)*g)*sqrt(a
xsin(f*x + e) + a)*sqrt(gxsin(f*x + e)) + (axc™4 + 4xaxc™3*d + 6xaxc”2*d"2
+ 4xaxcxd”3 + axd"4)*g + ((128*a*xc™4 + 256%axc”3*d + 160*axc™2xd"2 + 32xa*c
*d~3 + axd"4)xgkcos(f*xx + e)”"4 + 4x(64*%axc”4 + 112xa*xc”3*d + B6*axc”2*d"2 +
Txaxckd™3) *gkcos (fxx + e)73 - 2x(80%a*xc™4 + 144xa*xc”3*d + 83*a*xc™2*d"2 + 1
8xaxcxd™3 + axd”"4)*gxcos(f*x + e)72 - 4x(72%axc”4 + 119%axc”3*d + 56*xaxc”2x
d™2 + 7Txakxckd"3)*gxcos(f*x + e) + (axc™4 + 4xa*xc™3xd + 6*axc”2xd"2 + 4xaxcx
d”3 + a*xd”4)*g)*sin(f*x + e))/(d"4*cos(f*x + e)75 + (4*c*d™3 + d~4)*cos(f*x
+ e)74 + c74 + 4xc73xd + 6%xcT2xd72 + 4xcxd”3 + d74 - 2%x(3%cT2%d”2 + d74)*c
os(f*xx + e)73 - 2x(2xc™3*%d + 3*xc”2xd"2 + 4*cxd”3 + d”4)*cos(f*xx + )72 + (c
T4 + 6%c”2xd"2 + d74)*cos(fxx + e) + (d"4*cos(fxx + e)”4 - 4xc*d"3xcos(f*x
+ e)73 + ¢4 + 4%c73*d + 6%cT2%d72 + 4xckd”3 + d74 - 2x(3*%cT2*d"2 + 2%c*xd”3
+ d74)*cos(f*x + e)72 + 4x(c™3xd + c*d"3)*cos(f*x + e))*sin(f*xx + e))))/((
axc™3 - axcxd"2)*fx*xg), -1/4x(sqrt(2)*(a*xc™2 + axcx*d)*g*xsqrt(-1/(a*xg))*log((
4xsqrt (2)*(3xcos(f*x + e)72 + (3*cos(f*x + e) + 4)*sin(f*x + e) - cos(fx*x +
e) - 4)xsqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sqrt(-1/(axg)) + 17%
cos(f*x + e)73 + 3*cos(f*x + e)”2 + (17xcos(f*x + e)72 + l4xcos(f*x + e) -
4)*sin(fxx + e) - 18*cos(f*x + e) - 4)/(cos(f*x + e)”3 + 3*cos(f*x + e)72 +
(cos(f*x + e)72 - 2xcos(fxx + e) - 4)*sin(f*x + e) - 2*cos(f*x + e) - 4))
+ 2xsqrt((axc™2 + axcxd)*g)*d*arctan(1/4*((8%c”2 + 8*cxd + d~2)*cos(f*x + e
)72 - 9%cT2 - 8%ckd - d72 + 2x(4xc”2 + 3kcxd)*sin(f*x + e))xsqrt((a*xc”2 + a
xc*xd) *g) *sqrt (a*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/((2*%axc™3 + 3kaxc 2%
d + axc*xd”2)*g*cos(f*x + e)73 + (a*c”™3 + axc”2*d)*gkcos(f*x + e)*sin(f*x +
e) - (2%a*xc™3 + 3ka*xc”2*d + axc*xd”2)*xgxcos(fxx + e))))/((axc™3 - axcxd™2)*f
xg), 1/2*%(sqrt(2)*(axc™2 + axcxd)*g*sqrt(1/(a*xg))*arctan(1/4*sqrt(2)*sqrt(a
xsin(f*x + e) + a)*sqrt(g*sin(f*x + e))*sqrt(1l/(a*xg))*(3*sin(f*x + e) - 1)/
(cos(fxx + e)xsin(f*x + e))) - sqrt((a*xc™2 + axc*d)*g)*d*arctan(1/4*((8*c~2
+ 8*ckd + d72)*cos(fxx + e)72 - 9%c”2 - 8%ckxd - d72 + 2%(4*%c”2 + 3kckd)*si
n(f*x + e))*sqrt((axc™2 + axcxd)*g)*sqrt(axsin(f*x + e) + a)*sqrt(g*sin(f*x
+ e))/((2*%a*c™3 + 3*a*xc™2*d + axc*xd"2)*gxcos(f*x + e)73 + (a*xc™3 + axc™2*d
)*kgxcos(f*xx + e)*sin(f*x + e) - (2%axc™3 + 3*axc™2*xd + axc*d™2)*g*cos(f*x +
e))))/((axc™3 - akxcxd™2)xfx*g)]

giac [F] time = 0.00, size = 0, normalized size = 0.00

1

d
.Jaﬁn(fx+e)+a(d$n(fx+e)+c) gﬂn( x+e) ’

Verification of antiderivative is not currently implemented for this CAS.



142

[In] integrate(1/(c+d*sin(fx*x+e))/(g*sin(f*x+e))~(1/2)/(ata*xsin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(1l/(sqrt(a*xsin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(gxsin(f*x +

e))), x)

maple [B] time = 0.56, size = 621, normalized size = 3.70

-1 +cos(fx+e) —1+cos(fx+e)

sin( fx+e)

sin( x+e)

(—1 +cos(fx+e) —sin(fx+e))sin(fx+e) 2arctan( - )\/—(c—d)(c+d) \

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(ata*xsin(f*x+e)) " (1/2),x%)

[Out] 1/f*x(-(-1+cos(fxx+e))/sin(f*x+e)) " (1/2)*(-1+cos(f*x+e)-sin(f*x+e))*sin(f*x+
e)*(2*xarctan((-(-1+cos(f*x+e))/sin(f*x+e) )~ (1/2) )*(-(c-d) *(c+d) )~ (1/2)*(((-
(c=d)*(c+d))~(1/2)+d) *c) ~(1/2) * ((-d+(-(c-d) *(c+d) )~ (1/2))*c) " (1/2)+(((-(c-d
Yx(c+d)) " (1/2)+d) *c) " (1/2) *arctanh ((- (-1+cos(f*x+e) ) /sin(f*x+e) )~ (1/2) *c/ ((
—-d+(-(c-d)*(c+d))~(1/2))*c)~(1/2))* (- (c-d) *(c+d) ) ~(1/2) *d+(((-(c-d) *(c+d) )~
(1/2)+d)*c) "~ (1/2)*arctanh ((-(-1+cos (f*x+e))/sin(f*x+e)) ~(1/2)*c/((-d+(-(c-d
)x(c+d))~(1/2))*c)~(1/2) ) *xcxd-(((-(c-d)*(c+d))~(1/2)+d) *c) ~(1/2)*arctanh ((-
(-1+cos(f*x+e))/sin(f*x+e)) ~(1/2) *c/ ((-d+(-(c-d)*(c+d)) ~(1/2))*c)~(1/2))*d”
2-arctan((-(-1+cos(f*x+e))/sin(f*x+e)) " (1/2)*c/ (((-(c-d) *(c+d)) ~(1/2)+d) *c)
~(1/2))*((=d+(-(c-d)*(c+d) )~ (1/2) ) *c)~(1/2) * (- (c-d) * (c+d) )~ (1/2) *d+ ((-d+ (- (
c-d)*(c+d)) " (1/2))*c)~(1/2)*arctan((-(-1+cos(f*x+e) ) /sin(fxx+e) )~ (1/2) *c/ ((
(-(c-d)*(c+d))~(1/2)+d)*c) ~(1/2) ) *c*d-arctan((-(-1+cos (f*x+e) ) /sin(f*x+e) )~
(1/2)*c/ (((-(c-d)*(c+d)) ~(1/2)+d) *c) ~(1/2) ) * ((-d+ (- (c-d) *(c+d) ) " (1/2) ) *c) " (
1/2)*d"2) /(gxsin(f*x+e)) ~(1/2)/(ax(1+sin(f*x+e)))~(1/2)/(-1+cos(f*x+e) )/ (c-
d)/(=(c-d)*(c+d))~(1/2) / (((-(c=d)*(c+d) )~ (1/2)+d) *c) ~(1/2) / ((-d+ (- (c-d) *(c+
d))~(1/2))*c)~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
1
\/asin(fx+e) + a(dsin(fx+e) + c) gsin( x+e)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(c+d*sin(f*x+e))/(gksin(f*x+e))”(1/2)/(ata*xsin(f*x+e))”(1/2),x,
algorithm="maxima")

[Out] integrate(l/(sqrt(a*sin(f*x + e) + a)*(d*sin(f*x + e) + c)x*sqrt(gxsin(f*x +

e))), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

1

f\/gsin(e+fx) \/a+a sin(e+fx) (c+dsin(e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/((gxsin(e + fxx))~(1/2)x(a + a*sin(e + £*x))~(1/2)*(c + d*sin(e + f*x
))),x)

[Out] int(1/((g*xsin(e + f*x))~(1/2)*(a + a*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))), x)
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

f\/a (sin (e+fx) +1) \/gsin (e+fx) (c+dsin (e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1l/(c+d*sin(fx*x+e))/(g*sin(f*x+e))**(1/2)/(ata*xsin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(ax(sin(e + f*x) + 1))*sqrt(gxsin(e + fx*x))*(c + d*xsin(e +
f*x))), x)
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3.09 f csc(e+fx)/a+bsin(e+fx) dx

c+csin(e+fx)

Optimal. Leaf size=238

COS(e+fx)\/a+bSm(e+fx)_(a—b),/%l—”(%(e+fx—g)luz—;)+\/a+bsin(e+fx)E(% e+ fx—
f(csin(e + fx) +c) cf\/a + bsin(e + fx) of a+bsin(e+£x)

a+b

[Out] cos(fxx+e)*(atbxsin(f*x+e)) " (1/2)/f/(c+cxsin(f*xx+e))-(sin(1/2*%e+1/4xPi+1/2x%
£xx)72)7(1/2) /sin(1/2xe+1/4xPi+1/2xf*x) *E1lipticE(cos (1/2xe+1/4%Pi+1/2xf*x)
,27(1/2)*%(b/ (a+b)) ~(1/2) ) *(a+b*sin(f*x+e)) ~(1/2) /c/f/((a+bxsin(f*x+e) )/ (a+b

1)~ (1/2)+(a-b)*(sin(1/2*%e+1/4*Pi+1/2*f*x)"2)~(1/2) /sin(1/2*e+1/4*Pi+1/2xf*x
)*EllipticF(cos(1/2xe+1/4%Pi+1/2xf*x),27(1/2)*(b/(a+b))~(1/2))*((atb*sin(f*
x+e))/(a+b)) " (1/2)/c/f/(a+bxsin(fxx+e) )~ (1/2)-2*a*x(sin(1/2*e+1/4xPi+1/2xf*x
)72)7(1/2)/sin(1/2%e+1/4*Pi+1/2*f*x)*E1lipticPi(cos(1/2%e+1/4%Pi+1/2%f*x) ,2
,27(1/2)*(b/ (a+b)) ~(1/2) ) *((atb*sin(f*xx+e) ) /(a+b) )~ (1/2) /c/f/ (atb*sin(f*x+e

)~ (1/2)

Rubi [A] time = 0.50, antiderivative size = 238, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 9, integrand size = 33,

number of rules _ ) 273, Rules used = {2935, 2807, 2805, 2768, 2752, 2663, 2661, 2655, 2653}

integrand size

cos(e + fx)\/a + bsin(e + fx) _(a—b),/%lf(% (e+fx— g)l%)+Ja+bsin(e+fx)E(% (e+fx—‘

flesin(e + fx) +¢) cf+Ja + bsin(e + fx) of a+bsin(e+fx)

a+b

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtl[a + b*Sinl[e + f*x]]1)/(c + c*Sinle + f*x]),x]

[Out] (EllipticE[(e - Pi/2 + fx*x)/2, (2*b)/(a + b)]*Sqrtl[a + bxSin[e + fxx]])/(c*
fxSqrt[(a + b*Sin[e + f*x])/(a + b)]) - ((a - b)*EllipticF[(e - Pi/2 + fx*x)

/2, (2%b)/(a + b)]*Sqrt[(a + bxSin[e + fxx])/(a + b)])/(cxf*Sqrtla + b*Sin[

e + f*x]]) + (2*%axEllipticPi[2, (e - Pi/2 + f*x)/2, (2xb)/(a + b)]*Sqrtl[(a

+ b*Sin[e + f*x])/(a + b)])/(c*f*Sqrt[a + b*Sinle + f*x]]) + (Cosl[e + fxx]*
Sqrt[a + b*Sinf[e + f*x]])/(f*x(c + c*Sinf[e + fx*x]))

Rule 2653

Int[Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2*Sqrt[a
+ b]*E1lipticE[(1*(c - Pi/2 + d*x))/2, (2*b)/(a + b)1)/d, x] /; FreeQ[{a,
b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, 0]

Rule 2655

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt[a +
bxSin[c + d*x]]/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
xSin[c + d*x])/(a + b)], %], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] && 'GtQ[a + b, 0]

Rule 2661

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2*Elli
pticF[(1x(c - Pi/2 + d*x))/2, (2xb)/(a + b)])/(d*Sqrtl[a + bl), x] /; FreeQl
{a, b, ¢, 4}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, 0]

Rule 2663
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Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + bxSin[c + d*x]], Int[1/Sqrtl[a/(a + b)

+ (b*Sin[c + d*x])/(a + b)], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -

b"2, 0] && 'GtQ[a + b, 0]

Rule 2752

Int[((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + f*x]
1, x], x] + Dist[d/b, Int[Sqrt[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0]

Rule 2768

Int[((c_.) + (d_.)*sin[(e_.) + (f£_.)*(x_)1)"(m_)/((a_) + (b_.)*sin[(e_.) +

(f_)*(x_)]1), x_Symbol] :> -Simp[(b~2*Cos[e + f*x]*(c + d*Sin[e + f*x]) (n

+ 1))/ (axfx(bxc - a*d)*(a + b*Sinl[e + f*x])), x] + Dist[d/(ax(b*c - axd)),

Int[(c + d*Sin[e + f*x]) n*x(a*n - bkx(n + 1)*Sin[e + f*x]), x], x] /; FreeQ[
{a, b, ¢, d, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c~2
- d"2, 0] & LtQ[n, 0] && (IntegerQ[2*n] || EqQ[c, 0])

Rule 2805

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*x(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11), x_Symbol]l :> Simp[(2*#EllipticPi[(2*b)/(a + b), (1*(e - Pi
/2 + £xx))/2, (2¥d)/(c + A)])/(fx(a + b)*Sqrtlc + d]), x] /; FreeQ[{a, b, c
, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2 - 472,
0] && GtQ[c + 4, 0]

Rule 2807

Int[1/(((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + d*Sin[e + f*x]], Int[1/((a + bxSin[e + f*x])*Sqrtlc/(c + d) + (d*Sinf[e
+ f*xx])/(c + d)1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd
, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - d72, 0] && !'GtQlc + d, 0]

Rule 2935

Int[Sqrtl(a_) + (b_.)*sinf[(e_.) + (f_.)*x(x_)]11/(sinl(e_.) + (£f_.)*(x_)I1*((c
)+ (d_)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[a/c, Int[1/(Sin[e +
fxx]*Sqrt[a + b*Sinl[e + f*x]]), x], x] + Dist[(b*c - axd)/c, Int[1/(Sqrt[a
+ b*Sin[e + f*x]]*(c + d*Sinle + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f
}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
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4 f csc(e+fx)

fcsc(e + fx)\/%z + bsin(e + fx) dx = (-a + b)f 1 g+ \a+bsin(e+fx) =
¢+ csin(e + fx) \/a + bsin(e + fx) (c+csin(e+fx)) c
csm(e+fx (a a+bsin(e+fx
_ cos(e + fx)\/a + bsin(e + fx) f \/m b
B f(c+csin(e + fx)) c2 c+fa +
a+b sin(e+fx)
2all (2 (e —gtfx ) a+b) a+b cos(e + fx)y/a + bsin(e +
- cf\/a+bsm(e+fx) f(c + csin(e + fx))
2b a+b sin(e+fx)
2a1l (2 (e 27 fx) a+b) a+b cos(e + fx)y/a+ bsin(e +
- cf+/a + bsin(e + fx) f(c+csin(e + fx))

E(%(e— g +fx)|f—jj)\/a+bsm(e+fx) (a—b)P(% (e— g +fx)|£
= Cf a+b sin(e+fx) B Cf\/m

a+b

Mathematica [C] time = 6.64, size = 611, normalized size = 2.57

2sin (%(e + fx)) (sin (l(e " fx)) + CoS ( (e+ fx))) \/a TTemeT fx) (sin (%(e + fx)) + cos (%(e + fx)))‘

f(csin(e + fx) +c¢)

Warning: Unable to verify antiderivative.

[In] Integrate[(Cscl[e + f*x]*Sqrt[a + b*Sin[e + f*x]])/(c + c*Sin[e + f*x]),x]

[Out] (-2*Sin[(e + fx*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2])*Sqrt[a + b*Sin[e
+ £xx]])/(fx(c + c*Sinl[e + f*x])) + ((Cos[(e + f*x)/2] + Sin[(e + f*x)/2])
2% ((-4xbxEllipticF[(-e + Pi/2 - f*x)/2, (2%b)/(a + b)]*Sqrt[(a + bxSin[e +
f*x])/(a + b)])/Sqrtla + bxSin[e + f*x]] + (2*(-4*a - b)*EllipticPi[2, (-e
+ Pi/2 - fxx)/2, (2*%b)/(a + b)1*Sqrt[(a + b*Sinfe + f*x])/(a + b)]1)/Sqrtla
+ b*Sinfe + f*x]] + ((2*I)*bxCos[e + f*xx]*Cos[2*(e + f*xx)]*(2*a*x(a - b)*El
lipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sin[e + f*x]]], (a + b)/(a
- b)] + b*(2*axEllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sin[e +
fxx]1], (a + b)/(a - b)] - b*EllipticPi[(a + b)/a, I*ArcSinh[Sqrt[-(a + b)~
(-1)]*Sqrt[a + bxSin[e + fxx]]], (a + b)/(a - b)]))*Sqrt[(b - bxSin[e + fxx
1D/(a + b)]*8qrt[-((b + b*Sin[e + f*x])/(a - b))])/(a*xSqrt[-(a + b)7(-1)]%*S
grt[1 - Sin[e + f*x]"2]*(-2%a"2 + b™2 + 4xax(a + bxSin[e + fx*x]) - 2x(a + b
xSin[e + fxx])~2)*Sqrt[-((a”2 - b~2 - 2%a*x(a + b*Sin[e + f*x]) + (a + b*Sin
[e + £*x])72)/b"2)]) + (2*Cot[e + f*x]*Sqrt[a + b*Sinl[e + f*x]]*Sin[2*(e +
fxx)]1)/(1 - Sinf[e + £*x]72)))/(4xfx(c + c*Sinle + f*x]))

fricas [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
fricas")

[Out] Exception raised: TypeError >> Error detected within library code: faile
d of mode Union(SparseUnivariatePolynomial (SimpleAlgebraicExtension(InnerPr
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imeField(17) ,SparseUnivariatePolynomial (InnerPrimeField(17)),7 2+2x7+13)) ,f
ailed) cannot be coerced to mode SparseUnivariatePolynomial (SimpleAlgebraic
Extension(InnerPrimeField(17),SparseUnivariatePolynomial (InnerPrimeField (17
)),772+2%7+13))

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e) +a
f(csin(fx+e) +c)sin(fx+e) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cxsin(f*x + e) + c)*sin(f*x + e)), x)
maple [A] time = 4.93, size = 593, normalized size = 2.49

2(%_1)\/a+bsin( x+e) \/b(l—sin(fx+e)) \/(—sin(ﬂiﬂ)—l)b bElliptiCPi[ a+bsin(fx+e:

a-b a+b b a-b

\/—(—b sin(fx+e)—a) (cosz(fx+e))

\/— (—b sin (fx + e) - a) (c052 (fx + e)) —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(fx*x+e))~(1/2)/sin(f*x+e)/(c+cxsin(f*xx+e)),x)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*x+e)” 2)7(1/2)/c*(-2%(a/b-1)* ((atb*sin(f*x+e))/(a-
b))~ (1/2)*(bx(1-sin(f*x+e))/(a+b)) " (1/2) *((-sin(f*x+e)-1)*b/(a-b))~(1/2) /(-
(-bxsin(f*x+e)-a)*cos(f*xx+e)~2)~(1/2) *b*EllipticPi (((atb*sin(f*x+e))/(a-b))
~(1/2),-(-a/b+1) /a*b, ((a-b) /(a+b) )~ (1/2) ) +(-a+b) * (- (-b*sin(f*x+e) "2-a*sin(f
*x+e) +bxsin(f*x+e)+a)/(a-b)/((-bxsin(f*x+e)-a)* (sin(f*x+e)-1)*(1+sin(f*x+e)
)) " (1/2)-2%b/ (2%¥a-2%b) * (a/b-1) * ((a+bxsin(f*x+e))/(a-b) )~ (1/2) * (b* (1-sin(f*x
+e))/(a+b))~(1/2) *((-sin(f*x+e)-1)*b/(a-b)) ~(1/2) /(- (-b*sin(f*x+e)-a)*cos (f
xx+e) "2) 7 (1/2)*EllipticF(((a+bxsin(f*x+e))/(a-b))~(1/2),((a-b)/(a+b))~(1/2)
)-b/(a-b)*(a/b-1)*((a+b*sin(f*x+e))/(a-b)) " (1/2)*(bx(1-sin(f*x+e))/(a+b)) ~(
1/2)*((-sin(f*x+e)-1)*b/(a-b))~(1/2)/ (- (-bxsin(f*x+e) -a)*cos (f*x+e) "2) ~(1/2
)*((-a/b-1)*EllipticE(((atb*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))~(1/2))+E
1lipticF(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))~(1/2)))))/cos(f*x+e)/
(a+b*sin(f*x+e)) "~ (1/2)/f

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e)+a i
f(csin(fx+e) +c)sin(fx+e) ?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+c*sin(f*x+e)),x, algorithm="
maxima"

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((c*sin(f*x + e) + c)*sin(f*x + e)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

\/a+bsin(e+fx)
fsin(e+fx) (c+csin(e+fx)) =
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*sin(e + f*x))),x)
[Out] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + c*xsin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a+bsin (e+fx)
f sin? (e+fx)+sin (e+fx) x

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+cxsin(f*x+e)),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sin(e + f*x)**2 + sin(e + f*x)), x)/c
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csc(e+fx)

f \/a+b sin(e+f x) (c+c sin(e+fx))

3.30

Optimal. Leaf size=246

cos(e + fx)y/a + bsin(e + fx) V%FG (e+fx— %)I%)+Ja+bsin(e+fx)E(% (e+fx— g)l
f(a—=Db)(csin(e + fx) +¢) cf+Ja + bsin(e + fx) Cf(a_b)\/m
a+b

[Out] cos(fxx+e)*(atbxsin(fxx+e)) " (1/2)/(a-b)/f/(c+tcxsin(f*x+e))-(sin(1/2*e+1/4%P
i+1/2%f*x)72)7(1/2) /sin(1/2*%e+1/4*Pi+1/2*xf*x) *E1lipticE(cos(1/2*e+1/4xPi+1/
2%fxx),27(1/2)*(b/(a+b) )~ (1/2) ) *(a+b*sin(f*xx+e)) ~(1/2)/(a-b)/c/f/((a+b*sin(
fxx+e))/(a+b)) " (1/2)+(sin(1/2*e+1/4%Pi+1/2xf*xx) ~2)~(1/2)/sin(1/2*e+1/4*Pi+1
/2xfxx)*E1lipticF (cos (1/2%e+1/4%Pi+1/2*xf*x),27(1/2)*(b/ (a+b) )~ (1/2))* ((a+b*
sin(fxx+e))/(a+b))~(1/2)/c/f/(atb*sin(f*x+e)) " (1/2)-2*(sin(1/2%e+1/4xPi+1/2
*xf*x)72)7(1/2) /sin(1/2%e+1/4*Pi+1/2*xf*x)*xE1lipticPi(cos(1/2%e+1/4*Pi+1/2*f*
x),2,27(1/2)*(b/ (a+b) )~ (1/2) ) *((a+bxsin(f*x+e) )/ (a+b)) ~(1/2) /c/f/(a+b*sin(£f
xx+e)) " (1/2)

Rubi [A] time = 0.48, antiderivative size = 246, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 9, integrand size = 33,

number of rules _ ) 273, Rules used = {2941, 2807, 2805, 2768, 2752, 2663, 2661, 2655, 2653}

integrand size

cos(e + fx)v/a + bsin(e + fx) _V%F(% (e+fx—%)qu—i)+\/a+bsin(e+fx)E(% (e+fx—§)|‘
f(a—=Db)(csin(e + fx) +¢) cf+Ja + bsin(e + fx) Cf(a_b)\/m
a+b

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + b*Sin[e + f*x]]*(c + cxSinl[e + fxx])),x]

[Out] (EllipticE[(e - Pi/2 + fxx)/2, (2*b)/(a + b)]1*Sqrtla + bxSin[e + f*x]])/((a
- b)xcxfxSqrt[(a + bxSin[e + fxx])/(a + b)]) - (EllipticF[(e - Pi/2 + fx*x)

/2, (2%b)/(a + b)]1*Sqrt[(a + bxSin[e + fxx])/(a + b)])/(cxf*Sqrtla + b*Sin[

e + f*xx]]) + (2#EllipticPi[2, (e - Pi/2 + fxx)/2, (2%b)/(a + b)]*Sqrtl(a +
bxSinf[e + fxx])/(a + b)])/(cxf*Sqrtla + b*Sin[e + f*xx]]) + (Cos[e + f*x]*Sq

rt[a + bxSin[e + fxx]]1)/((a - b)*fx(c + c*Sinle + f*x]))

Rule 2653

Int[Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2*Sqrt[a
+ b]*E1lipticE[(1*(c - Pi/2 + d*x))/2, (2*b)/(a + b)1)/d, x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a"2 - b2, 0] && GtQ[a + b, O]

Rule 2655

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt[a +
bxSin[c + d*x]]/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
xSin[c + d*x])/(a + b)], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] && 'GtQ[a + b, 0]

Rule 2661

Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2*Elli
pticF[(1x(c - Pi/2 + d*x))/2, (2xb)/(a + b)])/(d*Sqrtl[a + bl), x] /; FreeQl
{a, b, ¢, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, 0]

Rule 2663
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Int[1/Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + bxSin[c + d*x]], Int[1/Sqrtl[a/(a + b)

+ (b*Sin[c + d*x])/(a + b)], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -

b"2, 0] && 'GtQ[a + b, 0]

Rule 2752

Int[((c_.) + (d_.)*sin[(e_.) + (£_.)*x(x_)1)/Sqrtl[(a_) + (b_.)*sin[(e_.) + (
f_)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + fxx]
1, x], x] + Dist[d/b, Int[Sqrt[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0]

Rule 2768

Int[((c_.) + (d_.)*sin[(e_.) + (f£_.)*(x_)1)"(mn_)/((a_) + (b_.)*sin[(e_.) +

(f_)*(x_)]1), x_Symbol] :> -Simp[(b~2*Cos[e + f*x]*(c + d*Sin[e + f*x]) (n

+ 1))/ (axfx(bxc - a*d)*(a + b*Sinf[e + f*x])), x] + Dist[d/(ax(b*c - axd)),

Int[(c + d*Sin[e + f*x]) n*x(a*n - bkx(n + 1)*Sin[e + f*x]), x], x] /; FreeQ[
{a, b, ¢, d, e, £}, x] && NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c~2
- d~2, 0] & LtQ[n, 0] && (IntegerQ[2*n] || EqQ[c, 0])

Rule 2805

Int[1/(((a_.) + (b_.)*sin[(e_.) + (£_.)*x(x_)1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)1]), x_Symbol] :> Simp[(2#EllipticPi[(2*b)/(a + b), (1*(e - Pi
/2 + £*x))/2, (2%d)/(c + d)])/(fx(a + b)*Sqrtlc + d]), x] /; FreeQl[{a, b, c
, d, e, £}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2 - 472,

0] && GtQ[c + d, 0]

Rule 2807

Int[1/(((a_.) + (b_.)*sin[(e_.) + (f_.)*(x_)1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)

+ (f_.)*(x_)11), x_Symbol]l :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + d*Sin[e + f*x]], Int[1/((a + bxSin[e + f*x])*Sqrtlc/(c + d) + (d*Sin[e
+ f*xx])/(c + d)1), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd
, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0] && !'GtQ[c + d, 0]

Rule 2941

Int[1/(sin[(e_.) + (f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)]1]1*(
(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[1/c, Int[1/(Sin[e
+ f*x]*Sqrt[a + bxSin[e + fx*x]]), x], x] - Dist[d/c, Int[1/(Sqrt[a + b*Sin
[e + fxx]]*(c + dxSinle + fxx])), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] &&
NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
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csc(e+fx)
f csc(e + fx) gy = f \/m f 1 L
Va + bsin(e + fx) (c + csin(e + fx)) c Va + bsin(e + fx) (c + csin(e + fx))

f c sin(e+ fx)

_cos(e+ fx)y/a +bsin(e + fo m
~ (a-Db)f(c+csin(e + fx)) (a — b)c?

oI (2 (6 _n, fx) asz) a+bsin(e+fx)

a+b cos(e + fx)\Ja+1

cf+/a+bsin(e + fx) (a—b)f(c+csi

2b a+bsin(e+fx)

_2H(2;%(e—5+fx)|m) T oarb Cos(e+fx)\/a+

cf+/a+bsin(e + fx) (a—b)f(c+csi

) E(%(e—g+fx)|&)\/a+bsin(e+fx) F(%(e—%+fx]

a+b sm(e+ £fx)

(a—b)cf

Mathematica [C] time = 6.66, size = 625, normalized size = 2.54

2sin (%(e + fx)) (sin (%(e ; fx)) + cos (%(e ; fx))) Ja+ bsin(e + f2)

(sin (%(e ; fx)) + cos (%(e tfx

f(a—=Db)(csin(e + fx) +c)
Warning: Unable to verify antiderivative.

[In] Integrate[Csc[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*(c + cxSinl[e + fxx])),x]

[Out] (-2*Sin[(e + fx*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + fxx)/2])*Sqrt[a + b*Sin[e

+ fxx]]1)/((a - b)*xf*(c + c*Sinle + f*x])) - ((Cos[(e + f*x)/2] + Sin[(e +
f*xx)/2]) "2+ ((4*b*EllipticF[(-e + Pi/2 - f*x)/2, (2xb)/(a + b)]*Sqrt[(a + bx
Sin[e + f*x])/(a + b)])/Sqrtla + b*Sin[e + f*x]] - (2*(-4xa + 3*b)*Elliptic
Pi[2, (-e + Pi/2 - fx*x)/2, (2*b)/(a + b)]*Sqrt[(a + b*Sin[e + f*x])/(a + b)
1)/Sqrtla + b*Sin[e + f*xx]] - ((2%I)*b*Cos[e + f*xx]*Cos[2x(e + fxx)]*(2xax*(
a - b)*EllipticE[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrt[a + b*Sinf[e + f*x]]1], (
a + b)/(a - b)] + bx(2xaxEllipticF[I*ArcSinh[Sqrt[-(a + b)~(-1)]*Sqrtla + b
xSin[e + fxx]]], (a + b)/(a - b)] - bxEllipticPi[(a + b)/a, I*ArcSinh[Sqrtl[
-(a + b)7(-1)]*Sqrt[a + b*Sin[e + f*x]]1], (a + b)/(a - b)]))*Sqrt[(b - b*Si
nle + f*x])/(a + b)]*Sqrt[-((b + b*Sin[e + f*x])/(a - b))])/(axSqrt[-(a + b
)7 (-1)1*Sqrt[1 - Sinf[e + f*x]"2]*(-2%a"2 + b~2 + 4*ax(a + bxSinl[e + fxx]) -

2x(a + bxSinle + f*xx])~2)xSqrt[-((a”2 - b™2 - 2%a*x(a + b*Sin[e + f*xx]) + (
a + bxSinle + f*x])72)/b"2)]) - (2+Cot[e + f*x]*Sqrt[a + b*Sin[e + f*x]]*Si
n[2x(e + £*x)])/(1 - Sinl[e + £*x]72)))/(4x(a - b)*fx(c + cxSinl[e + fx*x]))

fricas [F] time = 0.58, size = 0, normalized size = 0.00

\/bsin(fx+e +a

(a + b)ccos (fx+e)2 —(a+b)c+ (bccos (fx+e)2 —(a+ b)c) sin(fx+e)

integral | - , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+cksin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, algorithm

="fricas")
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[Out] integral(-sqrt(b*sin(f*x + e) + a)/((a + b)*cxcos(f*x + e)”2 - (a + b)*c +
(b*xckcos(fxx + e)”2 - (a + b)*c)*sin(f*x + e)), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
1
\/bsin (fx + e) +a (csin (fx + e) + c) sin (fx + e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(ctcksin(f*xx+e))/(atb*sin(f*xx+e))~(1/2),x, algorithm
=n gl ac" )

[Out] integrate(1l/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sin(f*x + e)), x

)

maple [A] time = 4.92, size = 587, normalized size = 2.39

2(5_1)\/a+b sin(fx+e) \/b(l—sin(fx+e)) \/(— sin(fx+e)—l)b bElliptiCPi[ a+b sin(fx+e) _!

b a-b a+b a-b a-b ’

—(-bsin(fx+e)—a)(cos®(fx+e)) |-
\/ ( (f ¥ ) )( (f ¥ )) \/—(—bsin(fx+e)—a)(cosz(fx+e))a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(c+c*sin(f*x+e))/(a+bxsin(f*xx+e))~(1/2),x)

[Out] (-(-b*sin(f*x+e)-a)*cos(f*x+e)”2)"(1/2)/c*x(-2*(a/b-1)*((a+b*sin(f*x+e))/(a-
b))~ (1/2) % (b*(1-sin(f*x+e))/(a+b) )~ (1/2) *((-sin(f*x+e)-1)*b/(a-b))~(1/2) /(-
(-bxsin(f*x+e)-a)*cos(fxx+e)~2)~(1/2)/a*xb*E1llipticPi(((at+b*sin(f*x+e))/(a-b
))~(1/2) ,-(-a/b+1) /a*xb, ((a-b)/(a+b)) " (1/2))+(-b*sin(f*x+e) "2-a*sin(f*x+e)+b
*sin(f*x+e)+a)/(a-b)/((-bxsin(f*x+e)-a)*(sin(f*x+e)-1)*(1+sin(f*xx+e)))~(1/2
)+2xb/ (2*%a-2xb) * (a/b-1) * ((a+b*sin(f*x+e))/(a-b)) ~(1/2) *(b*(1-sin(f*x+e))/(a
+b)) " (1/2)*((-sin(f*x+e)-1)*b/(a-b)) " (1/2) /(- (-b*sin(f*x+e) -a) *cos (f*x+e) "2
)~ (1/2)*EllipticF (((atb*sin(f*x+e))/(a-b))~(1/2),((a-b)/(a+b))~(1/2))+b/(a-
b) *(a/b-1) *((atb*sin(f*x+e))/(a-b)) " (1/2)* (b*x (1-sin(f*x+e))/(a+b)) ~(1/2) *((
-sin(f*x+e)-1)*b/(a-b))~(1/2)/(-(-b*sin(f*x+e)-a)*cos(f*x+e)~2)~(1/2)*((-a/
b-1)*EllipticE(((a+b*sin(f*x+e))/(a-b))~(1/2), ((a-b)/(a+b))~(1/2))+Elliptic
F(((atb*sin(f*x+e))/(a-b))~(1/2),((a-b)/(a+b))~(1/2))))/cos(f*x+e)/(a+b*sin
(fxx+e))~(1/2)/f

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
1
\/bsin (fx + e) +a (csin (fx + e) + c) sin (fx + e)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(c+cksin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, algorithm
="maxima"

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sin(f*x + e)), x

)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
1
sin(e+fx) \/a+b sin(e+fx) (c+c sin(e+fx))

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))),x)
[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

f \/a+bsin (e+fx) sin? (e+fx)+1 [a+bsin (e+fx) sin (e+fx)

(o

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ctcksin(f*xx+e))/(atb*sin(f*xx+e))**x(1/2),x%)

[Out] Integral(l/(sqrt(a + bxsin(e + f*x))*sin(e + f*x)**2 + sqrt(a + b*sin(e + f
xx))*sin(e + f*x)), x)/c
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3.31 f Vg sin(e+fx) \/a+bsin(e+fx) dx

c+csin(e+fx)

Optimal. Leaf size=267

sin(e+fx) - . -1 [ cos(e+fx) _ a_b a(l-sin(e+fx)) a(sin(e+fx)+1)
sin(e+fx)+1 \/a +b sm(e + fX) E (Sln (sin e+fx)+1) a+b) 2\/§ sec(e + fx)\/ a+b sin(e+fx) \/ a+b sin(e+fx) (l

7~ a+b sin(e+fx)
Cf gSIH(e + fx \/(a+b )(sin(e+fx)+1)

[Out] 2xEllipticPi((a+b)~(1/2)*(g*sin(f*x+e))~(1/2)/g~(1/2)/(a+tbxsin(f*x+e))~(1/2
) ,b/(at+b), ((-a+b)/(a+b))~(1/2))*sec(f*x+e)* (a+tb*sin(f*x+e))*xg~ (1/2)*(a*x(1-s
in(f*xx+e))/(atb*sin(f*x+e))) ~(1/2)*(ax(1+sin(f*x+e))/(atb*sin(f*xx+e))) " (1/2
)/c/f/(a+b)~(1/2)+g*EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2
))*(sin(f*x+e)/(1+sin(f*xx+e))) " (1/2)*x(atb*sin(f*xx+e))~(1/2)/c/f/(gxsin(f*x+
e))~(1/2)/((atbxsin(f*x+e))/(a+b)/(1+sin(f*x+e)))~(1/2)

Rubi [A] time = 0.50, antiderivative size = 267, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ 077, Rules used = {2928, 2811, 2932}

integrand size

/ sin(e+fx) - . -1 cos(e+fx) a-b a(l-sin(e+fx)) a(sin(e+fx)+1)
g sin(e+fx)+1 \/a +b Sln(e + fX) E (Sln (sin e+fx)+1) | h E) 2\/§ sec(e + fx)\/ a+b sin(e+fx) \/ a+b sin(e+fx) (l

(— a+bsin(e+fx)
Cf gSIH(e + fx \/(a+b )(sin(e+fx)+1)

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sinle + f*x]])/(c + c*Sin[e + f*x]),x]

[Out] (2*Sqrtlgl*EllipticPi[b/(a + b), ArcSin[(Sqrt[a + bl*Sqrt[g*Sinl[e + f*x]])/
(Sqrt[gl*Sqrt[a + bxSin[e + fxx]])], -((a - b)/(a + b))]xSec[e + fxx]*Sqrt[

(ax(1 - Sin[e + f*x]))/(a + b*Sinf[e + f*x])]*Sqrt[(ax(1 + Sin[e + fxx]))/(a

+ b*Sinfe + f*x])]x(a + b*Sinl[e + f*x]))/(Sqrtla + bl*c*f) + (g*EllipticE[
ArcSin[Cos[e + f*x]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*Sqrt[Sinf[e + f
xx]/(1 + Sinl[e + f*x])]*Sqrt[a + b*Sinf[e + f*x]])/(c*f*Sqrt[g*Sin[e + f*x]]
xSqrt[(a + b*Sinle + f*x])/((a + b)*(1 + Sinf[e + fx*x]))])

Rule 2811

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Simp[(2*(a + b*Sin[e + f*x])*Sqrt[((b*c - a*xd
)*¥(1 + Sinf[e + f*x]))/((c - d)*(a + b*Sin[e + f*xx]))I*Sqrt[-(((bxc - a*xd)*(
1 - Sinf[e + f*x]))/((c + d)*(a + b*Sin[e + f*x])))]*EllipticPil[(b*x(c + d))/
(dx(a + b)), ArcSin[(Rt[(a + b)/(c + d), 2]*Sqrt[c + dxSin[e + fxx]])/Sqrt[
a + b*Sinfe + f*x]]], ((a - b)x(c + d))/((a + b)*(c - d))])/(d*f*Rt[(a + b)
/(c + d), 21*Cos[e + f*x]), x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[bxc -
axd, 0] && NeQ[a"2 - b2, 0] && NeQ[c™2 - d~2, 0] && PosQ[(a + b)/(c + d)]

Rule 2928

Int[(Sqrt[(g_.)*sinl(e_.) + (f_.)*(x_)11*Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.
Yx(x )11)/((c ) + (d_.)*sin[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Dist[g/d, In
t[Sqrtla + b*Sin[e + f*x]]/Sqrtlg*Sin[e + f*x]], x], x] - Dist[(c*g)/d, Int
[Sqgrtl[a + b*Sin[e + f*x]]/(Sqrtlg*Sin[e + f*x]]1*(c + d*Sin[e + f*x])), x],
x] /; FreeQ[{a, b, c, 4, e, £, g}, x] & NeQ[b*c - axd, 0] && (EqQ[a"2 - b~
2, 0] |l EqQ[c™2 - 472, 0])

Rule 2932
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Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)x(x )11*((c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)1)), x_Symbol] :> -Simp[(Sqrt[
a + b*Sinle + f*x]]*Sqrt[(d*Sin[e + f*x])/(c + d*Sin[e + f*x])]*EllipticE[A
rcSin[(cxCos[e + f*xx])/(c + d*Sin[e + f*x])], (bxc - ax*d)/(b*xc + a*xd)])/(d*
fxSqrt[gxSin[e + f*xx]]*Sqrt[(c”2*x(a + b*Sinl[e + f*x]))/((axc + bxd)*(c + d*
Sinle + f*x]1))1), x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, O
] && NeQ[a~2 - b~2, 0] && EqQ[c™2 - 472, 0]

Rubi steps

\a+bsin(e+fx)
f Vg sin(e + fx) /a + bsin(e + fx) Va + bsin(e + fx) Jgsin(e+ %)

J
c + csin(e + fx) e = —(gf \gsin(e + fx) (c + csin(e + fx)) dx)+ ¢

b Va+b \[gsin(e+fx) _a-b a(1-sin(
2\/§H (a+b' S ( Vg \Ja+bsin(e+fx) ) | a+b) sec(e + fx) a+bsin(

Va+bcf

Mathematica [C] time = 34.48, size = 13199, normalized size = 49.43

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrtl[a + b*Sin[e + fx*x]])/(c + c*Sinl[e + f*
x]) ,x]
[Out] Result too large to show

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/bsin(fx+e) +a\/gsin(fx+e)

csin(fx+e) +c

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((gxsin(f*x+e))”(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+c*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)xsqrt(g*sin(f*x + e))/(cxsin(f*x + e) + ¢

), %)
maple [C] time = 1.39, size = 22962, normalized size = 86.00

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)*(a+b*sin(f*x+e))”(1/2)/(ctcksin(f*x+e)),x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

dx

bsm fx+e +a\/gsm fx+e)
M

csin fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)*(at+tb*sin(f*x+e))~(1/2)/(c+cksin(f*x+e)),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(cxsin(f*x + e) + ¢

), %)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

in f \/a+bsin(e+fx)
f\/gs e+

c+cs1n(e+f )

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2))/(c + c*sin(e + f*x)
) %)

[Out] int(((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2))/(c + c*sin(e + f*x)
), X)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f \/gsm e+fx \/11+b811‘1 (e+fx)

sin e+fx)+1

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))**(1/2)*(at+tb*sin(f*x+e))**(1/2)/(c+cksin(f*x+e)),x)

[Out] Integral(sqrt(g*sin(e + f*x))x*sqrt(a + b*sin(e + f*x))/(sin(e + f*x) + 1),
x)/c
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3.32

f Va+bsin(e+fx) d
\/W (c+csin(e+fx)) *

Optimal. Leaf size=116

sin(e+fx) - . -1 cos(e+fx) a-b
V sin(e+fx)+1 \/a + bsin(e + fx) E (Sln (sin e+fx)+1) - M)

Y~ a+bsin(e+fx)
Cf g81n(e + fx \/ (a+Db)(sin(e+fx)+1)

[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-atb)/(at+b))~(1/2))*(sin(f*x+e)/(1+s
in(f*x+e)) )~ (1/2)*(atb*sin(f*x+e))~(1/2)/c/f/(gxsin(f*x+e)) ~(1/2)/((atb*sin
(f*x+e))/(a+b)/(1+sin(f*x+e)))~(1/2)

Rubi [A] time = 0.20, antiderivative size = 116, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 39,
number of rules _ ) 026, Rules used = {2932}

integrand size

_sin(erf)_ Va+bsin(e + fx)E (sin_1 (—Cos(e+fx) ) | - a;b)

sin(e+fx)+1 sin(e+fx)+1 a+b

(— a+b sin(e+fx)
Cf g SIH(E + fx \/ (a+Db)(sin(e+fx)+1)

Antiderivative was successfully verified.
[In] Int[Sqrtla + b*Sin[e + f*x]]/(Sqrtlg*Sinle + f*x]]*x(c + c*Sinl[e + f*x])),x]

[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + fx*x])], -((a - b)/(a + b))]*S
qrt[Sinf[e + f*x]/(1 + Sin[e + f*x])]*Sqrtl[a + bxSin[e + fxx]])/(cxfxSqrt[g*
Sin[e + f*x]]xSqrt[(a + b*Sin[e + f*x])/((a + b)*(1 + Sin[e + fx*x]))]1))

Rule 2932

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)¥(x )11*((c_) + (d_.)*sinl(e_.) + (£_.)*(x)]1)), x_Symbol] :> -Simp[(Sqrt[
a + bxSinle + f*x]]*Sqrt[(d*Sin[e + fxx])/(c + d*Sin[e + f*x])]*EllipticE[A
rcSin[(cxCosle + f*x])/(c + d*Sinle + fxx])], (b*c - axd)/(b*c + a*xd)])/(d*
fxSqrt[gxSin[e + fxx]]*Sqrt[(c”2*x(a + b*Sin[e + f*x]))/((axc + bxd)*(c + d*
Sinle + f*x]))]1), x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, O
] && NeQ[a~2 - b~2, 0] && EqQ[c™2 - 472, 0]

Rubi steps

. —1 [ _cos(e+fx) a-b sin(e+fx) -
f Va+bsin(e + fx) o E(Sm (m)|—m),/m\/a+bsm((z+]‘x)

Vgsin(e + fx) (c + csin(e + fx)) N +fx)\/ a+bsin(e+fx)

(a+b)(1+sin(e+fx))

Mathematica [B] time = 40.25, size = 4679, normalized size = 40.34

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Sin[e + f*x]]/(SqrtlgxSin[e + fxx]]*(c + c*Sinl[e + f*x
1)) ,x]
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[Out] (-2*Sin[(e + fx*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + fx*x)/2])*Sin[e + fxx]*Sqr
t[a + b*Sin[e + f*x]])/(£fxSqrtg*Sin[e + f*x]]1*(c + c*Sinle + f*x])) + ((Co
s[(e + £f*x)/2] + Sin[(e + f*x)/2])72xSqrt([Sinle + f*x]]*((a*Sqrt[Sin[e + fx*
x]11)/(2%Sqrt[a + bxSin[e + fx*x]]) - (b*Sqrt[Sin[e + f*x]])/(2%Sqrt[a + b*Si
nle + f*x]]) + (axCot[(e + fxx)/2]*Sqrt[Sinl[e + f*x]])/(2%Sqrt[a + bxSin[e
+ f*xx]]) + (b*Cot[(e + fxx)/2]*Sqrt[Sinf[e + f*x]])/(2*Sqrt[a + bxSin[e + f*
x]]) - (b*Cos[(3x(e + fxx))/2]*Csc[(e + f*x)/2]*Sqrt[Sin[e + fx*x]])/(2xSqrt
[a + b*Sinle + f*x]]) + (b*Cscl(e + fx*x)/2]*Sqrt[Sin[e + f*x]]1*Sin[(3*(e +
fxx))/2])/(2xSqrt[a + b*Sin[e + fxx]]))*Sqrt[(a + 2*bxTan[(e + fxx)/2] + ax
Tan[(e + f*x)/2]172)/(1 + Tan[(e + fxx)/2]72)]*((Tan[(e + fx*x)/2]*(1 + Tan[(
e + £*x)/2]))/(1 + Tan[(e + f*x)/2]72) + (Sqrt[-a~2 + b~2]*Sqrt[(ax(a + 2%b
*Tan[(e + f*x)/2] + a*Tan[(e + fxx)/2]72))/(a"2 - b™2)]*(EllipticE[ArcSin[S
qrt[(-b + Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]]
, (2%Sqrt[-a”2 + b~2])/(-b + Sqrt[-a”2 + b~2])]1*Tan[(e + f*x)/2] + Elliptic
F[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a"2 + b~2]]
/Sqrt[2]], (2xSqrt[-a”2 + b72])/(b + Sqrt[-a”2 + b~2])]1*Sqrt[(a*xTan[(e + fx*
x)/21)/(-b + Sqrt[-a~2 + b~2])]*Sqrt[-((a*xTan[(e + f*x)/2])/(b + Sqrt[-a~2
+ b72]))1))/(Sqrt[(a*xTan[(e + £xx)/2])/(~b + Sqrt[-a"2 + b~2])]*(a + 2%b*Ta
nl(e + £xx)/2] + axTan[(e + £*x)/2]72))))/(f*Sqrt[g*Sinle + f*x]]*(c + c*Si
nle + f*x])*Sqrt[Tan[(e + f*x)/2]/(2 + 2*Tan[(e + fx*x)/2]72)]*(-1/2*(Sqrt [(
a + 2*¢bxTan[(e + f*x)/2] + a*Tan[(e + f*x)/2]72)/(1 + Tan[(e + f*x)/2]72)]%*
((-2*%Sec[(e + fx*x)/2]"2xTan[(e + £*x)/2]172)/(2 + 2xTan[(e + f*x)/2]72)72 +
Sec[(e + f*x)/2]72/(2%x(2 + 2*Tan[(e + f*x)/2]172)))*((Tan[(e + fx*x)/2]*(1 +
Tan[(e + £*x)/2]))/(1 + Tan[(e + fxx)/2]72) + (Sqrt[-a”2 + b~2]*Sqrt[(a*x(a
+ 2xbxTan[(e + f*x)/2] + a*Tan[(e + fx*x)/2]72))/(a”2 - b"2)]*(EllipticE[Arc
Sin[Sqrt[(-b + Sqrt[-a”2 + b72] - a*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]/Sqr
t[2]], (2%Sqrt[-a”2 + b~2])/(-b + Sqrt[-a”2 + b~2])]*Tan[(e + f*x)/2] + Ell
ipticF[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 +
b~2]]1/Sqrt[2]], (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b~2])]x*Sqrt[(axTan[(e
+ fxx)/2]1)/(-b + Sqrt[-a”2 + b~2])]*Sqrt[-((axTan[(e + f*x)/2])/(b + Sqrtl
-a”2 + b72]1))1))/(Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a”2 + b~2])]1*(a + 2
xb*xTan[(e + fxx)/2] + axTan[(e + f*x)/2]172))))/(Tan[(e + f*x)/2]/(2 + 2*Tan
[(e + £xx)/2]72))~(3/2) + (((bxSec[(e + fxx)/2]72 + axSec[(e + fxx)/2] 2*Ta
nl(e + £xx)/2])/(1 + Tan[(e + £*x)/2]72) - (Sec[(e + f*x)/2] " 2xTan[(e + f*x
)/2]*(a + 2*b*Tan[(e + fxx)/2] + axTan[(e + f*x)/2]72))/(1 + Tan[(e + fx*x)/
2]72)"2)*((Tan[(e + f*x)/2]*(1 + Tan[(e + f*x)/2]))/(1 + Tan[(e + f*x)/2]72
) + (Sqrt[-a”2 + b~2]*Sqrt[(ax(a + 2*b*Tan[(e + fxx)/2] + axTan[(e + f*x)/2
172))/(a"2 - b™2)]1*(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a”2 + b~2] - a*Tan[(e
+ f*xx)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(-b + Sqrt[-a~
2 + b72])]*Tan[(e + fxx)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] +
axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2%Sqrt[-a”2 + b~2])/(b +
Sqrt[-a”2 + b~2])]1*Sqrt[(a*Tanl[(e + fxx)/2])/(-b + Sqrt[-a”2 + b~2])]*Sqrt[
-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b72]))]1))/(Sqrt[(a*Tan[(e + f*x)/2]
)/(-b + Sqrt[-a~2 + b~2])]*(a + 2*bxTan[(e + f*x)/2] + a*Tan[(e + f*x)/2]72
))))/(2*Sqrt[Tan[(e + f*x)/2]/(2 + 2xTan[(e + f*x)/2]72)]*Sqrt[(a + 2*b*Tan
[(e + f*x)/2] + axTan[(e + f*x)/2]72)/(1 + Tan[(e + £*x)/2]72)]) + (Sqrt[(a
+ 2«b*Tan[(e + f*x)/2] + a*Tan[(e + f*x)/2]72)/(1 + Tan[(e + f*x)/2]72)]1*(
-((Secl[(e + fxx)/2]"2*Tan[(e + f*x)/2]72x(1 + Tan[(e + fx*x)/2]))/(1 + Tan[(
e + £*x)/2]72)72) + (Sec[(e + f*x)/2] 2+Tan[(e + £*x)/2])/(2x(1 + Tan[(e +
fxx)/2]172)) + (Sec[(e + fxx)/2]72x(1 + Tan[(e + f*x)/2]))/(2%x(1 + Tan[(e +
fxx)/2]172)) + (axSqrt[-a”2 + b~2]*(b*Sec[(e + f*x)/2]72 + axSec[(e + f*x)/2
172«Tan[(e + fxx)/2])*(E1lipticE[ArcSin[Sqrt[(-b + Sqrt[-a”2 + b~2] - a*Tan
[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2xSqrt[-a~2 + b~2])/(-b + Sqrtl[
-a”2 + b"2])]1*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2
1 + axTan[(e + £*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2]1)/(b
+ Sqrt[-a”2 + b~2])]x*Sqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a”2 + b~2])]1*Sq
rt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))]))/(2x(a"2 - b~2)*Sqrt[(a
xTan[(e + £*x)/2])/(-b + Sqrt[-a~2 + b~2])]x(a + 2xb*Tan[(e + fxx)/2] + axT
an[(e + f*x)/2]72)*Sqrt[(ax(a + 2xb*Tan[(e + fx*x)/2] + axTan[(e + f*x)/2]72
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))/(@”2 - b72)]) - (Sqrt[-a”2 + b~2]x(b*Sec[(e + £*x)/2]72 + axSec[(e + fxx
)/2]72+Tan[(e + f*xx)/2])*Sqrt[(ax(a + 2xbxTan[(e + f*x)/2] + a*Tan[(e + fx*x
)/2]172))/(a”2 - b"2)]*(EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a”2 + b~2] - axTan
[(e + £xx)/2])/Sqrt[-a~2 + b~2]1]1/Sqrt[2]], (2#Sqrt[-a~2 + b~2])/(-b + Sqrtl[
-a”2 + b~2])]*Tan[(e + f*x)/2] + EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2
1 + axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2xSqrt[-a~2 + b~2])/(b
+ Sqrt[-a”2 + b~2])]*Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a”2 + b~2])]*Sq
rt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]1))1))/(Sqrt[(a*Tan[(e + f*x)
/21)/(-b + Sqrt[-a"2 + b~2])]*(a + 2*b*Tan[(e + f*x)/2] + a*xTan[(e + f*x)/2
172)72) - (a*Sqrt[-a~2 + b~2]*Sec[(e + f*x)/2]"2xSqrt[(a*x(a + 2*b*Tan[(e +
fxx)/2] + axTan[(e + f*x)/2]172))/(a"2 - b~2)]*(EllipticE[ArcSin[Sqrt[(-b +
Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]1/Sqrt[2]], (2xSqrtl
-a”2 + b72])/(-b + Sqrt[-a”2 + b~2])]x*Tan[(e + f*x)/2] + EllipticF[ArcSin[S
qrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]],
(2%Sqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])]1*Sqrt[(a*xTan[(e + f*x)/2])/(-b
+ Sqrt[-a”2 + b~2])]*Sqrt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))]1)
)/ (4x(-b + Sqrt[-a~2 + b~2])*((axTan[(e + £*x)/2])/(-b + Sqrt[-a~2 + b~2]))
~(3/2)*(a + 2xb*Tan[(e + f*x)/2] + axTan[(e + £*x)/2]72)) + (Sqrt[-a”2 + b~
2]*Sqrt[(ax(a + 2*b*Tan[(e + f*xx)/2] + a*Tan[(e + f*x)/2]72))/(a"2 - b~2)]*
((EllipticE[ArcSin[Sqrt[(-b + Sqrt[-a”2 + b~2] - axTan[(e + f*x)/2])/Sqrt([-
a”2 + b~2]]1/8qrt[2]], (2*Sqrt[-a~"2 + b~2])/(-b + Sqrt[-a~2 + b~2])]*Sec[(e
+ £*x)/2]172)/2 - (a*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e
+ fxx)/2])/Sqrt[-a”2 + b~2]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a~2
+ b"2])]*Sec[(e + f*xx)/2]"2*xSqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2
11/ (4*(b + Sqrt[-a~2 + b~2])*Sqrt[-((a*xTan[(e + f*x)/2])/(b + Sqrt[-a”2 +
b~2]))]1) + (a*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + axTan[(e + fxx
)/21)/Sqrt[-a~2 + b~2]11/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2
1)1*Sec[(e + fxx)/2]72xSqrt[-((axTan[(e + f*x)/2])/(b + Sqrt[-a~2 + b~2]))]
)/ (4x(-b + Sqrt[-a”2 + b~2])*Sqrt[(a*xTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~
21)1) - (a*Sec[(e + f*x)/2]"2+Tan[(e + f*x)/2]*Sqrt[1l - (-b + Sqrt[-a”2 + b
~2] - axTan[(e + f*x)/2])/(-b + Sqrt[-a~2 + b~2])])/(4*Sqrt[2]*Sqrt[-a~2 +
b~2]*Sqrt[(-b + Sqrt[-a”2 + b~2] - a*Tan[(e + fx*x)/2])/Sqrt[-a”2 + b~2]]*Sq
rt[1 - (-b + Sqrt[-a”2 + b~2] - a*Tan[(e + f*x)/2])/(2*Sqrt[-a~2 + b~2])])
+ (axSec[(e + fxx)/2] " 2xSqrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]*
Sqrt[-((a*Tan[(e + £xx)/2])/(b + Sqrt[-a~2 + b~2]))])/(4*Sqrt[2]*Sqrt[-a~2
+ b"2]*Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]*S
grt[1 - (b + Sqrt[-a~2 + b~2] + a*Tan[(e + fxx)/2])/(2%Sqrt[-a”2 + b~2])]*S
qrt[1 - (b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/(b + Sqrt[-a”"2 + b~2])]
)))/(Sqgrt[(a*Tan[(e + f*x)/2])/(-b + Sqrt[-a"2 + b~2])]*(a + 2*b*Tan[(e + f
*x) /2] + axTan[(e + f*x)/2]172))))/Sqrt[Tan[(e + f*x)/2]1/(2 + 2*Tan[(e + f*x
)/2172)1))

fricas [F] time = 0.49, size = 0, normalized size = 0.00

\/bsin(fx+e) + a\/gsin(fx+e)

integral | — ,X

cg cos (fx+e)2 —cgsin(fx+e) —-cg

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))~(1/2)/(c+c*xsin(f*xx+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(cxg*cos(f*x + e)~2
- cxg*sin(f*x + e) - c*xg), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e) +a
(csin(fx+e) + c) gsin(fx+e)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))”(1/2)/(c+cksin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cxsin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)
maple [B] time = 0.71, size = 6804, normalized size = 58.66

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*sin(f*x+e))”(1/2)/(c+c*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e) +a
(csin(fx+e) +c) gsin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))~(1/2)/(ctc*xsin(f*xx+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((cxsin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f a+bsm(e+fx)
/g sin e+f c+cs1n e+f ))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxsin(e + fx*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + c*sin(e + f*x))
) %)

[Out] int((a + b*sin(e + f*x))~(1/2)/((g*sin(e + £*x))~(1/2)*(c + cxsin(e + f*x))
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a+bsin (e+fx)

f gsin (e+fx) sin (e+fx)+, /g sin (e+fx)

c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+bk*sin(f*x+e))*x(1/2)/(c+cksin(f*x+e))/(g*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(g*sin(e + fx*x))*sin(e + fxx) + sqrt
(gxsin(e + f*x))), x)/c
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Vg sin(e+fx)

3.33 f Va+bsin(e+fx) (c+csin(e+fx))

Optimal. Leaf size=252

sinfe+/x) \/a + bsin(e + fx)E (sin_1 ( cos(e+/x) ) | — a—b) 2\/§ \/m tan(e + f x)\/ —a(l_CZi(ZJrf %) \/ alese

sin(e+fx)+1 sin(e+fx)+1 a+b

/— a+b sin(e+fx) Cf(&l :
a - b) gSIH e+ fx \/ a+b)(sin(e+fx)+1)

[Out] g*EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-at+b)/(at+b))~(1/2))*(sin(f*x+e)/(1+
sin(f*x+e)))~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((
a+b*sin(f*x+e))/(a+b)/(1+sin(f*x+e)))~(1/2)-2*%E1lipticF (g~ (1/2)*(a+b*sin (f*
x+e))~(1/2)/(a+b)~(1/2)/ (gxsin(f*x+e))~(1/2), ((-a-b)/(a-b))~(1/2))*(a+b)~ (1
/2)%g™~ (1/2) % (ax (1-csc (fxx+e) )/ (a+b) )~ (1/2) * (a* (1+csc (f*x+e))/(a-b)) ~(1/2) *t
an(f*xx+e)/(a-b)/c/f

Rubi [A] time = 0.51, antiderivative size = 252, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ ),077, Rules used = {2936, 2816, 2932}

integrand size

sinfe/x) \/a + bsin(e + fx) E (sin‘l( .COS(Hf x) ) - a—b) 2\/_ \/ﬁ b tan(e + fx)\/ ad- Csc(e+f a \/ alesc

sin(e+fx)+1 sin(e+fx)+1 a+b

(— a+bsin(e+fx) Cf(a
a h b) gSIH e+ fx \/ a+b)(sin(e+fx)+1)

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sin[e + f*x]]1/(Sqrtla + b*Sinle + f*x]]*(c + cxSinl[e + f*x])),x]

[Out] (gxEllipticE[ArcSin[Cos[e + fxx]/(1 + Sin[e + f*x])], -((a - b)/(a + b))]*S
qrt[Sinfe + f*x]/(1 + Sin[e + f*x])]*Sqrt[a + b*Sinf[e + f*x]])/((a - b)*cxf

*3qrt [g*Sin[e + f*x]]*Sqrt[(a + b*Sinfe + f*x])/((a + b)*(1 + Sin[e + f*x])

)1) - (2%Sqrt[a + bl*Sqrtlgl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)]*Sqrt[(ax(

1 + Cscle + f*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[gl*Sqrtla + b*Sin[e + f*
x]1)/(Sqrtla + b]*Sqrtlg*Sinfe + f*x]]1)], -((a + b)/(a - b))]*Tan[e + fxx])

/((a - b)*xcxf)

Rule 2816

Int[1/(Sqrt[(d_.)*sin[(e_.) + (f_.)*(x_)]11*Sqrtl[(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)]11), x_Symbol] :> Simp[(-2*Tan[e + f*x]*Rt[(a + b)/d, 2]*Sqrt[(ax(1
- Cscle + f*xx]))/(a + b)]*Sqrt[(ax(1 + Cscle + f*xx]))/(a - b)]*EllipticF[A
rcSin[Sqrt[a + bxSin[e + f*x]]/(Sqrt[d*Sin[e + f*x]]*Rt[(a + b)/d, 2]1)], -(
(a + b)/(a - b))])/(axf), x] /; FreeQ[{a, b, d, e, f}, x] && NeQ[a"2 - b2,
0] && PosQ[(a + b)/d]

Rule 2932

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)*¥(x_)11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> -Simp[(Sqrt[
a + b*Sinle + f*x]]*Sqrt[(d*Sinf[e + f*x])/(c + d*Sin[e + f*x])]*EllipticE[A
rcSin[(c*Cos[e + f*x])/(c + d*Sinle + f*x])], (bxc - axd)/(b*xc + a*xd)])/(d*
fxSqrt[gxSin[e + f*x]]*Sqrt[(c”2x(a + b*Sinf[e + fx*x]))/((a*c + b*xd)*(c + d*
Sinfe + f*x]))]), x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, O
] && NeQ[a~2 - b~2, 0] && EqQ[c™2 - 472, 0]

Rule 2936
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Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
d*x(x_)]1*((c_) + (d_.)*sinf[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> -Dist[(axg)/
(bxc - a*d), Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]), x], xI]
+ Dist[(c*g)/(b*c - a*d), Int[Sqrtl[a + bxSin[e + fx*x]]/(SqrtlgxSin[e + f*x]
1*(c + dxSin[e + f*x]1)), x], x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[b
*xc — axd, 0] && (EqQ[a~2 - b~2, 0] || EqQ[c™2 - 42, 01)

Rubi steps
\a+bsin(e+fx) 1
f V8 sin(e + fx) dx = f Vg sine+fx) (c+c sin(e+fx)) dx N (ag) f g sin(e+fx) \/a+bsin(e+fx) ‘
ya +bsin(e + fx) (c + csin(e + fx)) a—-b (a-Db)

. -1 [ cos(e+fx) a-b [ sin(e+fx) :
gE (sm (m) | - m) m \/ﬂ + bsm(e + fX)

(— a+bsin(e+fx)
(a - Cf gSIH(e + fx \/(a+b )(1+sin(e+fx))

Mathematica [B] time = 33.62, size = 5708, normalized size = 22.65

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrtl[a + b*Sin[e + f*x]]*(c + c*Sin[e + f*x
1)) ,x]

[Out] Result too large to show

fricas [F] time = 0.47, size = 0, normalized size = 0.00

\/bsin(fx+e) + a\/gsin(fx+e)
bc cos (fx+e)2 - (a+b)csin(fx+e) —(a+b)c’

integral [ -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)/(ctc*sin(f*x+e))/(atb*sin(f*x+e))”~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)xsqrt(g*sin(f*x + e))/(b*xc*cos(f*x + )72
- (a + b)*c*sin(f*x + e) - (a + b)*c), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

gsin(fx+e)
\/bsin(fx+e) +a(csin(fx+e) +c)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)/(ctcxsin(f*x+e))/(atb*sin(f*x+e)) ~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(fxx + e) +

c)), x)
maple [B] time = 0.91, size = 6817, normalized size = 27.05

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((gxsin(f*x+e))~(1/2)/(ct+cxsin(f*x+e))/(a+tbxsin(f*x+e))~(1/2),x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1/gsm(fx+e) N

f\/bsm fx+e +a(csm(fx+e)+c)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((gxsin(f*x+e)) (1/2)/(ctcksin(f*x+e))/(atb*sin(f*x+e)) " (1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(cxsin(fxx + e) +

c)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

sin (e +f x)
f l dx
J

a+bsm e+fx) (c+csin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((gxsin(e + f*x))~(1/2)/((a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x))
) %)

[Out] int((g*sin(e + f*x))~(1/2)/((a + bxsin(e + f*x))~(1/2)*(c + cxsin(e + fxx))
), X)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

gsin (e+ fx)

a+bsin (e+fx) sin (e+fx)+1 [a+bsin (e+fx)

(5

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)/(c+cxsin(f*x+e))/(a+tbxsin(f*x+e))**(1/2),%)

[Out] Integral(sqrt(g*xsin(e + f*x))/(sqrt(a + b*sin(e + fx*x))*sin(e + f*x) + sqrt
(a + bxsin(e + f*x))), x)/c
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[—= : —dx
Vg sin(e+fx) y/a+bsin(e+fx) (c+c sin(e+fx))

Optimal. Leaf size=256

3.34

a(l- csc(e+fx))\/ csc e+fx)+l . _1 [ Vg Vatbsin(e+fx) _atb _sin(e+fx)
2bVa + b tan(e +fx)\/ (sm (mm |- — Y \a + bsin(

acf\/g(a— 9 cf(a—b)/g sir

[Out] -EllipticE(cos(f*x+e)/(1+sin(f*x+e)), ((-a+b)/(a+b))~(1/2))*(sin(f*x+e)/(1+s
in(f*x+e)) )~ (1/2)*(atb*sin(f*x+e))~(1/2)/(a-b)/c/f/(gxsin(f*x+e))~(1/2)/((a
+b*sin(fxx+e))/(atb)/(1+sin(f*x+e))) ~(1/2)+2xb*E1llipticF (g~ (1/2)*(atb*sin(f
*xx+e)) " (1/2)/(a+b) " (1/2) / (gxsin(f*x+e)) ~(1/2), ((-a-b)/(a-b)) " (1/2))*(a+b) ~(
1/2)*(a*x(1-csc(f*x+e))/(at+tb))~(1/2)*x(a*x(1+csc(f*x+e))/(a-b)) ~(1/2) *tan (f*x+
e)/a/(a-b)/c/f/g~(1/2)

Rubi [A] time = 0.52, antiderivative size = 256, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ ) 077, Rules used = {2938, 2816, 2932}

integrand size

a(l— csc(e+fx)) \/ csc e+fx)+1 . -1 VS Va+bsin(e+fx) B ﬂ sin(e+fx) -
2bVa + b tan(e +fx)\/ F(sm (‘/m\/gsin(fo) | o et foeT \a + bsin(

acf\/g(a—b) cf(a—b)4/gsir

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + cxSin[e + fxx])),
x]

[Out] -((EllipticE[ArcSin[Cos[e + f*x]/(1 + Sin[e + fx*x])], -((a - b)/(a + b))]*S
qrt[Sinf[e + f*x]/(1 + Sin[e + f*xx])]*Sqrtla + b*Sinf[e + f*x]])/((a - b)*cxf

*xSqrt [g*xSin[e + fxx]]*Sqrt[(a + b*Sin[e + f*x])/((a + b)*(1 + Sinf[e + fx*x])

)1)) + (2xbxSqrt[a + bl*Sqrt[(a*x(1 - Cscle + f*x]))/(a + b)1*Sqrt[(a*x(1 + C

scle + f*x]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/
(Sqgrtla + b]l*Sqrtlg*Sin[e + f*x]]1)], -((a + b)/(a - b))]*Tan[e + fx*x])/(ax(

a - b)*cxfxSqrtlgl)

Rule 2816

Int[1/(Sqrt[(d_.)*sin[(e_.) + (£f_.)*(x_)]11*Sqrt[(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)]1]1), x_Symbol] :> Simp[(-2*Tan[e + f*xx]*Rt[(a + b)/d, 2]*Sqrt[(ax(1
- Cscle + f*x]))/(a + b)]1*Sqrt[(a*x(1 + Cscle + f*x]))/(a - b)I*EllipticF[A
rcSin[Sqrt[a + b*Sin[e + f*x]]/(Sqrtl[d*Sinl[e + f*x]]*Rt[(a + b)/d, 2]1)], -(
(a + b)/(a - b))])/(axf), x] /; FreeQl{a, b, d, e, £}, x] && NeQ[a"2 - b~2,
0] && PosQ[(a + b)/dl]

Rule 2932

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/(Sqrtl(g_.)*sinl[(e_.) + (f_.
Y¥(x_)]11*x((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)1)), x_Symbol] :> -Simp[(Sqrt[
a + b*Sinle + f*x]]*Sqrt[(d*Sin[e + f*x])/(c + d*Sin[e + f*x])]*EllipticE[A
rcSin[(cxCos[e + f*x])/(c + d*Sinf[e + f*x])], (bxc - axd)/(bxc + axd)])/(d*
fxSqrt[g*xSinle + f*xx]]1*Sqrt[(c™2+(a + b*Sin[e + fx*x]))/((a*c + b*xd)*(c + d*
Sinfe + f*x]))]), x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, O
] && NeQ[a~2 - b~2, 0] &% EqQ[c~2 - 472, 0]

Rule 2938
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Int[1/(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrtl(a_) + (b_.)*sin[(e_.) + (£
_O*(x )11x((c) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[b/(b*
c - axd), Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrtla + b*Sinle + f*x]]), x], x] - D
ist[d/(b*c - a*d), Int[Sqrt[a + bxSin[e + fxx]]/(Sqrtlg*Sinle + f*x]]x*(c +
d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - ax
d, 0] && (EqQ[a"2 - ™2, 0] || EqQ[c™2 - 472, 01)

Rubi steps

1
f 1 Jr = _bf Vg sin(e+£x) \/a+b sin(e+fx) f W
Vg sin(e + fx)y/a + bsin(e + fx) (c + csin(e + fx)) (a-Db)c —a

. —1 [ cos(e+fx) _ab sin(e+fx)
E (Slﬂ (1+sin(e+fx)) | El+b) 1+sin(e+fx) \/;

a+b sin(e-
(a =Db)cf+/gsin(e + fx) b lesin

Mathematica [C] time = 10.11, size = 1659, normalized size = 6.48

result too large to display

Antiderivative was successfully verified.

[In] Integrate[1l/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + cxSin[e + f
*x])) ,x]

[Out] (-2*Sin[(e + fx*x)/2]*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sin[e + fxx]*Sqr
tla + b*Sinfe + f*x]])/((a - b)*f*Sqrt[g*Sinle + f*x]]*(c + cxSin[e + fxx])
) + ((Cos[(e + fxx)/2] + Sin[(e + fx*x)/2])72*Sqrt[Sin[e + f*x]]x((4*ax(a -
b)*Sqrt[((a + b)*Cot[(-e + Pi/2 - f*xx)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqr
t[(Csc[(-e + Pi/2 - f*x)/2]"2*(a + b*Sin[e + f*x]))/al/Sqrt[2]], (-2xa)/(-a
+ b)]*Sec[e + fxx]*Sin[(-e + Pi/2 - f*x)/2] 4xSqrt[-(((a + b)*Csc[(-e + Pi
/2 - f£xx)/2]"2*xSinl[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]72*(a + bx*Si
nle + f*x]))/al)/((a + b)*Sqrt[Sin[e + f*x]]*Sqrt[a + b*Sinf[e + f*x]]) + (2
*axArcTanh [ (Sqrt [b] #*Sqrt [Sin[e + f*x]])/Sqrt[a + b*Sin[e + f*x]]]*Cos[e + f
*x]72)/(Sqrt[b]l*(1 - Sinle + f*x]72)) + 4*a~2x((Sqrt[((a + b)*Cot[(-e + Pi/
2 - fxx)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqrt[(Csc[(-e + Pi/2 - fx*x)/2] 2%
(a + bxSinf[e + fxx]))/al/Sqrt[2]], (-2*a)/(-a + b)]*Sec[e + f*x]*Sin[(-e +
Pi/2 - fxx)/2]74*Sqrt[-(((a + b)*Csc[(-e + Pi/2 - fxx)/2]"2*Sinl[e + f*x])/a
)1xSqrt[(Csc[(-e + Pi/2 - f*x)/2]"2*%(a + b*Sin[e + f*x]))/al)/((a + b)*Sqrt
[Sin[e + fx*x]]*Sqrt[a + b*Sin[e + f*x]]) - (Sqrt[((a + b)*Cot[(-e + Pi/2 -
fxx)/2]72)/(-a + b)]*EllipticPi[-(a/b), ArcSin[Sqrt[(Csc[(-e + Pi/2 - fxx)/
2]"2x(a + b*Sinl[e + f*x]))/al/Sqrt[2]], (-2xa)/(-a + b)]*Sec[e + f*x]*Sin[(
-e + Pi/2 - fxx)/2]74*xSqrt[-(((a + b)*Csc[(-e + Pi/2 - fx*x)/2]"2*Sin[e + fx*
x])/a)]1*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]72*(a + b*Sin[e + fx*x]))/al)/(b*Sqrtl
Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])) - 2*b*((Cos[e + f*x]*Sqrtl[a + bx*Si
nle + f*x]]1)/(b*Sqrt[Sin[e + f*x]]) + (I*Cos[(-e + Pi/2 - f*x)/2]*Cscle + f
*x]*E1lipticE[I*ArcSinh[Sin[(-e + Pi/2 - fx*x)/2]/Sqrt([Sin[e + fx*x]]], (-2*a
)/(-a - b)]*Sqrt[a + bxSin[e + fx*x]])/(b*Sqrt[Cos[(-e + Pi/2 - f*x)/2]72xCs
cle + f*xx]]1*Sqrt[(Cscle + f*x]*(a + b*Sinl[e + f*x]))/(a + b)]) + (2*xax((a*S
grt[((a + b)*Cot[(-e + Pi/2 - £*x)/2]72)/(-a + b)]*EllipticF[ArcSin[Sqrt[(C
sc[(-e + Pi/2 - fxx)/2]"2x(a + bxSin[e + f*x]))/al/Sqrt[2]], (-2xa)/(-a + b
)]*Sec[e + f*x]*Sin[(-e + Pi/2 - fx*x)/2]74xSqrt[-(((a + b)*Csc[(-e + Pi/2 -
fxx)/2]72*Sinle + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]72x(a + bxSin[e
+ fxx]))/al)/((a + b)*Sqrt[Sin[e + f*x]]*Sqrt[a + b*Sinf[e + f*x]]) - (a*Sqr
t[((a + b)*Cot[(-e + Pi/2 - £f*x)/2]72)/(-a + b)]*EllipticPi[-(a/b), ArcSin[
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Sqrt[(Csc[(-e + Pi/2 - fxx)/2]1"2x(a + b*Sin[e + f*x]))/al/Sqrt[21]1, (-2%a)/
(-a + b)]*Secle + f*x]*Sin[(-e + Pi/2 - f¥x)/2] 4*Sqrt[-(((a + b)*Csc[(-e +
Pi/2 - f*x)/2]"2*Sin[e + f*x])/a)]*Sqrt[(Csc[(-e + Pi/2 - f*x)/2]"2x(a + b
*Sin[e + f*x]))/al)/(b*Sqrt[Sinfe + f*x]]*Sqrt[a + bxSinfe + f*x]])))/b) +
(2%b*Cot [e + f*xx]*(-1/2x(a*xArcTanh[(Sqrt[b]*Sqrt[Sin[e + f*x]])/Sqrtl[a + bx*
Sinle + £*x]1]11)/b~(3/2) + (Sqrt[Sinl[e + f*x]]*Sqrt[a + b*Sin[e + f*x]])/(2*
b))*Sin[2%(e + f*x)])/(1 - Sinf[e + f*x]~2)))/(2*(a - b)*f*Sqrt[g*Sin[e + f*
x]11*(c + c*Sin[e + f*x]))

fricas [F] time = 0.46, size = 0, normalized size = 0.00

\/bsin(fx+e) +a\/gsin(fx+e)
2 2
(a + b)cg cos (fx + e) —(a+b)cg + (bcgcos (fx + e) -(a+ b)cg) sin (fx + e)

integral | — ,X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+c*sin(f*x+e))/(g*sin(fxx+e)) (1/2)/(atb*sin(f*x+e)) ~(1/2),x,
algorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/((a + b)*c*gxcos(f*
X +e)72 - (a + b)xcxg + (b*xckgxcos(f*x + e)72 - (a + b)*cxg)*sin(f*x + e))
» X)

giac [F] time = 0.00, size = 0, normalized size = 0.00
1
\/bsin (fx + e) +a (csin (fx + e) + c) gsin (fx + e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+cxsin(fx*x+e))/(g*xsin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(cksin(f*x + e) + c)*sqrt(gksin(f*x +

e))), x)
maple [B] time = 0.74, size = 9043, normalized size = 35.32

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+cxsin(f*x+e))/(gxsin(fxx+e))~(1/2)/(atbxsin(f*x+e))~(1/2),x)
[Out] result too large to display
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
\/bsin(fx+e) + a(csin(fx+e) +c) gsin(fx +e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+cxsin(fx*x+e))/(g*xsin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="maxima"

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(c*sin(f*x + e) + c)*sqrt(gksin(f*x +

e))), x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.00
1

dx
\/g sin(e+fx) \/a+bsin(e+fx) (c+csin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/((gxsin(e + fxx))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + c*sin(e + f*x
))),x)

[Out] int(1/((g*sin(e + f*x))~(1/2)*(a + bxsin(e + fx*x))~(1/2)*(c + c*sin(e + fx*x
))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1

\/gsin (e+fx) \/a+b sin (e+fx) sin (e+fx)+\/g sin (e+fx) \/a+b sin (e+fx)
c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c+cxsin(fx*x+e))/(g*xsin(f*xx+e))**(1/2)/(atb*sin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(gxsin(e + fxx))*sqrt(a + b*sin(e + f*x))*sin(e + f*x) + sq
rt(gxsin(e + f*x))*sqrt(a + b*sin(e + f*x))), x)/c
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3.35 [ cscle+fx)\/a+asin(e+ fx)/c + dsin(e + fx) dx

Optimal. Leaf size=123

1 Va Vd cos(e+fx) -1 Va e cos(e+fx) )
2\/E \/E tan ( Vasin(e+fx)+a \Jc+d sin(e+fx) ) 2\/5 \/E tanh ( Vasin(e+fx)+a \Jc+d sin(e+fx)

f f

[Out] -2*arctanh(cos(f*x+e)*a”~(1/2)*c~(1/2)/(a+ta*sin(f*x+e)) " (1/2)/(c+d*sin(f*x+e
)" (1/2))*%a”~ (1/2)*c~(1/2) /f-2*arctan(cos (f*x+e) *a~ (1/2)*d~(1/2) / (a+a*sin(fx*
x+e)) " (1/2)/ (c+d*sin(f*xx+e)) ~(1/2))*a~(1/2)*d~(1/2) /1

Rubi [A] time = 0.46, antiderivative size = 123, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 35,

number of rules _ ) 143, Rules used = {2949, 2775, 205, 2943, 206}

integrand size

2\/5 \/E tan~! ( Va Vd cos(e+fx) ) 2\/5\/5 tanh_l ( va +Jc cos(e+fx) )

Vasin(e+fx)+a yc+d sin(e+fx) Vasin(e+fx)+a yo+d sin(e+fx)

f f

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]*Sqrtl[a + axSinf[e + fxx]]*Sqrtlc + dxSinf[e + fxx]],x]

[Out] (-2*Sqrt[al*Sqrt[d]*ArcTan[(Sqrt[al*Sqrt[d]*Cos[e + f*x])/(Sqrtl[a + a*Sin[e
+ f*x]]*Sqrt[c + d*Sinl[e + f*x]]1)])/f - (2*Sqrt[al*Sqrt[c]l*ArcTanh[(Sqrt[a

1xSqrt[c]l*Cos[e + f*x])/(Sqrtl[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]])

1/t

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2775

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]], x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b + d*x~2), x], x
, (b*Cos[e + f*x])/(Sqrt[a + b*Sinl[e + f*x]]1*Sqrt[c + d*Sin[e + f*x]])], x]
/; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &% EqQ[a"2 - b2, 0]
&& NeQ[c™2 - 472, 0]

Rule 2943

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*x(x_)]11/(sinl[(e_.) + (£_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]]), x_Symbol] :> Dist[(-2*a)/f, Subst
[Int[1/(1 - a*c*x~2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + fx*x]]*Sqrtl[c
+ dxSinle + fxx]1)]1, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0
] && EqQ[a”2 - b~2, 0] && NeQ[b*c + axd, 0]

Rule 2949

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]1*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)11)/sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[d, Int[Sqrt[a +
b*Sin[e + f*x]]/Sqrtlc + d*Sinl[e + f*x]], x], x] + Dist[c, Int[Sqrtl[a + bx*
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Sinle + f*x]]1/(Sin[e + f*x]*Sqrt[c + d*Sin[e + f*x]]1), x], x] /; FreeQ[{a,
b, c, d, e, f}, x] && NeQ[b*c - ax*d, 0] && (NeQ[a~2 - b~2, 0] || NeQ[c™2 -
d~2, 01)

Rubi steps

csc(e + fx)\/a + asin(e + fx) f \/ﬂ
Ve +dsin(e + fx)
cos(e+fx)

1
(2ac) Subst (f 1-acx? dx, x, a+asin(e+fx) y/c+d sin(e+
f
2+/aVd tan! ( Vi ¥ coslet /1) ) 2+

ya+asin(e+fx) Jc+d sin(e+fx)

f

fcsc(e + fx)\/a + asin(e + fx) \/c +dsin(e + fx) dx = cf

Mathematica [C] time = 3.17, size = 567, normalized size = 4.61

. ie -
(%+é)e_§f(2i\/5 J2cel

Jaine + 0 + 1) (cos (%(e ; fx)) +isin (%(e + fx))) Jet dsine + fx) | e log

Warning: Unable to verify antiderivative.

[In] Integrate([Cscle + fxx]*Sqrt[a + axSin[e + fxx]]*Sqrtl[c + d*Sin[e + f*x]],x]

[Out] -(((Sqrtlcl*Logl((1/2 + I/2)*(-(Sqrt[2]*c*x(-1 + E~(Ix(e + f*x)))) - I*Sqrt[
2]*%dx (1 + E7(Ix(e + f*x))) + (2%I)*Sqrtlc]*Sqrt[2*c*E~(I*x(e + fxx)) - I*xdx(
-1 + ET((2xD*(e + £xx)))])*f)/(c™(3/2)*E7((I/2)*e)*(1 + E~(Ix(e + f*x))))]
+ Sqrt[cl*Log[((1/2 + I/2)*((-I)*Sqrt[2]*d*(-1 + E~(I*(e + f*x))) + Sqrt[2
Ixcx(1 + E7(Ix(e + £xx))) + 2*Sqrtlcl*Sqrt[2*c*E™(I*x(e + f*x)) - Ikdx(-1 +
ET((2xD*(e + f*x)))])*f)/(c™(3/2)*E~((I/2)*e)*(-1 + E7(I*(e + f*x))))] - I
*Sqrt [d] * (Log [ (2% ((-1)7(3/4)*d + (1)~ (1/4)*c*E~(Ix(e + f*x)) + I*Sqrt[d]*S
qrt [2*%c*E™(I*(e + f*x)) - I*dx(-1 + E"((2*xI)*(e + f*x)))])*f)/(d™(3/2)*E" ((
I/2)*(e + 2*xf*x)))] - Logl[((1 + I)*Sqrt[2]*(c - Ixd*Cos[e + f*x] + d*Sin[e
+ f*xx] + (1 - I)*Sqrt[d]*Sqrt[(Cos[e + f*x] + IxSin[e + fx*x])*(c + d*Sinl[e
+ £xx])1))/Sqrt[d]]))*(Cos[(e + f*x)/2] + I*Sin[(e + f*x)/2])*Sqrtlax(1 + S
inle + f*x])]*Sqrtlc + d*Sin[e + f*x]])/(f*(Cos[(e + f*x)/2] + Sin[(e + fxx
)/2])*Sqrt [(Cos[e + f*x] + I*Sin[e + f*x])*(c + dxSinl[e + fxx])]1))

fricas [B] time = 1.42, size = 3539, normalized size = 28.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] [1/4x(sqrt(axc)*log(((a*c™4 - 28*axc™3*d + 70*axc™2+d"2 - 28*axcxd™3 + a*xd”
4)*xcos(f*xx + e)”5 + a*xc™4 + 4*xaxc”3xd + 6xaxc”2+%d"2 + 4*xaxckd”3 + axd”4 - (
31*xa*xc™4 - 196*xaxc”3*d + 154*a*c”2*d"2 - 4*xaxcxd™3 - a*d"4)*cos(f*x + e)74
- 2*%(81*axc™4 - 252%axc”3%d + 150*axc”2*d”2 - 28*axc*d”3 + axd~4)*cos(f*x +
e) "3 + 2x(79*xaxc™4 - 100*a*xc™3*d + T74*axc™2*xd"2 - 4*a*xc*d”3 - a*xd™4)x*cos(f
*x + )72 - 8%((c”3 - Txc™2+d + T*c*kd”2 - d"3)*cos(f*x + e)”4 - 2% (5xc”3 -
14xc~2*d + 5*c*d"2)*cos(f*x + e)”3 + 51%c™3 - 59*c™2*xd + 17*c*xd”2 - 473 - 2
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*(18%c™3 - 33*c”™2xd + 12%c*d”2 - d"3)*cos(f*x + e)”2 + 2% (13*%c™3 - 14*c™2*d
+ Bkckd"2)*cos(fxx + e) + ((c73 - 7*c™2*d + 7xcxd™2 - d"3)*cos(f*x + e)~3
- B1%c™3 + B59%c”2xd - 17*c*d”2 + 473 + (11*c™3 - 35%c™2*d + 17*c*d”"2 - 4d73)
xcos(f*x + e)72 — (25%c™3 - 31*xc™2*%d + 7*c*xd™2 - d~3)*cos(f*x + e))*sin(f*x
+ e))*sqrt(axc)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289*a
*Cc"4 - 476*axc”3xd + 230%a*c”2+%d"2 - 28*axcxd”3 + a*d"4)*cos(f*x + e) + (ax
c”4 + 4xaxc”3%d + 6xa*xc”2xd"2 + 4*axcxd”3 + a*d™4 + (axc”4 - 28xaxc”3xd + 7
Oxaxc™2*d~2 - 28*xa*xc*d™3 + a*xd™4)*cos(f*x + e)”4 + 32*x(a*xc™4 - T*axc™3*d +
Txaxc™2xd"2 - axcxd~3)*cos(f*x + e)”~3 - 2x(65xaxc™4 - 140*a*xc”3*xd + 38*axc”
2%d72 - 12*%axc*xd”3 + axd"4)*cos(f*x + e)72 - 32x(9*a*xc”4 - 15*axc”3*xd + T*a
*c"2%d"2 - axc*d"3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + )75 + cos(f*x +
e)”4 - 2xcos(f*x + )73 - 2%cos(f*x + )2 + (cos(f*x + e)”4 - 2%cos(f*x +
e)”2 + 1)*sin(f*x + e) + cos(f*x + e) + 1)) + sqrt(-a*xd)*log((128*axd~4*co
s(f*x + e)75 + axc™4 + 4xaxc”3*d + 6*xaxc”2xd"2 + 4xaxc*xd”3 + axd™4 + 128%(2
*a*xc*d”"3 - axd"4)*cos(fxx + e)”4 - 32*%(Bkaxc™2xd"2 - 14*axc*d”3 + 13*axd”4)
xcos(f*xx + e)73 — 32%(axc™3*d — 2*axc™2*%d"2 + 9*kaxc*xd™3 - 4*axd~4)*cos(f*x
+ e)”2 - 8x(16xd"3*cos(f*x + e)"4 + 24%(cxd”2 - d"3)*cos(f*x + e¢)”3 - ¢c3 +
17*c”2xd — 59%c*d™2 + 51*d”"3 - 2% (5*xc”2*%d - 26*c*d”2 + 33*d"3)*cos(f*x + e
)72 - (€73 = T*c”2*xd + 31xcxd”2 - 25%d73)*cos(f*x + e) + (16%d"3*cos(f*x +
e)”3 + ¢c73 - 17*xc”2xd + 59*c*d”2 - 51*d”3 - 8*(3xc*d”2 - 5*d"3)*cos(f*x + e
)72 - 2% (5xc”2*%d - 14*cxd”2 + 13*%d”3)*cos(f*xx + e))*sin(f*xx + e))*sqrt(-axd
)*sqrt (a*xsin(f*x + e) + a)xsqrt(d*sin(fxx + e) + c) + (axc™4 - 28%a*xc™3*d +
230*axc”2*xd"2 — 476xa*xc*d”3 + 289*axd"4)*cos(f*x + e) + (128*a*xd”4*cos(f*x
+ e)74 + axc”4 + 4xaxc”3%d + 6xaxc”2%d"2 + 4*axcxd”3 + a*xd"4 - 256x(axckxd”
3 - a*d"4)xcos(fxx + e)~3 - 32%(bkaxc™2*d"2 - 6*xaxc*d”3 + 5*axd"4)*cos(f*x
+ e)72 + 32x(axc”3*d - Txaxc~2*%d"2 + 15*axc*d”3 - 9*axd"4)*cos(f*x + e))*si
n(f*x + e))/(cos(f*xx + e) + sin(f*x + e) + 1)))/f, 1/4%x(2*sqrt(-axc)*arctan
(-1/4%((c™2 - 6*cxd + d"2)*cos(f*x + €)72 - 9*%c™2 + 6xcxd - 472 + 8*(c"2 -
ckd)*sin(f*x + e))*sqrt(-axc)*sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e)
+ c)/((axc™2*d - axcxd~2)*cos(fxx + e)”3 - (axc™3 - 3*axc~2*d)*cos(f*xx + e)
xsin(f*x + e) + (2%axc™3 - a*xc™2*d + akxcxd"2)*cos(f*x + e))) + sqrt(-axd)*1
0g((128*a*xd~4xcos(f*x + e)75 + a*c™4 + 4xa*xc”™3xd + 6*axc”2*%d"2 + 4xa*xcxd”3
+ axd™4 + 128*(2xa*c*d”3 - a*d"4)*cos(f*x + e)”4 - 32+ (Bka*xc™2xd"2 - 1d*axc
*d”"3 + 13*axd"4)*cos(f*x + e)”3 - 32x(a*c”™3xd - 2*a*xc”2*xd"2 + 9xa*cxd”3 - 4
*a*xd~4)*cos(f*x + e)”2 - 8+(16*%d"3*cos(f*x + e)74 + 24%(c*d”2 - d~3)*cos(fx*
X + e)73 - ¢73 + 17*%c”2*%d - 59*c*xd”2 + 51%d”3 - 2*(5kc”2*xd - 26xcxd”2 + 33*
d"3)*cos(f*x + e)72 - (c73 - 7*c™2xd + 31xc*xd"2 - 25xd"3)*cos(f*x + e) + (1
6%d"3*cos(f*x + e)”3 + ¢73 - 17*c”2*d + 59*%c*d”2 - 51%d"3 - 8*(3*c*xd"2 - bx*
d"3)*cos(f*x + e)72 - 2% (5xc™2%d - 14*c*d™2 + 13%d"3)*cos(f*x + e))*sin(f*x
+ e))*sqrt(-a*xd)*sqrt (a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (a*xc”
4 - 28*xaxc”3xd + 230*a*c”2*xd”2 - 476*xaxcxd”3 + 289*a*d”4)*cos(f*x + e) + (1
28*a*xd"4*cos(f*x + e)”4 + a*xc™4 + 4*axc”3*xd + 6xaxc”2*%d”2 + 4*axckd”3 + axd
~4 - 256*(axc*d”3 - axd"4)*cos(f*x + )73 - 32x(5xa*xc”2+%d"2 - 6*axcxd”3 + 5
*a*xd"4)*cos(f*x + e)”2 + 32k (a*c™3*d - T*xaxc™2*xd"2 + 15*a*xc*d™3 - 9*axd~4)x*
cos(f*x + e))*sin(f*x + e))/(cos(f*x + e) + sin(f*x + e) + 1)))/f, 1/4x(2x*s
gqrt(a*xd)*arctan(1/4*(8*d"2*cos(f*x + e)72 - c72 + 6*xc*d - 9*%d™2 - 8x(cxd -
d"2)*sin(f*x + e))*sqrt(axd)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) +
c)/(2xa*xd"3xcos(f*x + e)~3 - (3xa*xcxd™2 - a*xd"3)*cos(f*xx + e)*sin(f*x + e)
- (a*c™2xd - a*xc*d”2 + 2*axd"3)*cos(f*x + e))) + sqrt(axc)*log(((a*xc™4 - 2
8*axc~3*xd + 7O0*xaxc™2%d"2 - 28*a*c*d”3 + axd"4)xcos(f*x + e)”b + axc™4 + 4xa
*c73%d + 6*xaxc”2xd"2 + 4dxaxckd”3 + axd”4 - (31*axc”4 - 196%axc”3*d + 154*ax
c72%d"2 - 4xaxc*d”3 - axd"4)*cos(f*x + e)”4 - 2% (81xaxc”4 - 252*%a*xc”3*xd + 1
50%a*c”2*%d"2 - 28*axcxd”3 + a*d"4)*cos(f*x + e)”3 + 2x(79*a*xc”4 - 100*a*xc™3
*d + T4*axc™2xd"2 - 4xaxcxd”3 - a*d"4)*cos(f*x + e)”2 - 8%((c”3 - T*xc"2*xd +
Txcxd™2 - d73)*cos(f*x + e)”4 - 2% (5%c”3 - 14*c™2%d + 5xc*d"2)*cos(f*x + e
)73 + B51%c”3 - 59*%c72%d + 17*c*xd"2 - d73 - 2*x(18*c™3 - 33%c”2*xd + 12*c*d"2
- d"3)*cos(f*x + e)72 + 2% (13*c™3 - 14*c™2*d + 5*xc*xd”2)*cos(f*x + e) + ((c~
3 - 7T*xc™2xd + Txcxd™2 - d73)*cos(f*x + e)”3 - 51%c”3 + 59*kc”2xd — 17xc*xd"2
+ d73 + (11%¢c™3 - 35%c™2+d + 17*c*d™2 - d”3)*cos(f*x + e)72 - (25%xc”3 - 31x
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c™2xd + Txc*d”2 - d73)*cos(f*x + e))x*sin(f*x + e))*sqrt(axc)*sqrt(a*sin(f*x
+ e) + a)*sqrt(d*sin(f*x + e) + c) + (289%axc™4 - 476%axc”3*d + 230%a*xc”2x
d~2 - 28*a*cxd”3 + a*d"4)*cos(f*x + e) + (axc™4 + 4*axc”3*d + 6*axc”2xd"2 +
dxaxcxd™3 + axd”4 + (axc”™4 - 28*xaxc”3xd + TO0*a*xc™2*d”"2 - 28*axcxd”3 + axd”
4)*xcos(fxx + e)”4 + 32x(axc™4 - Txaxc™3*d + T*a*c™2*d"2 - axcxd~3)*cos (f*x
+ e)73 - 2%(65*%a*xc”4 - 140%axc”3*d + 38*a*xc”2xd"2 - 12xa*xc*d”3 + axd~4)*cos
(f*x + e)72 - 32x(9%axc™4 - 1b%axc™3xd + T*xa*xc™2xd"2 - a*xcxd”~3)*cos(f*x + e
))*sin(f*x + e))/(cos(f*x + e)75 + cos(f*x + e)”4 - 2*cos(f*x + e)~3 - 2*co
s(fxx + e)72 + (cos(f*x + e)”4 - 2*cos(f*xx + )72 + 1)*sin(f*x + e) + cos(f
xx + e) + 1)))/f, 1/2x(sqrt(-axc)*arctan(-1/4*((c”2 - 6*cxd + d~2)*cos(f*x
+ e)72 - 9%c”2 + B6*xcxd - d72 + 8%(c”2 - cxd)*sin(f*x + e))*sqrt(-a*c)*sqrt(
axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/((axc™2*d - a*xcxd™2)*cos(f*x +
e)”3 - (axc™3 - 3xax*c”2xd)*cos(f*x + e)*sin(f*x + e) + (2*¥a*xc™3 - a*xc™2x*d
+ axcxd"2)*cos(f*x + e))) + sqrt(axd)*arctan(1/4*(8xd"2*cos(f*x + e)72 - ¢~
2 + 6*%cxd - 9x%d"2 - 8*%(cxd - d72)*sin(f*x + e))*sqrt(axd)*sqrt(axsin(f*x +
e) + a)xsqrt(dxsin(fxx + e) + c)/(2%axd"3*cos(f*x + e)~3 - (3*kaxc*d™2 - axd
~3)*cos(f*x + e)*sin(f*x + e) - (a*c™2*xd - a*xc*xd™2 + 2*xa*d~3)*cos(f*x + e))

))/f]

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(fx*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] Timed out

maple [B] time = 0.83, size = 4546, normalized size = 36.96

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) (1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x)

[Out] -1/f*(arctan(((d~2/c"2)"(1/2)*c*sin(f*x+e)+d*cos (f*x+e)-d)/((c+d*sin(f*x+e)
)/ ((@"2/c”2) " (1/2) *cxsin(fxx+e)+d) *d) ~(1/2)/((d"2/c"2) " (1/2) *c*sin (f*x+e)-d
*xcos (fxx+e)+d) *x((d™2/c™2) "~ (1/2) *c~2-d"2) *xc*x((d~2/c~2)~(1/2)-1)/(((d"2/c~2)"
(1/2)*c™446x(d"2/c”2) " (1/2)*d"2xc™2+d"4*x (d"2/c"2) " (1/2) -4xc~2*d"2-4*d"4) *c)
“(1/2))*dx(((d72/c72) "~ (1/2)*c™4+6*%(d"2/c”2) "~ (1/2)*d"2*c~2+d"4*x(d"2/c"2) ~(1/
2)-4*c”2%d"2-4*xd"4) *c) " (1/2) * ((c+d*sin(f*x+e) )/ ((d"2/c"2) " (1/2) *c*ksin(f*x+e
Y+d)*d) ~(1/2)*(-(d"2/c”2) " (1/2)*c)~(1/2)*c~(1/2) —arctan(((c+d*sin(f*x+e)) /(
(@72/c”2) " (1/2) *cxsin(fxx+e)+d) *d) ~(1/2) /(-(d"2/c”2) ~(1/2)*c)~(1/2) ) *c~(7/2
Yxdx ((c+d*sin(f*xx+e))/((d72/c”2) " (1/2) *c*xsin(f*xx+e)+d) *d) ~(1/2)*(d"2/c"2) ~(
1/2)*sin(f*x+e)+2*arctan(((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *cxsin (f*x+e)+d)
*d)~(1/2)/(-(d"2/c”2) " (1/2)*c)~(1/2) ) *c~(56/2) *d~2* ((c+d*sin(f*x+e)) /((d~2/c
“2)7(1/2) *cxsin(fxx+e)+d)*d) ~(1/2)*(d~2/c”2) " (1/2) *cos (f*x+e) +2xarctan(((c+
d*sin(fxx+e))/((d"2/c”2) " (1/2) *c*sin(fxx+e)+d)*d) ~(1/2)/(-(d"2/c~2) " (1/2) *c
)7 (1/2))*%c”(5/2) *d"2*x ((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *cxsin (f*x+e)+d) *d) ™
(1/2)*%(d"2/c"2) " (1/2) *sin(f*x+e)-arctan(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *
cxsin(fxx+e)+d)*d) ~(1/2)/(-(d"2/c"2) " (1/2)*c) " (1/2) ) *c~(3/2)*d"3* ((c+d*sin(
f*xx+e))/((d72/c”2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2)*(d"2/c~2) " (1/2) *cos (f*xx+e
)-arctan(((c+d*sin(f*xx+e))/((d72/c72) 7 (1/2)*c*sin(f*x+e)+d)*d) ~(1/2)/(-(d"2
/c”2)"(1/2)*c) " (1/2) )*c~(3/2) *d"3* ((c+d*sin(f*x+e) )/ ((d"2/c"2) " (1/2) *c*sin(
frx+e)+d)*d) ~(1/2)*(d"2/c"2) " (1/2) *sin(f*x+e)+arctan(((d"2/c”2) " (1/2) *c*sin
(f*x+e)+d*cos(f*xx+e)-d)/((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *
d)"(1/2)/((d"2/c"2) " (1/2) *c*sin(f*x+e) —d*cos (f*xx+e)+d) *((d"2/c”2) " (1/2) *c~2
-4"2)*xc*x((d~2/c”2)"(1/2)-1)/(((d"2/c"2) " (1/2) *c~4+6%(d"2/c"2) ~(1/2) *d"2*c~2
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+d74*(d72/c72) " (1/2) -4xc™2%d"2-4%d"4) *c) " (1/2) ) *c~(3/2) *(((d~2/c~2) " (1/2) *c
“4+6%x(d"2/c”2) " (1/2) *d"2xc”2+d"4*x (d"2/c”2) " (1/2) -4*c™2xd~2-4*xd~4) *xc) ~(1/2) *
((c+d*sin(f*xx+e))/((d"2/c”2) " (1/2) *c*sin(f*xx+e)+d)*d) ~(1/2)*(-(d"2/c"2) " (1/
2)*c)~(1/2)x(d"2/c”2)~(1/2)-arctan(((c+d*sin(f*x+e))/((d"2/c”2)~(1/2) *c*sin
(fxx+e)+d) *d) ~(1/2)/(-(d"2/c"2)~(1/2)*c) ~(1/2) ) *c~ (7/2) *d* ((c+d*sin (f*x+e))
/((d"2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2)*x(d"2/c"2) " (1/2) *cos (f*x+e) -2*arc
tan(((c+d*sin(f*x+e))/((A"2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2)/(-(d"2/c"2)
“(1/2)*c) " (1/2) ) *c™(5/2)*d"2* ((c+d*sin(f*xx+e) )/ ((d"2/c"2) " (1/2) *c*sin(f*x+e
)+d)*xd) " (1/2)*(d"2/c”2) " (1/2)+arctan(((c+d*sin(f*x+e)) /((d"2/c72) " (1/2) *c*s
in(f*x+e)+d)*d) ~(1/2)/(-(d"2/c"2)~(1/2)*c) ~(1/2) ) *c~(5/2) *d~2* ((c+d*sin (f*x
+e))/((d72/c”2) " (1/2) *c*sin(f*xx+e)+d) *d) ~(1/2) *cos (f*x+e)+arctan (((c+d*sin(
fxx+e))/((d72/c”2) " (1/2) *c*xsin(f*xx+e)+d)*d) ~(1/2)/(-(d"2/c"2) " (1/2)*c)~(1/2
))*xc”(5/2)*d"2* ((c+d*sin(fxx+e))/((d"2/c™2) " (1/2) *cxsin(fxx+e)+d) *d) ~(1/2) *
sin(fxx+e)+arctan(((c+d*sin(f*x+e))/((d"2/c"2) " (1/2)*c*xsin(f*x+e)+d)*d) ~(1/
2)/(-(a"2/c”2)"(1/2)*c)~(1/2) ) *d"4* ((c+d*sin(f*x+e) )/ ((d"2/c"2) " (1/2) *c*sin
(fxx+e)+d) *d) ~(1/2)*c~ (1/2) *sin (f*x+e) -2*arctan(((c+d*sin(f*x+e))/((d"2/c"2
)~ (1/2)*cxsin(f*xxt+e)+d) *d) ~(1/2) /(-(d"2/c~2)~(1/2)*c) ~(1/2) ) *c™ (3/2) *d~3* ((
c+d*xsin(f*x+e))/((d"2/c”2) " (1/2)*c*sin(f*x+e)+d) *d) ~(1/2) *sin(f*x+e)+arctan
(((c+d*sin(f*x+e))/((d"2/c”2) ~(1/2) *cxsin(fxx+e)+d)*d) ~(1/2)/(-(d"2/c"2)~(1
/2)*c)~(1/2))*d"4*x ((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/
2)*c”(1/2) *cos (f*xx+e)-2*arctan(((c+d*sin(f*xx+e))/((d"2/c"2) " (1/2) *c*sin(f*x
+e)+d)*d) " (1/2)/(-(d~2/c”2) " (1/2)*c)~(1/2))*c~(3/2) *d"3* ((c+d*sin(f*x+e)) /(
(d~2/c"2) " (1/2) *ckxsin(f*x+e)+d)*d) ~(1/2) *cos (f*x+e)+arctan(((c+d*sin(f*x+e)
)/ ((@~2/c”2) " (1/2) *cxsin(f*x+e)+d) *d) ~(1/2) /(-(d"2/c”2) " (1/2)*c)~(1/2) ) *c~(
3/2)*d”"3*((c+d*sin(f*x+e))/((d"2/c”2) " (1/2)*c*xsin(f*x+e)+d)*d) ~(1/2)*(d"2/c
~2)"(1/2)-arctan(((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2
)/ (=(d"2/c”2) " (1/2)*c)~(1/2))*c~(5/2) *d"2* ((c+d*sin(f*x+e)) /((d"2/c"2) " (1/2
Yxcxsin (f*x+e)+d) *d) ~(1/2)+2*xarctan (((c+d*sin(f*x+e))/((d"2/c"2) " (1/2) *c*si
n(fxx+e)+d)*d) ~(1/2)/(-(d"2/c”2) " (1/2)*c)~(1/2) ) *c~(3/2) *d"3* ((c+d*sin (f*x+
e))/((d~2/c”2) " (1/2)*c*sin(f*x+e)+d)*d) ~(1/2)-arctan(((c+d*sin(f*x+e))/((d"~
2/c”2) " (1/2) *cxsin(fxx+e)+d)*d) ~(1/2)/(-(d"2/c”2) " (1/2)*c) ~(1/2) ) *d"4*x ((c+d
*sin(f*x+e))/((d72/c"2) " (1/2) *c*sin(f*xx+e)+d)*d) ~(1/2)*c~(1/2)+arctan(((c+d
*sin(f*x+e))/((d72/c”2) " (1/2) *c*sin(f*xx+e)+d)*d) ~(1/2)/(-(d"2/c"2) " (1/2) *c)
“(1/2))*c™(7/2) *d*x ((c+d*sin(f*x+e) )/ ((d"2/c72) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/
2)%(d"2/c”2)"(1/2)+1n((c~(1/2) %27 (1/2) *((c+d*sin(fxx+e) )/ (cos (f*x+e)+1)) " (1
/2)*sin(f*x+e)-c*xcos (fxx+e)+d*sin(f*x+e)+c)/sin(fxx+e)/c”(1/2)) *c™3*d*2~(1/
2) % ((c+d*sin(f*xx+e) )/ (cos (f*x+e)+1)) " (1/2)*x(-(d"2/c"2) "~ (1/2) *c) ~(1/2) *sin(f
*x+e)-2*%1n((c”(1/2)*27(1/2) * ((c+d*sin(f*x+e) )/ (cos (f*x+e)+1)) " (1/2) *sin(f*x
+e)-c*xcos (f*x+e)+d*xsin(f*x+e)+c)/sin(f*xx+e)/c™(1/2))*c™2%d" 2427 (1/2) * ((c+d*
sin(f*x+e))/(cos(f*x+e)+1))~(1/2)*(-(d"2/c”2) " (1/2)*c)~(1/2) *sin(f*x+e)+1n(
(c™(1/2)*27(1/2) *((c+d*sin(fxx+e) )/ (cos(f*x+e)+1)) " (1/2) *sin(f*x+e)-c*cos(f
*x+e)+d*sin(f*xx+e)+c)/sin(f*x+e) /c™(1/2) ) *cxd~3*27(1/2) * ((c+d*sin(f*xx+e) )/ (
cos(fxx+e)+1)) " (1/2)*(-(d"2/c"2) "~ (1/2)*c) " (1/2) *sin(f*x+e)-1n (-2 (¢~ (1/2) *2
~(1/2) *((c+d*sin(f*x+e) )/ (cos (f*x+e)+1)) " (1/2) *sin(f*x+e)-d*cos (f*x+e)+c*si
n(f*xx+e)+d)/(-1+cos(fxx+e))) *c~3*xd*2~(1/2) * ((c+d*sin(f*x+e) )/ (cos (f*x+e)+1)
)7 (1/2)*%(-(d"2/c”2) " (1/2)*c) " (1/2) *sin(f*xx+e) +2x1n(-2*x (¢~ (1/2) %2~ (1/2) * ((c+
d*sin(f*xx+e))/(cos(f*x+e)+1)) " (1/2) *sin(f*x+e)-d*cos (f*x+e)+cxsin(f*x+e)+d)
/ (—1+cos(f*xx+e)) ) *c™2xd"2%27 (1/2) * ((c+d*sin(f*x+e) )/ (cos (f*x+e)+1)) " (1/2) *(
-(d"2/c”2)"(1/2)*c) " (1/2)*sin(f*x+e)-1n(-2*x(c~(1/2) %27 (1/2) *((c+d*sin (f*x+e
))/(cos(f*x+e)+1)) " (1/2) *sin(f*x+e)-d*cos (f*x+e)+cxsin(f*x+e)+d)/(-1+cos(f*
x+e)) ) kcxd~3%27(1/2) * ((c+d*sin(f*xx+e))/(cos(fxx+e)+1))~(1/2)*(-(d"2/c"2)~ (1
/2)*c) " (1/2)*sin(f*x+e)-arctan(((d"2/c”2) " (1/2) *cxsin (f*x+e)+d*cos (f*x+e)-d
)/ ((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *c*xsin(f*xx+e)+d)*d) ~(1/2)/((d"2/¢c"2)" (1
/2) *c*xsin(f*xx+e)-d*cos (f¥x+e)+d) *((d"2/c”2) " (1/2)*c~2-d"2) *c*((d"2/c"2)~(1/
2)-1)/0((d"2/c”2)"(1/2)*xc~4+6%x(d"2/c”2) " (1/2) *d"2*xc~2+d~4* (d"2/c"2) " (1/2)-4
*Cc72xd"2-4%d"4) *xc) " (1/2))*c~(3/2) % (((d~2/c”2) " (1/2)*c~4+6*x(d"2/c"2) " (1/2) *d
T2%cT24+474x(d72/¢72) T (1/2) -4*cT2%dA"2-4*xd"4) *¢c) ~(1/2) * ((c+d*sin(f*xx+e) )/ ((d~
2/¢c72) " (1/2) *cxsin(fxx+e)+d) *d) ~(1/2)*(-(d"2/c"2)~(1/2)*c) " (1/2)*(d"2/c"2) "
(1/2)*cos (f*x+e)+arctan(((d~2/c~2) "~ (1/2) *c*sin(f*x+e)+d*cos (f*x+e)-d) /((c+d
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*sin(f*x+e))/((d72/c”2) " (1/2) *c*ksin(f*xx+e)+d)*d) ~(1/2)/((d"2/c”2) " (1/2) *c*s
in(f*x+e)-d*cos(f*xx+e)+d)*((d~2/c"2) " (1/2) *c™2-d"2) *c*x((d~2/c"2)~(1/2)-1) /(
((d72/c™2) " (1/2)*c™4+6%x(d"2/c"2) " (1/2) *d"2*c~2+d"4*x (d"2/c"2) " (1/2) -4*c~2*xd~
2-4xd~4)*c) " (1/2))*c~(3/2)*(((d~2/c”2) " (1/2)*c~4+6x(d"2/c"2) " (1/2) *d~2*c~2+
d"4*x(d"2/c”2) " (1/2)-4*c™2%d"2-4*d"4) *c) " (1/2) * ((c+d*sin(f*x+e)) /((d"2/c"2)"
(1/2)*c*sin(f*xx+e)+d) *d) ~(1/2)*(-(d"2/c"2) " (1/2)*c)~(1/2)*(d"2/c"2) " (1/2) *s
in(f*x+e)-arctan(((d"2/c"2) " (1/2) *c*sin(f*x+e) +d*cos (f*x+e)-d) / ((c+d*sin(fx*
x+e))/((d"2/c"2) " (1/2) *c*ksin(f*xx+e)+d)*d) ~(1/2)/((d"2/c”2) " (1/2) *c*sin (f*x+
e)-d*xcos (f*x+e)+d)*((d"2/c"2) " (1/2)*c~2-d"2) *c*((d~2/c”2) " (1/2)-1)/(((d"2/c
“2)T(1/2)*xc”4+6x(d72/c”2) " (1/2)*d"2xc"2+d"4x (d"2/c”2) " (1/2) -4*xc"2*%d"2-4%4"4
Yxc) T (1/2))*d* (((d72/¢c72) " (1/2)*c™4+6%(d"2/c”2) " (1/2) *d"2*c™2+d"4*(d"2/c"2)
~(1/2)-4*c”2*xd"2-4*xd"4)*c) "~ (1/2) *((c+d*sin(f*x+e) )/ ((d"2/c"2) " (1/2) *c*sin(f
*x+e)+d) *d) ~(1/2)*(-(d"2/c"2) " (1/2)*c)~(1/2)*c~ (1/2) *cos (f*x+e)+arctan (((d~
2/c”2) " (1/2) *cxsin(fxx+e)+d*cos (f*x+e)-d) / ((c+d*sin(f*x+e) )/ ((d"2/c~2)~(1/2
Yxcxgin(fxx+e)+d) *d) ~(1/2)/((d"2/c"2) " (1/2) *c*sin(f*xx+e)-d*cos (f*x+e)+d) * ((
d~2/c”2)7(1/2)*c™2-d"2) *c*x((d~2/c~2) " (1/2)-1)/(((d"2/c~2) ~(1/2) *c~4+6% (d"2/
c”2)"(1/2)*d"2%c”2+d"4*x(d"2/c”2) " (1/2) -4*c~2*xd"2-4*xd~4) *xc) ~(1/2) ) *d*x (((d"2/
c”2)"(1/2)*c4+6%(d"2/c”2) "~ (1/2)*d"2*xc"2+d"4*x(d"2/c"2) " (1/2) -4*xc~2*d"2-4*d"~
4)xc)~(1/2) *((c+d*sin(f*x+e))/((d"2/c”2) " (1/2) *c*sin(f*x+e)+d) *d) ~(1/2)* (- (
d"2/c”2)"(1/2)*c)~(1/2)*c~(1/2) *sin(f*xx+e) ) x (ax (1+sin(f*x+e))) " (1/2) *(c+d*s
in(f*x+e)) " (1/2)/(cos(f*x+e) "2xd+d*sin(f*x+e) *cos (f*x+e)+cxcos (f*x+e)-c*sin
(f*x+e)-d*sin(f*x+e)-c-d)/d/(c"2-2%c*d+d"2)/(-(d"2/c"2) " (1/2)*c)~(1/2)/c~ (1
/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

asin(fx+e)+a\/dsin(fx+e)

J >
f sin(fx+e) =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima"

[Out] integrate(sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

+ a sin e+fx) \/c+dsm(e+fx)

i
f sin (e + fx ) *

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + axsin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + axsin(e + f*x))“(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/ sin e+fx +1)\/c+dsin(e+fx)

dx
sin (e +f x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*xsin(f*xx+e))**(1/2)*(ctd*sin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))*sqrt(c + d*sin(e + f*x))/sin(e + f*x),
x)
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csc(e+fx)/a+asin(e+fx)
3.36 f \/c+d sin(e+f x) dx

Optimal. Leaf size=61

(e
24/a tanh ( \Jasin(e+fx)+a \Je+d sin(e+fx)

Vef

[Out] -2*arctanh(cos(f*xx+e)*a”~(1/2)*c”~(1/2)/(ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e
- (1/2))xa~(1/2)/f/c~(1/2)

Rubi [A] time = 0.19, antiderivative size = 61, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 35,

numberofrules _ 4 157, Rules used = {2943, 206}

integrand size

247 tanh™! ( Va e cos(e+£x) )

yasin(e+fx)+a y/c+d sin(e+fx)

Ve f

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + a*Sin[e + f*x]])/Sqrtlc + d*Sinle + f*x]],x]

[Out] (-2*Sqrt[al*ArcTanh[(Sqrt[a]l*Sqrt[c]*Cos[e + f*x])/(Sqrt[a + axSin[e + f*x]
1xSqrt[c + dxSin[e + fxx]])])/(Sqrtlc]*f)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 2943

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11/(sinl[(e_.) + (£f_.)*(x_)]*Sqr
tl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]]), x_Symbol] :> Dist[(-2*a)/f, Subst
[Int[1/(1 - a*c*x"2), x], x, Cos[e + f*x]/(Sqrt[a + b*Sin[e + fx*x]]x*Sqrtl[c
+ d*Sin[e + f*x]])], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0
] && EqQ[a”2 - b~2, 0] && NeQ[bxc + axd, 0]

Rubi steps

"7 \Jatrasin(e+fx) yJerdsin(e+fx)
Ve +dsin(e + fx) f
2\/5 tanh ! ( Va e cos(e+fx) )

ya+asin(e+fx) y/c+d sin(e+fx)

Vef

1 cos(e+fx)
f csc(e + fx)y/a + asin(e + fx) J (2a) Subst (f oo X )
X = —

Mathematica [C] time = 1.97, size = 367, normalized size = 6.02

ie . . .
@ +i)e§f(—2i\/z_: \/Zcel(”fx)—id(—1+ez’(€+fx)) +v2 c(—1+e"

\/a(sin(e + fx) +1) (cos (%(e + fx)) —isin (%(e + fx))) [log [— NAECE)

\e f (sin (%(4
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Antiderivative was successfully verified.

[In] Integrate[(Cscl[e + f*x]*Sqrtl[a + a*Sin[e + f*x]])/Sqrtlc + d*Sin[e + fx*x]],
x]

[Out] -(((Logl((-1 - I)*E~((I/2)*e)*(Sqrt[2]*cx(-1 + E~(Ix(e + f*x))) + I*Sqrt[2]
xd*(1 + E7(I*x(e + f*x))) - (2%I)*Sqrt[cl*Sqrt[2*xc*E~(I*x(e + f*x)) - Ixd*x(-1

+ ET((2%I)*(e + f*x)))])*f)/(Sqrtlc]*(1 + E~(Ix(e + f*x))))] + Logl[((1 + I
Y*ET((I/2)*e)*((-I)*Sqrt[2]*d* (-1 + E~(Ix(e + fxx))) + Sqrt[2]*c*(1 + E~(I*

(e + f*x))) + 2xSqrt[c]*Sqrt[2*c*E~(Ix(e + f*x)) - Ixd*(-1 + E~((2*I)*(e +

f*x))) ) *f)/(Sqrt[cl*(-1 + E7(Ix(e + f*x))))])*(Cos[(e + f*x)/2] - I*Sin[(e

+ f*x)/2])*Sqrt[ax(1 + Sin[e + f*x])]*Sqrt[(Cos[e + f*x] + IxSin[e + fxx])

*(c + d*Sinle + f*x])1)/(Sqrtlc]l*f*(Cos[(e + f*x)/2] + Sin[(e + f*x)/2])*Sq

rt[c + d*Sinfe + f*x]]))

fricas [B] time = 0.75, size = 1044, normalized size = 17.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))”~(1/2),x, algor
ithm="fricas")

[Out] [1/4xsqrt(a/c)*log(((axc™4 - 28*a*xc”™3*d + 70xa*xc~2*d"2 - 28xa*xc*d”™3 + axd™4
Y¥xcos(f*x + e)75 + axc”4 + 4xaxc”3*d + 6*axc”2*%d"2 + 4*xaxcxd”3 + axd™4 - (3
1xaxc™4 - 196%a*xc”3*d + 164*a*xc™2*xd"2 - 4*axc*d”3 - axd"4)*cos(f*x + e)”4 -
2% (81*axc™4 — 252*axc”3*d + 150*a*xc”2xd"2 - 28*axc*d~3 + a*d"4)*cos(f*x +
e)”3 + 2%(79%a*c”™4 - 100*xa*c”3xd + 74xa*xc™2xd"2 - 4*axcxd™3 - a*d™4)*cos(fx*
X + e)”2 - 8%((c™4 - T*c™3*xd + 7T*c"2xd"2 - c*d"3)*cos(f*x + e)~4 + 51xc”4 -
59%c73*d + 17*c™2*%d"2 - c*d”3 - 2*%(5xc™4 - 14xc™3*d + 5*c”™2*xd"2) *cos(fxx +
e)”3 - 2x(18*c™4 - 33%c73*d + 12*%c”2*d"2 — c*xd"3)*cos(f*x + e)72 + 2x(13*c
4 - 14%c”3*xd + bxc”2*xd"2)*cos(f*x + e) — (51*c”4 - 59%c”3*d + 17*c"2*xd"2 -
c*¥d”3 - (c74 - 7T*c™3*d + 7*c”2*%d"2 - c*d"3)*cos(f*x + e)~3 - (11%c”4 - 35%
c73xd + 17%c”2*%d"2 - c*xd"3)*cos(f*x + e)”2 + (25%c”™4 - 31xc™3*d + T*c~2*d"2
- c*d”3)*cos(f*xx + e))*sin(f*x + e))*sqrt(a*xsin(f*x + e) + a)*sqrt(d*sin(f
xx + e) + c)*sqrt(a/c) + (289%a*xc™4 - 476%axc”3xd + 230*a*xc”2*d"2 - 28kaxcx
d"3 + axd"4)*cos(f*x + e) + (axc™4 + 4*xaxc™3*%d + 6*a*xc”2xd”2 + 4d*xaxcxd”3 +
axd™4 + (axc™4 - 28*axc”3%d + 7O0*xa*xc™2xd"2 - 28*axc*d~3 + a*d"4)*cos(f*x +
e)”4 + 32x(axc”™4 - Txaxc~3*d + T*a*xc™2xd"2 - axcxd"3)*cos(f*x + e€)”3 - 2x(6
5%axc”4 - 140*axc”3*d + 38*axc”2*d”2 - 12*axc*d”3 + axd~4)*cos(f*x + e)”2 -
32%(9*a*xc™4 - 1bxa*xc”3xd + T*xaxc 2xd"2 - axc*d"3)*cos(f*x + e))*sin(f*x +
e))/(cos(fxx + e)75 + cos(f*x + e)”4 - 2*xcos(f*x + e)”3 - 2*cos(f*x + e)~2
+ (cos(f*xx + e)74 - 2*xcos(f*xx + €)72 + 1)*sin(f*x + e) + cos(f*x + e) + 1))
/f, 1/2*xsqrt(-a/c)*arctan(-1/4%((c”2 - 6%cxd + d"2)*cos(f*xx + e)”™2 - 9*c™2
+ 6%ckd - d72 + 8%(c”2 - c*d)*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d
xsin(f*x + e) + c)*sqrt(-a/c)/((a*xc*d - axd~2)*cos(f*x + e)~3 - (a*xc™2 - 3%
axcxd)*cos(f*x + e)*sin(f*x + e) + (2xa*xc”™2 - axcxd + axd™2)*cos(f*x + e)))

/£]

giac [F] time = 0.00, size = 0, normalized size = 0.00

asm(fx+e)+u

dx

f\/dsm fx+e +csm(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="giac")
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[Out] integrate(sqrt(a*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),
x)

maple [B] time = 0.54, size = 231, normalized size = 3.79

c+d sin( fx+e)

Ve V2 P sin(fx+e)—c cos(fx+e)+d sin(fx+e)+c 2{\/
\/a(1+sin(fx+e)) \/c+dsin(fx+e) V2 |In i) Ve —In|-—

c+d

fsin(fx+e) (—1 +cos(fx+e)—sin(fx+e)) —

COs

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*xx+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e)) ~(1/2),x)

[Out] 1/f*x(ax(1+sin(f*x+e))) " (1/2)*(c+d*sin(fxx+e)) ~(1/2)*27(1/2)*(In((c~(1/2)*2~
(1/2)*((c+d*sin(f*xx+e) )/ (cos(fxx+e)+1)) " (1/2) *sin(f*x+e)-c*cos (f*x+e)+d*sin
(f*x+e)+c)/sin(f*xx+e) /c”(1/2))-1n(-2*%(c~(1/2)*2"(1/2) *((c+d*sin(f*x+e))/(co
s(f*xx+e)+1))~(1/2)*sin(f*x+e)-d*cos (f*x+e)+cksin(f*x+e)+d)/(-1+cos(f*x+e)))
)*(-1+cos(f*x+e))/sin(f*x+e)/(-1+cos(f*x+e)-sin(f*x+e) )/ ((c+d*sin(f*xx+e))/(
cos(f*x+e)+1))~(1/2)/c~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

asm fx+e)+a
dx

f\/dsm fx+e +csm(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="maxima"

[Out] integrate(sqrt(a*sin(f*x + e) + a)/(sqrt(d*sin(fxx + e) + c)*sin(f*x + e)),
x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f \/a+asm e+fx) N

sin e+f c+dsm(e+f )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*sin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)),x)

[Out] int((a + axsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*x))~(1/2)), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

sm e+fx) +1)

f\/ dx

c+dsm e+fx) sm(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*xx+e))**(1/2)/sin(f*x+e)/(c+d*xsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(ax(sin(e + f*x) + 1))/(sqrt(c + d*sin(e + f*x))*sin(e + fxx))
, %)
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3.37 f csc(e+fx)/c+d sin(e+fx) dx

\/a+a sin(e+f x)

Optimal. Leaf size=140

_ c—d cos(e+fx) _ \a +Jc cos(e+fx)
2Ve—d tanh™ Vo 1( cos(etf )
\/_ an ( V2 \Jasin(e+ fx)+a yJo+d sin(e+/x) B 2\/5 tanh yasin(e+fx)+a /c+d sin(e+fx)

vaf Ve f

[Out] -2*arctanh(cos(fxx+e)*a”~(1/2)*c”~(1/2)/(ataxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e
)" (1/2))*c~(1/2)/f/a”(1/2)+arctanh(1/2*cos (f*x+e) *a~(1/2)*(c-d) ~(1/2)*2~ (1
/2)/(ataxsin(f*x+e)) " (1/2)/(c+d*sin(fxx+e) )~ (1/2))*27(1/2)*(c-d)~(1/2)/f/a~

(1/2)

Rubi [A] time = 0.50, antiderivative size = 140, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 35,

number of rules _ ) 143, Rules used = {2944, 2782, 208, 2943, 206}

integrand size

_ c—d cos(e+fx) _ \a +Jc cos(e+fx)
2Ve—d tanh™ oy 1( cos(etf )
\/_ an ( V2 \Jasin(e+ fx)+a \Jo+d sin(e+/x) B 2\/5 tanh yasin(e+fx)+a /c+d sin(e+fx)

vaf vaf

Antiderivative was successfully verified.

[In] Int[(Cscle + f*x]*Sqrtlc + d*Sin[e + f*x]])/Sqrtl[a + a*Sinf[e + fx*x]],x]

[Out] (-2*Sqrt[cl*ArcTanh[(Sqrt[a]*Sqrt[c]*Cos[e + fx*x])/(Sqrt[a + axSin[e + f*x]

I1xSqrtlc + d*Sin[e + f*x]1)1)/(Sqrtlal*f) + (Sqrt[2]*Sqrtlc - dl*ArcTanh[(S

grtlal*Sqrt[c - d]*Cos[e + f*x])/(Sqrt[2]*Sqrtl[a + a*Sin[e + f*x]]*Sqrtl[c +
dxSinle + f*x]]1)]1)/(Sqrtl[al*f)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2782

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1xSqrtl[(c_.) + (d_.)=*sin[(e
_) + (f_)*(x)1]1), x_Symbol] :> Dist[(-2*a)/f, Subst[Int[1/(2%b~2 - (a*c
- bxd)*x72), x], x, (b*Cos[e + f*x])/(Sqrtla + b*Sin[e + f*x]]*Sqrt[c + dxS
inle + f*x]1)], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[bxc - axd, 0] &&
EqQ[a™2 - b~2, 0] && NeQ[c™2 - d~2, 0]

Rule 2943

Int[Sqrt[(a_ ) + (b_.)*sin[(e_.) + (f_.)*(x )]1]1/(sin[(e_.) + (f_.)*(x_)I*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]]), x_Symbol] :> Dist[(-2*a)/f, Subst
[Int[1/(1 - a*c*x"2), x], x, Cosl[e + f*x]/(Sqrtla + bxSin[e + fx*x]]*Sqrtl[c
+ d*Sinle + fxx]1)]1, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, O
] && EqQ[a”2 - b~2, 0] && NeQ[b*c + axd, 0]

Rule 2944
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Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.)*x(x_)]11/(sinl[(e_.) + (£f_.)*(x_)]*Sqr

tl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1]), x_Symbol] :> Dist[(b*c - axd)/c,
Int[1/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]]), x], x] + Distl[a/
c, Int[Sqrtl[c + d*Sin[e + f*x]]/(Sin[e + f*x]*Sqrt[a + bxSin[e + fx*x]]), x]
, x]1 /; FreeQl{a, b, c, d, e, f}, x] && NeQ[b*xc - axd, 0] && NeQ[a"2 - b2,
0] && EqQlc™2 - d~2, 0]

Rubi steps

csc(e+fx)+/a+asin(e+fx) q
fcsc(e+fx)\/c+dsin(e+fx) i cf Jerdsmer ) X . +d)f 1
X = —c
Va + asin(e + fx) a Va + asin(e + fx) y/c + d sin(

(2¢) Subst ( [ = dx x costex /) ) (2a(c - d)) Sub
- +

"7 Javasin(e+fx) \/o+d sin(e+ fx)

f

-1 va e cos(e+fx) ) 2V —d tanh™? v
2\/5 tanh ( ya+asin(e+fx) Jc+d sin(e+fx) \/— c a V2 fata:

Vaf ’ Vaf

Mathematica [C] time = 35.10, size = 472502, normalized size = 3375.01

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Cscle + f*x]*Sqrtl[c + d*Sin[e + f*x]])/Sqrtl[a + a*Sin[e + fx*x]],
x]

[Out] Result too large to show

fricas [B] time = 0.97, size = 2791, normalized size = 19.94

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(a+a*sin(f*x+e))”(1/2),x, algor
ithm="fricas")

[Out] [1/4%(sqrt(2)*sqrt((c - d)/a)*log(((c™2 - 14*c*xd + 17*d"2)*cos(f*x + e)~3 +
4xsqrt(2)*((c - 3*d)*cos(f*x + e)72 - (3*c - d)*cos(f*x + e) + ((c - 3xd)*
cos(fxx + e) + 4xc - 4xd)*sin(f*xx + e) - 4*xc + 4*xd)*sqrt(axsin(f*x + e) + a
)*sqrt(d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13*c™2 - 22xcxd - 3*d~2)*cos(
f*x + e)72 - 4xc”2 - 8%ckxd - 4*d72 - 2% (9*%c”2 - 14*cxd + 9*d"2)*cos(f*x + e
) + ((c72 - 14*c*xd + 17*d"2)*xcos(f*x + e)72 - 4*c™2 — 8xcxd - 4*d72 + 2*x(7x*
c”2 - 18*ckxd + 7*d"2)*cos(f*x + e))*sin(f*x + e))/(cos(f*xx + e)~3 + 3x*xcos(f
*x + e)72 + (cos(f*x + e)72 - 2xcos(f*x + e) - 4)*sin(f*xx + e) - 2*cos(f*x
+ e) - 4)) + sqrt(c/a)*log(((c™4 - 28%c™3*d + 70*c™2+d"2 - 28*c*d~3 + d~4)*
cos(f*x + e)75 - (31*c™4 - 196%c~3*d + 154*c™2*d"2 - 4xc*d™3 - d"4)*cos(f*x
+ e)”4 + c74 + 4xc”3*xd + 6*%cT2%d"2 + 4xcxd”3 + d74 - 2% (81*%c”4 - 252xc”3*d
+ 150*%c™2*d"2 — 28*c*d”3 + d"4)*cos(f*x + e)”3 + 2%(79*%c”4 - 100*c™3*d + 7
4xc”2xd"2 - 4%c*d”3 - d"4)*cos(f*x + e€)”2 - 8%((c”3 - T*c"2*xd + 7Txcxd"2 - d
“3)*cos(f*x + e)74 - 2x(5xc”3 - 14*c”2*d + 5*xcxd"2)*cos(f*x + e)”3 + 51%c”3
- B9%c72*xd + 17*c*d”2 - d73 - 2% (18%c”3 - 33*%c”2xd + 12%xc*d”"2 - d"3)*cos(f
*X + e)72 + 2%(13%c”3 - 14%c”2xd + 5xcxd"2)*cos(fxx + e) + ((c™3 - 7*xc™2%d
+ 7Txcxd™2 — d73)*cos(f*x + e)73 - 51*c”™3 + 59*¢c™2%d - 17*c*d"2 + 473 + (11x
€”3 - 35%c72%d + 17*c*d"2 - d73)*cos(f*x + e)72 - (25%c”3 - 31*c™2%d + T*c*
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d”2 - d73)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(
fxx + e) + c)xsqrt(c/a) + (289xc™4 - 476xc”3*d + 230%c”2*d"2 - 28xc*xd”3 + d
“4)xcos(f*x + e) + ((c™4 - 28*c™3*d + 70xc™2*d"2 - 28*c*d”~3 + d~4)*cos(f*x
+ e)74 + cT4 + 4xc”3*%d + 6%cT2xd"2 + 4xcxd”3 + d74 + 32%x(cT4 - T*c73xd + T*
c”2xd"2 - c*d"3)*cos(f*x + e)73 - 2%(65*%c”4 - 140*c”3*d + 38*%c”2+%d"2 - 12x*c
*d"3 + d"4)*cos(f*x + e)72 - 32%x(9*%c™4 - 15%c”3*d + 7*xc"2*d"2 - c*xd”~3)*cos(
fxx + e))*sin(f*x + e))/(cos(f*x + e)75 + cos(f*x + e)”4 - 2*cos(f*x + e)”3
- 2xcos(f*xx + e)72 + (cos(f*x + e)74 - 2*xcos(f*x + e)72 + 1)*sin(f*x + e)
+ cos(f*x + e) + 1)))/f, 1/4x(sqrt(2)*sqrt((c - d)/a)*log(((c™2 - 14*cxd +
17xd"2) *cos(f*x + e)73 + 4xsqrt(2)*((c - 3xd)*cos(f*x + e)”2 - (3*c - d)*co
s(fxx + e) + ((c - 3*d)*cos(f*x + e) + 4xc - 4*xd)*sin(f*x + e) - 4d*xc + 4xd)
*xsqrt (a*xsin(f*xx + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt((c - d)/a) - (13xc~
2 - 22*%c*d - 3xd"2)*cos(fxx + e)72 - 4xc”2 - 8*ckxd - 4*d”2 - 2x(9*%c”2 - 14x
cxd + 9*%d"2)*cos(f*x + e) + ((c72 - 1dxcxd + 17+*d"2)*cos(f*x + e€)72 - 4x%c”2
- 8*ckd - 4*xd”72 + 2x(7*c”2 - 18*c*d + 7*d"2)*cos(f*x + e))*sin(f*x + e))/(
cos(f*x + e)73 + 3*xcos(f*x + e)72 + (cos(f*x + e)72 — 2xcos(f*x + e) - 4)*s
in(f*x + e) - 2%cos(f*x + e) - 4)) + 2*sqrt(-c/a)*arctan(-1/4*((c”2 - 6*cxd
+ d72)*xcos(f*xx + €)72 - 9*%c”2 + 6xc*d - d72 + 8*(c”2 - c*kd)*sin(f*x + e))*
sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c”2*d - cxd~
2)*cos(f*x + e€)73 - (c73 - 3*c72*d)*cos(f*x + e)xsin(f*x + e) + (2*xc™3 - ¢~
2xd + cxd"2)*cos(f*xx + e))))/f, 1/4*%(2*xsqrt(2)*sqrt(-(c - d)/a)*arctan(1/4x*
sqrt(2)*sqrt(axsin(f*xx + e) + a)*((c - 3xd)*sin(f*x + e) - 3xc + d)*sqrt(d*
sin(f*x + e) + c)*sqrt(-(c - d)/a)/((cxd - d"2)*cos(f*x + e)*sin(f*x + e) +
(c™2 - cxd)*cos(f*x + e))) + sqrt(c/a)*log(((c™4 - 28xc”™3*d + 70*c™2xd"2 -
28*xcxd”3 + d"4)xcos(f*x + e)”5 - (31%c™4 - 196%c™3*d + 154*c™2%d"2 - 4*cx*d
"3 - d74)*cos(f*x + e)74 + c74 + 4*cT3*xd + 6%cT2xd"2 + 4*c*xd”3 + 474 - 2*(8
1*c™4 - 252*%c”3*d + 150*c™2*%d"2 - 28*c*d”3 + d~4)*cos(f*x + )73 + 2% (79*c”
4 - 100%c”3*d + 74xc™2%d"2 - 4*xc*d”3 - d74)*cos(f*x + e)72 - 8%((c™3 - 7*xc~
2xd + 7*c*d"2 - d73)*cos(fxx + e)”4 - 2x(5xc”3 - 14xc™2*d + 5xcxd”2)*cos(fx*
X + e)73 + b1*c™3 - 59*%c”2*d + 17xc*xd”2 - d73 - 2*(18%c”3 - 33*%c”2*d + 12*c
*d72 - d73)*cos(f*x + e)72 + 2% (13*%c™3 - 14*c™2xd + 5xc*d"2)*cos(f*x + e) +
((c™3 = T*c™2xd + 7*c*d"2 - d”3)*cos(f*x + )73 - 51*c™3 + 59*xc”™2xd - 17*c
*d"2 + d73 + (11xc”3 - 35*c”2*d + 17*c*d”2 - d"3)*cos(f*x + e)~2 - (25*c~3
- 31%c™2%d + T*xc*d"2 - d73)*cos(f*x + e))*sin(f*x + e))*sqrt(a*sin(f*x + e)
+ a)*sqrt(d*sin(f*x + e) + c)*sqrt(c/a) + (289*c™4 - 476*c~3*xd + 230*c”2*d
"2 - 28%c*d”3 + d74)xcos(fxx + e) + ((c74 - 28%c”3*d + TO0*c”2*d"2 - 28*cxd”
3 + d74)*cos(f*x + )74 + c74 + 4xc”3*d + 6xc”2*d"2 + 4xcxd”"3 + d74 + 32*(c
4 - Txc”3%d + Txc"2%d"2 - c*d"3)*cos(f*x + e)73 - 2x(65%c”4 - 140%c”3*d +
38*%c72xd"2 - 12%cxd”3 + d"4)xcos(f*x + e)72 - 32%(9%c”4 - 16*%c”3*d + T*xcT2%
d”2 - cxd"3)*cos(f*x + e))*sin(f*x + e))/(cos(f*x + e)75 + cos(f*xx + e)”4 -
2%cos(f*x + e)73 - 2*cos(f*x + e)72 + (cos(fxx + e)”4 - 2*cos(f*x + )72 +
D*sin(f*x + e) + cos(f*x + e) + 1)))/f, 1/2x(sqrt(2)*sqrt(-(c - d)/a)*arc
tan(1/4*sqrt(2)*sqrt(axsin(f*x + e) + a)*((c - 3xd)*sin(f*x + e) - 3*c + d)
xsqrt (dxsin(fxx + e) + c)*sqrt(-(c - d)/a)/((c*xd - d"2)*cos(f*x + e)*sin(fx*
x +e) + (c72 - ckxd)*cos(f*x + e))) + sqrt(-c/a)*arctan(-1/4*((c”2 - 6*c*d
+ d72)*cos(f*x + €)72 - 9%c”2 + 6*xc*kd - d72 + 8*%(c”2 - c*xd)*sin(f*xx + e))*s
grt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sqrt(-c/a)/((c™2xd - cxd~2
Yxcos(f*x + )73 - (c73 - 3*c™2*d)*cos(f*x + e)*sin(f*x + e) + (2%c”3 - ¢c72
*d + c*d"2)*cos(f*x + e))))/f]

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/dsin(fx+e) +c

dx
\/asin(fx+e) +a sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(ata*sin(f*x+e))”~(1/2),x, algor
ithm="giac")
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[Out] integrate(sqrt(d*sin(f*x + e) + c)/(sqrt(a*sin(f*x + e) + a)*sin(f*x + e)),
x)

maple [B] time = 0.52, size = 340, normalized size = 2.43

2[ Ve V2 ctdsin(fxre) sin(fx+e)—d cos(fx+e) +c sin(fx+

cos( fx+e)+1

(—1 + cos (fx+e) —sin(fx+e)) \/c+dsin(fx+e) —cln| -

—1+cos( x+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*xx+e))~(1/2)/sin(f*x+e)/(a+a*xsin(f*x+e)) ~(1/2),x)

[Out] -1/2/f*(-1+cos(f*x+e)-sin(f*x+e))*(c+d*sin(fxx+e)) ~(1/2)*(—cxIn(-2*x(c~(1/2)
*27(1/2) % ((c+d*sin(f*x+e))/(cos(f*x+e)+1)) " (1/2) *sin (f*x+e) -d*cos (f*x+e)+c*
sin(f*xx+e)+d)/(-1+cos(f*x+e)))+(2%c-2xd) " (1/2) *1n(-2x ((2*c-2*d) ~(1/2) %2~ (1/
2)*((c+d*sin(f*x+e))/(cos(f*x+e)+1) )~ (1/2)*sin(f*x+e)+cxsin(f*x+e)-d*xsin(f*
x+e)+cxcos (f*x+e) -dxcos (f*x+e)-c+d) / (-1+cos (fxx+e) -sin(f*x+e)) ) *c~ (1/2)+1n(
(c™(1/2)*%27(1/2) *((c+d*sin(fxx+e) )/ (cos(f*x+e)+1)) " (1/2) *sin(f*x+e)-c*cos(f
*x+e)+d*sin(f*xx+e)+c)/sin(f*x+e)/c™(1/2))*c)/(ax(1+sin(f*x+e))) " (1/2) /sin(f

*x+e) %27 (1/2) / ((c+d*sin(f*x+e))/(cos(f*xx+e)+1))~(1/2)/c~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

\/dsin(fx+e) +c
\/asin(fx+e) +a sin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(ata*sin(f*x+e))”~(1/2),x, algor
ithm="maxima"

[Out] integrate(sqrt(d*sin(f*x + e) + c)/(sqrt(axsin(f*x + e) + a)*sin(fxx + e)),
x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

\/c+dsin(e+fx)
sin(e+fx) \/a+asin(e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + a*sin(e + f*x))~(1/2)),x)

[Out] int((c + dxsin(e + f*x))~(1/2)/(sin(e + f*x)*(a + ax*sin(e + f*x))~(1/2)), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/c +dsin (e + fx)
\/a (sin (e + fx) + 1) sin (e + fx)

dx

Verification of antiderivative is not currently implemented for this CAS.



181

[In] integrate((c+d*sin(f*x+e))**(1/2)/sin(f*x+e)/(ataxsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(c + dxsin(e + fxx))/(sqrt(a*x(sin(e + f*x) + 1))*sin(e + fxx))
» X)
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csc(e+fx)

f \/a+a sin(e+f x) \/c+d sin(e+fx)

3.38

Optimal. Leaf size=140

\/E tanh~! Va Ve—d cos(e+fx) 2 tanh~! ( Va +/c cos(e+fx) )
V2 \fasin(e+fx)+a \Jo+d sin(e+fx) Vasin(e+fx)+a \Jc+d sin(e+£x)

Vafve-d Varef

[Out] -2*arctanh(cos(fxx+e)*a~(1/2)*xc~(1/2)/(at+axsin(f*x+e)) ~(1/2)/(c+d*sin(f*x+e
- /2))/f/a~(1/2)/c”(1/2)+arctanh(1/2*cos (fxx+e)*a~ (1/2)*(c-d) ~(1/2)*2~ (1
/2)/(ataxsin(f*x+e))~(1/2)/(c+d*sin(fxx+e) )~ (1/2))*27(1/2)/f/a~(1/2)/(c-d)~

(1/2)

Rubi [A] time = 0.47, antiderivative size = 140, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 35,
number of rules _ ) 143, Rules used = {2947, 2782, 208, 2943, 206}

integrand size

2t h_1 Va Ve—d cos(e+fx) 1 ( va e cos(e+fx) )
\/_ an V2 vasin(e+fx)+a yc+d sin(e+fx) 3 2tanh yasin(e+fx)+a yJc+d sin(e+fx)
Vafye-d Vavef

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/(Sqrtla + a*Sin[e + f*xx]]*Sqrtlc + d*Sin[e + f*x]]),x]

[Out] (-2*%ArcTanh[(Sqrt[al*Sqrtl[c]*Cos[e + f*x])/(Sqrtl[a + a*xSin[e + f*x]]*Sqrt(c
+ d*Sinfe + fx*x]])])/(Sqrtlal*Sqrt[c]l*f) + (Sqrt[2]*ArcTanh[(Sqrtl[al*Sqrt[

c - d]*Cos[e + fxx])/(Sqrt[2]*Sqrt[a + a*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f

*xx]1)1)/(Sqrt[a]l*Sqrt[c - d]lx*f)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 2782

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]]*Sqrt[(c_.) + (d_.)=*sin[(e
_) + (f_)*x(x)1]1), x_Symbol] :> Dist[(-2*a)/f, Subst[Int[1/(2%b"2 - (a*c
- bxd)*x72), x], x, (b*Cos[e + f*x])/(Sqrtla + b*Sin[e + f*x]]*Sqrt[c + dxS
infe + £*x]11)], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c - ax*d, 0] &&
EqQ[a~2 - b2, 0] && NeQ[c™2 - 472, 0]

Rule 2943

Int[Sqrtl(a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]11/(sinl[(e_.) + (£f_.)*(x_)]1*Sqr
tl(c ) + (d_.)*sin[(e_.) + (f_.)*(x_)]11), x_Symbol] :> Dist[(-2*a)/f, Subst
[Int[1/(1 - a*c*x"2), x], x, Cos[e + f*xx]/(Sqrtla + b*Sin[e + fx*x]]*Sqrtl[c
+ dxSinl[e + f*x]]1)], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, O
] && EqQ[a”2 - b~2, 0] && NeQ[b*c + axd, 0]

Rule 2947
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Int[1/(sin[(e_.) + (£f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1%*S
grtl(c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]]1), x_Symbol] :> -Dist[b/a, Int[1/(
Sqrt[a + b*Sin[e + f*x]]*Sqrtl[c + d*Sin[e + f*x]]), x], x] + Dist[1/a, Int[
Sqrt[a + bxSin[e + f*x]]/(Sinl[e + f*x]*Sqrtlc + d*Sinle + f*x]]1), %], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && (NeQ[a"2 - b~2, 0] ||
NeQ[c™2 - 472, 01)

Rubi steps
f csc(e+ fx)+/a+asin(e+fx) d
f csc(e + fx) = Je+dsin(e+fx) x_f‘ 1
Va + asin(e + fx) y/c + dsin(e + fx) a Va + asin(e + fx) y/c + d sin
1 cos(e+fx)
2 Subst (f 1-acx? dx' e Va+asin(e+fx) y/c+d sin(e+fx) ) (261) Su

f

-1 \a +Jc cos(e+fx) ) o I‘Ih_l A
2 tanh ( yatasin(e+ fx) \/c+d sin(e+fx) \/_ a V2 \Jata

Vavef ’ Vi

Mathematica [C] time = 34.49, size = 309729, normalized size = 2212.35

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cscle + fxx]/(Sqrtla + a*Sin[e + f*x]]*Sqrt[c + dxSin[e + fxx]]),
x]

[Out] Result too large to show

fricas [B] time = 1.07, size = 3005, normalized size = 21.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="fricas")

[Out] [1/4x(sqrt(2)*a*c*xlog(((c™2 - 14*cxd + 17xd"2)*cos(f*x + e)~3 - (13%c”2 - 2
2kckd - 3*%d"2)*cos(f*xx + e)72 + 4*xsqrt(2)*((c™2 - 4*c*d + 3xd"2)*cos(f*x +
e)”2 - 4*%c”2 + 8*xcxd - 4%d"2 - (3*c”2 - 4xcxd + d72)*cos(f*x + e) + (4%c”2
- 8*cxd + 4xd”2 + (c72 - 4xckxd + 3*d"2)*cos(f*x + e))*sin(f*x + e))*sqrt(ax
sin(f*x + e) + a)*sqrt(d*sin(fxx + e) + c)/sqrt(a*xc - a*d) - 4*c™2 - 8xc*d
- 4%d72 - 2*%(9*%c”2 — 14xc*xd + 9*d"2)*cos(f*x + e) + ((c72 - 14d*c*xd + 17*d"2
Yxcos(f*x + e)72 - 4*c”™2 — 8xcxd - 4%d72 + 2% (7*c”2 — 18*cxd + 7+*d"2)*cos(f
*x + e))*sin(f*x + e))/(cos(f*x + e)”3 + 3*cos(f*x + )72 + (cos(f*x + e)72
- 2%cos(f*x + e) - 4)*xsin(f*x + e) - 2*xcos(f*xx + e) - 4))/sqrt(axc - axd)
+ sqrt(axc)*log(((a*c™4 - 28xa*xc”™3xd + 70xa*c™2+d"2 - 28*axc*d”3 + axd™4)*c
os(f*x + e)75 + axc™4 + 4xaxc”3*d + 6*xaxc”2xd"2 + 4xaxc*xd”3 + axd™4 - (31*a
*c74 - 196*axc”3*xd + 154xa*xc”2+%d"2 - 4*xaxcxd”3 - axd"4)*cos(f*x + e)74 - 2%
(81*a*xc™4 - 252*axc”™3*d + 150*a*c”2+*d"2 - 28*axc*d™3 + a*xd~4)*cos(f*x + e)”
3 + 2% (79*%axc™4 - 100*a*xc™3*d + T7T4*xaxc™2xd"2 - 4*a*xc*d”3 - a*xd™4)*cos(fxx +
e)”2 - 8%((c”3 - T*c™2xd + T*xc*xd™2 - d"3)*cos(f*x + e)~4 - 2x(5*%c”3 - 14x*c
“2%d + 5kcxd"2)*cos(f*x + e)”3 + 51*c”3 - 59*c”2*xd + 17*xcxd”2 - 473 - 2x%(18
*c73 - 33*%c72*%d + 12*xc*d”2 - d"3)*cos(f*x + e)”2 + 2% (13*%c”3 - 14*c”™2xd + 5
xcxd"2)*cos(f*x + e) + ((c73 - 7*c™2xd + 7xc*d"2 - d"3)*cos(f*x + e)~3 - 51
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*c™3 + 59%c”2%d — 17*cxd”2 + d73 + (11%c™3 - 35%c™2%d + 17*c*xd”2 - d~3)*cos
(f*x + )72 - (26%c™3 — 31*c™2%d + 7T*c*d™2 - d"3)*cos(f*x + e))*sin(f*x + e
))*sqrt(axc)*sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c) + (289*axc”4
- A76*xaxc”3*d + 230*a*c™2+%d"2 - 28*a*c*d”3 + a*d"4)xcos(f*x + e) + (axc™4
+ 4xaxc”3xd + 6xaxc”2*%d”2 + 4*axckd”3 + axd”4 + (axc”4 - 28*axc”3*xd + 7Oxax
cT2xd"2 - 28xaxc*d”3 + axd"4)*cos(fxx + e)74 + 32x(axc”4 - Txaxc~3*xd + Txax
c72%d”2 - axc*d"3)*cos(f*x + e)~3 - 2x(65xaxc”4 - 140*a*xc”3*d + 38*axc”2xd”
2 - 12%a*c*d”™3 + axd"4)xcos(f*x + e)72 - 32x(9*xaxc”4 - 1b*a*c”3*xd + T*xaxc™2
*d"2 - a*xcxd"3)*cos(fxx + e))*sin(f*x + e))/(cos(f*x + e)75 + cos(f*xx + e)~
4 - 2xcos(fxx + e)73 - 2*cos(f*x + e)72 + (cos(f*x + e)74 - 2xcos(f*x + e)”
2 + D*sin(f*x + e) + cos(fxx + e) + 1)))/(axcxf), 1/4x(sqrt(2)*a*xcxlog(((c
"2 - 14*xc*xd + 17*xd"2)*cos(fxx + e)73 - (13*c™2 - 22xc*xd - 3*d"2)*cos(f*x +
e)”2 + 4*xsqrt(2)*((c™2 - 4*c*kd + 3*xd"2)*cos(f*x + e)72 - 4%c™2 + 8xckd - 4%
d”2 - (3*%c™2 - 4xcxd + d72)*cos(fxx + e) + (4*c™2 - 8xcxd + 4*xd"2 + (c72 -
4xckd + 3xd"2)*cos(f*x + e))*sin(f*x + e))*sqrt(a*xsin(f*x + e) + a)*sqrt(dx
sin(f*x + e) + c)/sqrt(axc - axd) - 4*c”2 - 8*cxd - 4xd”2 - 2x(9*%c™2 - 14xc
*d + 9*d"2)*cos(f*x + e) + ((c72 - 14x*cxd + 17*d"2)*cos(f*x + e)”2 — 4*c™2
- 8xckxd - 4%d"2 + 2%(7*c”2 - 18*c*d + 7xd"2)*cos(f*xx + e))*sin(f*x + e))/(c
os(f*x + e)73 + 3*xcos(fxx + )72 + (cos(f*x + e)72 - 2%cos(f*x + e) - 4)*si
n(f*x + e) - 2xcos(f*x + e) - 4))/sqrt(a*xc - axd) + 2*sqrt(-axc)*arctan(-1/
4x((c72 = 6xc*xd + d"2)*cos(f*x + e)72 - 9%c™2 + 6*ckd - d72 + 8x(c”2 - c*d)
xsin(f*x + e))*sqrt(-a*c)*sqrt(a*sin(f*x + e) + a)xsqrt(d*sin(f*x + e) + c)
/((a*xc™2*%d - a*cxd™2)*cos(f*x + e)”3 - (a*xc™3 - 3*xaxc”2*d)*cos(f*x + e)*sin
(f*x + e) + (2*axc™3 - a*xc™2*d + axc*xd™2)*cos(f*x + e))))/(axc*f), -1/4*%(2x*
sqrt (2)*xa*xckxsqrt(-1/(a*xc - a*xd))*arctan(-1/4*sqrt(2)*sqrt(a*sin(f*x + e) +
a)*((c - 3*xd)*sin(f*x + e) - 3xc + d)*sqrt(d*sin(f*x + e) + c)*sqrt(-1/(a*c
- axd))/(d*cos(f*x + e)*sin(f*x + e) + cxcos(f*x + e))) - sqrt(axc)*log(((
axc”4 - 28xaxc”3xd + 7O*a*xc~2*d"2 - 28*axcxd”3 + a*d"4)*cos(f*x + e)75 + ax
c”4 + 4xaxc”3xd + 6xaxc”2*xd”2 + 4xaxcxd”3 + axd”™4 - (31*axc”4 - 196*axc”3*d
+ 154*xa*xc”2*%d"2 - 4*xa*xc*d”3 - axd"4)*cos(f*xx + e)”4 - 2x(81*axc”4 - 252*ax
c”3xd + 150*a*c”2*d"2 - 28*axcxd”3 + axd"4)*cos(f*x + e)~3 + 2x(79*a*xc™4 -
100*a*c™3*d + 74*a*xc™2xd"2 - 4*axcxd”3 - a*d”4)*cos(f*x + e)”2 - 8%((c”3 -
T*c™2xd + T*c*d™2 - d73)*cos(f*x + e)74 - 2x(5xc™3 - 14*xc”2*d + 5*xcxd”2)*co
s(fxx + )73 + 51*c™3 - 59xc”2*xd + 17*cxd™2 - d73 - 2*x(18*c™3 - 33*%c™2*d +
12%c*d”2 - d73)*cos(f*xx + e)72 + 2x(13*c™3 - 14xc”2*d + b*cxd"2)*cos(f*x +
e) + ((c73 - 7*xc™2xd + Txc*d™2 - d"3)*cos(f*x + e)~3 - 51%c™3 + 59*c™2*xd -
17*%c*d”2 + d73 + (11xc™3 - 35%c™2xd + 17*c*d”2 - d”"3)*cos(f*x + e)72 - (25x%
c™3 - 31*c72xd + T*c*kd"2 - d”3)*cos(f*xx + e))*sin(fxx + e))*sqrt(axc)*sqrt(
axsin(fxx + e) + a)*sqrt(d*sin(f*x + e) + c) + (289%axc”™4 - 476%a*xc”3*d + 2
30*a*xc™2xd"2 - 28xaxc*d”3 + axd"4)*cos(f*x + e) + (a*xc™4 + 4xaxc”3*xd + 6*ax
cT2xd72 + 4xa*xc*d”3 + axd”4 + (axc”4 - 28*a*xc”3*kd + 7Oxaxc~2xd"2 - 28*axc*d
3 + axd"4)*cos(f*x + e)”4 + 32*x(a*xc”4 - T*xaxc”"3*d + T*xaxc™2+%d"2 - axc*d~3)
xcos(f*x + e)”3 - 2*x(65%axc™4 - 140%axc”3*xd + 38*axc™2*d”"2 - 12xa*xc*d™3 + a
*d~4)*cos(f*x + e)72 - 32x(9*axc™4 - 15*xaxc”3*d + T*xaxc™2*d"2 - a*xc*d”3)*co
s(f*x + e))*sin(fxx + e))/(cos(f*x + e)”5 + cos(f*x + e)”4 - 2*cos(f*x + e)
~3 - 2%cos(f*x + e)”2 + (cos(f*x + e)74 - 2xcos(fxx + e)72 + 1)*sin(f*x + e
) + cos(fxx + e) + 1)))/(axc*xf), -1/2*x(sqrt(2)*a*xc*xsqrt(-1/(a*c - a*xd))*arc
tan(-1/4xsqrt(2)*sqrt(a*sin(f*x + e) + a)*((c - 3*d)*sin(f*x + e) - 3*c + d
)*sqrt (d*sin(f*x + e) + c)*sqrt(-1/(axc - a*xd))/(d*cos(f*x + e)*sin(f*x + e
) + cxcos(f*x + e))) - sqrt(-a*xc)*arctan(-1/4*((c”2 - 6*c*xd + d~2)*cos(f*x
+ e)72 - 9%c”2 + 6*xc*xd - d72 + 8x(c”2 - c*xd)*sin(f*x + e))*sqrt(-a*xc)*sqrt(
axsin(fxx + e) + a)*sqrt(d*sin(f*x + e) + c)/((axc™2*d - akxc*d~2)*cos(f*xx +
e)”3 - (axc™3 - 3xaxc”2*d)*cos(f*x + e)*sin(fxx + e) + (2*a*xc™3 - axc™2xd
+ axcxd"2)*xcos(f*x + e))))/(a*xc*f)]

giac [F] time = 0.00, size = 0, normalized size = 0.00
1

dx
\/asin(fx+e) +a\/dsin(fx+e)+c sin(fx+e)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(l/sin(f*x+e)/(ata*xsin(f*x+e))”(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="giac")

[Out] integrate(l/(sqrt(a*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)

), %)

maple [B] time = 0.40, size = 357, normalized size = 2.55

c+d sin( f. x+e)

. : Ve V2 cos{fxre) o1 sin(fx+e)—c cos(fx+e)+d sin(fx+e)+|
(—1 + cos (fx + e) - sin (fx + e)) \/c + dsin (fx + e) In (e Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(at+a*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x)

[Out] -1/2/f*(-1+cos(f*x+e)-sin(f*x+e))*(c+d*sin(f*x+e)) ~(1/2)*(An((c~(1/2)*2"(1/
2)*((c+d*sin(f*x+e) )/ (cos (f*x+e)+1)) " (1/2) *sin(f*x+e)-c*cos (f*x+e)+d*sin(f*
x+e)+c)/sin(fxx+e) /c”(1/2) ) *(2xc-2xd) ~(1/2)+2*1In (-2*% ((2*xc-2*xd) ~(1/2)*2~(1/2

)k ((c+d*sin(f*x+e))/(cos(fxx+e)+1)) ~(1/2)*sin(f*x+e)+cksin(f*x+e)-d*sin (f*x
+e)+c*xcos (fxx+e)-d*xcos (f*x+e) -c+d) / (-1+cos(f*x+e)-sin(f*x+e)) ) *c~(1/2)-1n(-

2% (c”(1/2) %27 (1/2) *((c+d*sin(f*x+e)) /(cos(f*x+e)+1)) " (1/2) *sin(f*x+e)-d*cos
(f*x+e)+cksin(f*xx+e)+d) / (—1+cos (f*x+e)) ) *(2*%c-2*xd) " (1/2) )/ (ax(1+sin(f*x+e))

)" (1/2) /sin(f*xx+e)*27(1/2) / ((c+d*sin(f*x+e))/(cos(fxx+e)+1))~(1/2)/c~(1/2)/
(2%c-2xd) ~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1

dx
\/asin(fx+e) +a\/dsin(fx+e) +c sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(ata*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="maxima"

[Out] integrate(1/(sqrt(axsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)

), X)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
1

dx
sin(e+fx) \/a+a sin(e+fx) \/c+dsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(sin(e + f*xx)*(a + a*sin(e + f*x)) " (1/2)*(c + d*sin(e + fxx))~(1/2)),
x)

[Out] int(1/(sin(e + fxx)*(a + a*sin(e + f*x))~(1/2)*(c + dxsin(e + f*x))~(1/2)),
x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1

\/a (sin (e + fx) + 1) \/c +dsin (e + fx) sin (e + fx) “
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/sin(f*x+e)/(ata*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))**(1/2),x%)

[Out] Integral(1l/(sqrt(ax(sin(e + f*x) + 1))*sqrt(c + d*sin(e + f*x))*sin(e + f*x
D), %)
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3.39 sin2(6+ fx)
) f (a+b sin(e+ fx))2(c+d sin(e+fx))
Optimal. Leaf size=181
atan( = (e+fx))+b ctan( > (e+fa
2a (azc + abd - 2b2c) tan™! (%J 2 eosie+ 1) 2c?tan™! (;sz
B f (- b2)3/2 (b — ad)? * f (a2 = 12) (bc - ad)(a + bsin(e + fx)) * V2= 32 (be - ac

[Out] -2*a*x(a”2xc+axbxd-2*¥b~2x*c)*arctan((b+axtan(1/2*xf*x+1/2%e))/(a"2-b"2)"(1/2))
/(a”2-b"2)"(3/2)/ (—axd+b*c) ~2/f+a"2*xcos (f*x+e)/(a~2-b"2) / (—a*d+bx*xc) /f/ (a+b*
sin(f*x+e))+2*xc " 2xarctan((d+c*xtan(1/2xf*x+1/2*e))/(c”2-d"2) " (1/2))/ (—axd+bx*
c)”"2/f/(c"2-d"2)"(1/2)

Rubi [A] time = 0.51, antiderivative size = 181, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 5, integrand size = 33,

number of rules _ ).152, Rules used = {3056, 3001, 2660, 618, 204}

integrand size

atan(l(e+fx))+b ctan(l(e+f9(
24 (a2c + abd - 2b%c) tan ™t | —— 22 tan-1 | — 2T
) a (a c+a c) an ( = J+ 2 cos(e + f2) . c* tan —

f(a2=82)" (be - ady f (a2 = 12) (bc - ad)(a + bsin(e + fx))  FVE —dP (be - ac

Antiderivative was successfully verified.
[In] Int[Sinl[e + f*x]"2/((a + bxSin[e + f*x])"2*(c + dxSin[e + f*x])),x]

[Out] (-2*ax(a”2*c - 2*b~2*c + axbxd)*ArcTan[(b + a*Tan[(e + f*x)/2])/Sqrt[a~2 -

b~2]1)/((a"2 - b72)7(3/2)*x(b*xc - ax*xd)~2xf) + (2*c”2*ArcTan[(d + cxTan[(e +
f*x)/2]1)/Sqrt[c™2 - d72]]1)/((bxc - axd) 2*Sqrt[c”2 - d72]*f) + (a~2xCos[e +
fxx])/((@"2 - b™2)*x(b*c - a*d)*f*x(a + b*Sin[e + f*x]))

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x°2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*exx + ax
e~ 2%x72), x], x, Tan[(c + d*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a“2 - b"2, 0]

Rule 3001

Int[(CA_.) + (B_.)*sin[(e_.) + (f_.)*x(x_)])/(((a_.) + (b_.)*sin[(e_.) + (f_
D*x(x )1)*((c_.) + (d_.)*sinl(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Dist[(A*Db

- axB)/(bxc - axd), Int[1/(a + b*Sin[e + f*x]), x], x] + Dist[(B*c — Axd)/(
bxc - axd), Int[1/(c + d*Sin[e + f*x]), x], x] /; FreeQl{a, b, c, d, e, f,

A, B}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0]
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Rule 3056

Int[((a_.) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_)*xx )1~ )*((A_.) + (C_.)*sin[(e_.) + (f_.)*(x_)]172), x_Symbol] :>
-Simp[((A*b~2 + a"2%C)*Cos[e + f*x]*(a + b*Sin[e + f*x])~(m + 1)*(c + d*Sin
[e + f*xx]) " (n + 1))/(fx(m + 1)*(b*c - a*d)*(a™2 - b"2)), x] + Dist[1/((m +
1)*(bxc - axd)*(a”2 - b72)), Int[(a + b*Sinf[e + f*x]) " (m + 1)*(c + d*Sin[e
+ fxx]) "n*kSimp[ax(m + 1)*(b*xc - axd)*(A + C) + d*x(A*b"2 + a”2*C)*(m + n + 2
) - (c*x(A*b"2 + a”2+C) + bx(m + 1)*(bxc - a*d)*(A + C))*Sin[e + f*x] - dx(A
*b72 + a"2*%C)*(m + n + 3)*Sinfe + fx*x]~2, x], x], x] /; FreeQ[{a, b, c, d,
e, £, A, C, n}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b"2, 0] && NeQ[c™2 - d
"2, 0] && LtQ[m, -1] && ((EqQla, 0] && IntegerQ[m] && 'IntegerQ[nl) || !(
IntegerQ[2*n] && LtQ[n, -1] && ((IntegerQ[n] && !'IntegerQ[m]) || EqQ[a, O]

)))

Rubi steps
—abc—(azc—bzc+abd) sin(e+,
sinz(e + fx) gy = a® cos(e + fx) B f (a+bsin(e+ fx))(c+d sin(e+f
(a + bsin(e + fx))*(c + dsin(e + fx)) (a2 = b2) (bc - ad) f (a + bsin(e + fx)) (a2 = 12) (b - ad)
1
_ a? cos(e + fx) [ ctdsin(e+fx) dx _ &
(a2 = b2) (bc - ad)f (a + bsin(e + fx)) (bc - ad)?
» 1
_ a? cos(e + fx) N (ZC ) Subst (f c+2dx+cx?

(a2 = 1) (bc - ad)f (a + bsin(e + fx))

a® cos(e + fx)

(bC_|

(402) Subst ( i e (c2-1d2)-

(a2 = b2) (bc - ad) f(a + bsin(e + fx)) )

b+atan 1(e+fx) d+c tar
24 (azc — 2b%c + abd) tan™! (#J 2c2 tan ™! [

w/az_bz

= - +

(

\/

(2= 12)"” (be - adpf

Mathematica [A] time = 1.12, size = 178, normalized size = 0.98

1 1
umn(7@+fxﬂ+b cmn(§@+fxﬂ+d
2a(a?c+abd—-2b%c) tan™? —2z_ 22 tan Y| —2
( ) [ VaZ-b2 ] 3 a? cos(e+fx) Ve2-d?
(az—bz)S/Z(bc—ad)z (a—b)(a+b)(ad—bc)(a+b sin(e+ fx)) VE2—d2 (be-ad)?

Antiderivative was successfully verified.

(be — ad)2c:

[In] Integrate[Sin[e + f*x]172/((a + b*Sinf[e + f*x])"2*(c + d*Sinl[e + f*x])),x]

[Out] ((-2%ax(a”"2*c - 2*b"2*c + a*b*d)*ArcTan[(b + axTan[(e + f*x)/2])/Sqrt[a”2 -

b~2]11)/((a"2 - ©"2)"(3/2)*(b*c - a*xd)~2) + (2xc ™ 2*ArcTan[(d + cxTan[(e + f
xx)/2])/Sqrtlc™2 - d72]]1)/((b*c - a*d)~2xSqrt[c”2 - d72]) - (a"2*Cos[e + fx*
x])/((a - b)*(a + b)*(-(b*c) + axd)*(a + bxSin[e + fxx])))/f

fricas [B] time = 113.59, size = 2837, normalized size = 15.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sin(f*x+e) "2/ (a+b*sin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="fr
icas")

[Out] [1/2%((a"3*b*c™2xd - a~3*bxd”"3 + (2”4 - 2%a”2%b"2)*c”3 - (a™4 - 2*a~2*b~2)*
cxd”2 + (a"2*%b72*%c”2*xd - a"2*%b"2%d"3 + (a”3*b - 2*axb"3)*c”3 - (a"3*b - 2*a
*b~3) *cxd"2) *sin(f*x + e))*sqrt(-a”2 + b~2)*log(((2*a~2 - b~2)*cos(f*x + e)
~2 - 2%axbxsin(fxx + e) - a”2 - b"2 + 2*%(axcos(f*x + e)*sin(f*x + e) + b*xco
s(fxx + e))*sqrt(-a”2 + b72))/(b"2*cos(f*xx + e)72 - 2xa*bxsin(f*x + e) - a~
2 - b72)) - ((a™4*b - 2*a~2*b"3 + b~ 5)*c " 2xsin(f*x + e) + (a5 - 2¥a~3*b~2
+ axb”4)*c"2) *sqrt(-c”2 + d"2)*log(((2*c™2 - d~2)*cos(f*x + e)”2 - 2kxc*d*si
n(f*x + e) - ¢c”2 - d72 + 2x(c*xcos(f*x + e)*sin(f*x + e) + dxcos(f*x + e))*s
qrt(-c”2 + d72))/(d"2xcos(f*x + e)72 - 2%ckd*sin(f*x + e) - ¢c”2 - d72)) + 2
*((a™4*%b - a”2*b"3)*c"3 - (a”5 - a"3*b"2)*c"2xd - (a"4xb - a"2*%b"3)*cxd"2 +
(a5 - a”3*b"2)*d"3)*cos(f*x + e))/(((a"4*b~3 - 2%a”2xb"5 + b~7)*c"4 - 2x(
a~5*¥b”2 - 2*a”"3*b"4 + axb"6)*c”3*d + (a"6*xb - 3*a"4xb"3 + 3*a”"2*%b”5 - bT7)*
c"2xd"2 + 2%(a”5*b”2 - 2*a"3*b74 + ax*b”6)*c*d”3 - (a"6*xb - 2*xa"4*b"3 + a” 2%
b"5)*d"4)xfxsin(f*x + e) + ((a”5*b"2 - 2%¥a~3%b"4 + a*b”6)*c”4 - 2x(a"6%b -
2%a"4%b"3 + a"2*b"5)*c”3*%d + (a”7 - 3*a"5*b"2 + 3*a~3*%b"4 - a*b”6)*c"2xd"2
+ 2x(a"6*xb - 2*a~4%b”3 + a"2*b"5)*cxd"3 - (a”7 - 2*¥a"5*b"2 + a~3*%b"4)*d"4)*
), -1/2x(2+%((a"4xb - 2*a”2%b”3 + b~5)*c"2*sin(f*x + e) + (a”b - 2*a~3*b"2
+ axb”4)*c”2) *sqrt(c”2 - d”"2)*arctan(-(c*sin(f*x + e) + d)/(sqrt(c™2 - d72)
xcos(f*x + e))) — (a™3*xbxc™2xd - a"3*b*d"3 + (a"4 - 2*a"2%b"2)*c"3 - (a"4 -
2%a"2*xb72) *kc*xd"2 + (a"2*%b"2%c”2%d - a"2*b"2*%d"3 + (a~3*b - 2*a*b”3)*c"3 -
(a™3%b - 2*%axb~3)*c*xd"2)*sin(f*x + e))*sqrt(-a”2 + b72)*log(((2*%a”2 - b™2)*
cos(f*x + e)72 - 2*xaxb*sin(f*x + e) - a2 - b™2 + 2x(a*cos(f*x + e)*sin(f*x
+ e) + bxcos(fxx + e))*sqrt(-a”2 + b~2))/(b"2*%cos(f*x + e)~2 - 2xa*bxsin(f
*X + e) - a”2 - b72)) - 2x((a”4xb - a”2*%b"3)*c”3 - (a5 - a"3*b"2)*xc"2*d -
(a™4*xb - a"2*xb"3)*cxd"2 + (a5 - a"3*xb"2)*d"3)*cos(f*x + e))/(((a~4*b"3 - 2
*a"2%b"5 + b"7)*c"4 - 2x(a”5%b"2 - 2*a"3*b"4 + ax*b"6)*c”3*%d + (a"6xb - 3*xa”
4xb~3 + 3*%a"2%b"5 - b7)*cT2xd"2 + 2x(a”5*b"2 - 2*a”3*b"4 + axb~6)*c*d"3 -
(a”6%b - 2*a"4*b”3 + a"2*xb"5)*d"4) *f*sin(f*x + e) + ((a~b*b~2 - 2*a~3*b"4 +
a*b”6)*c”4 - 2x(a"6xb - 2*¥a"4%b"3 + a"2*xb"5)*c"3xd + (a”7 - 3*a"5*b”2 + 3%
a"3*xb~4 - axb”6)*c”2%d"2 + 2*x(a"6*b - 2*%a"4xb"3 + a"2*b"5)*cxd”3 - (a”7 - 2
*a"5%b"2 + a"3*b"4)*d"4)*f), 1/2%(2*x(a"3*bxc"2*xd - a~3*b*d"3 + (a"4 - 2*a”~2
*b72)*c”3 - (a4 - 2*xa"2xb"2)*c*d"2 + (a”2*b"2xcT2xd - a"2%b"2*%d"3 + (a”3x*b
- 2%a*xb~3)*c”3 - (a”3*%b - 2xa*b"3)*c*d"2)*sin(f*x + e))*sqrt(a”2 - b72)*ar
ctan(-(a*sin(f*x + e) + b)/(sqrt(a™2 - b™2)*cos(f*xx + e))) - ((a"4*xb - 2xa”
2%b~3 + b7B)*c"2*sin(f*x + e) + (a”5 - 2%a”3*b"2 + axb"4)*c”2)*sqrt(-c”2 +
d~2)*x1og(((2*c™2 - d"2)*cos(f*x + e)”2 - 2*kcxd*sin(f*x + e) - c™2 - d72 + 2
x(cxcos(f*x + e)*sin(f*x + e) + dxcos(f*x + e))*sqrt(-c”2 + d72))/(d"2*cos(
f*x + e)72 - 2xcxd*sin(f*x + e) - ¢72 - d72)) + 2+x((a"4*b - a"2*b"3)*c"3 -
(a™b - a”3*b"2)*c”2xd - (a"4*b - a"2*b"3)*c*xd"2 + (a”5 - a~3*b”2)*d"3)*cos(
fxx + e))/(((a"4*b~3 - 2%¥a"2%b"5 + b"7)*c™4 - 2x(a”5%b"2 - 2*%a”"3*b"4 + axb”
6)*c”3*%d + (a"6*xb — 3*a~4%b~3 + 3*%a”"2*b"5 - b77)*c"2*%d"2 + 2*%(a”"5*b"2 - 2*a
“3*b74 + axb”6)*cxd”"3 - (a"6*b - 2*%a~4%b"3 + a"2*b"5)*d"4)*f*sin(f*x + e) +
((a"5%b~2 - 2*a"3*b"4 + a*xb”6)*xc”4 - 2x(a"6*b - 2*%a~4*b"3 + a~2%b~5)*c”3*d
+ (a77 - 3*a"5*b"2 + 3%a"3%b"4 - a*b”6)*cT2xd"2 + 2*x(a"6%b - 2*a"4*b”"3 + a
“2%b7B5)*cxd~3 - (a”7 - 2*%a"5*b"2 + a~3x%b"4)xd"4)*f), ((a~3*bxc”2*d - a”3x*bx
d"3 + (274 - 2*xa"2%b"2)*c"3 - (a"4 - 2*%a"2xb"2)*xcxd"2 + (a"2*xb"2%c"2xd - a”
2%b"2%d"3 + (a”3*b - 2*ax*b~3)*c”3 - (a"3*b - 2*a*xb~3)*kcxkd"2)*sin(f*x + e))x*
sqrt(a”2 - b~2)*arctan(-(a*sin(f*x + e) + b)/(sqrt(a™2 - b"2)*cos(f*x + e))
) = ((a™4%b - 2*%a”2*b”"3 + b75)*c " 2*sin(f*x + e) + (a”5 - 2*a~3%b"2 + a*xb”4)
xc"2)*sqrt(c”2 - d72)*arctan(-(c*sin(f*x + e) + d)/(sqrt(c”™2 - d~2)*cos(f*x
+ e))) + ((a”4*xb - a"2xb"3)*c”3 - (a”5 - a~3*%b"2)*xc"2xd - (a"4xb - a~2%b"3
Yxcxd”2 + (a”h - a"3*b"2)*d"3)*cos(f*x + e))/(((a"4*xb~3 - 2%a"2%b"5 + b7T7)*
c”4 - 2+%(a"b*b”2 - 2*a"3*b"4 + a*b”6)*c”3*d + (a"6xb - 3*xa~4%b~3 + 3*a~2*b”
5 - b77)*c™2%d"2 + 2*%(a”5%b"2 - 2*¥a”"3*%b"4 + axb”6)*c*xd”3 - (a"6xb - 2*xa~4x*b
"3 + a”"2*%b75)*d"4)*xfxsin(f*x + e) + ((a”5*b"2 - 2*xa~3*%b"4 + a*b"6)*c"4 - 2%
(a”6%b - 2*%a"4*b"3 + a"2*xb"5)*c”3*d + (a7 - 3*a"5*b"2 + 3*a~3*%b"4 - a*xb”6)
*c72%d72 + 2x(a"6xb - 2*xa~4*%b~3 + a"2*b"5)*ckd"3 - (a”7 - 2*¥a”5*%b"2 + a”~3*b
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~4)*d~4) *f)]

giac [A] time = 0.23, size = 299, normalized size = 1.65

frte 1 ctan(%fx+%e)+d frte 1 atan(%fx+%e)+b
n[ +5 Jsgn(c)+arctan — <2 7 |2 (a3c—2 abzc+a2bd) n[ —*3 Jsgn(a)+arctan _
2

2n Nl 2 V22 1
- +
(b202—2 ubcd+azd2) Ve2-d2 (azbzcz—b4cz—2 a3bcd+2 ub3cd+a4d2—u2b2d2) Va2-p2 (azbc—b3c—a3d+ab2d\

f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) 2/ (a+bxsin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="gi
ac n

[Out] 2x((pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(c) + arctan((cxtan(1l/2*f*x + 1/2%e
) + d)/sqrt(c™2 - d72)))*c”2/((b~2*c™2 - 2%a*bxc*d + a~2xd~2)*sqrt(c”2 - d~

2)) - (a”3xc - 2%a*xb~2%c + a”2xb*d)*(pi*floor(1/2*(f*x + e)/pi + 1/2)*sgn(a

) + arctan((a*xtan(1/2*f*x + 1/2%e) + b)/sqrt(a”2 - b72)))/((a”2*%b"2*c"2 - b
T4%xcT2 - 2xa”3xbkxckd + 2*%axb”"3xc*kd + a”4xd”"2 - a"2xb"2xd"2)*sqrt(a”2 - b72)

) + (axbxtan(1l/2*xf*xx + 1/2%e) + a~2)/((a"2%b*c - b™3*%c - a~3*d + a*b™2*d)*(
axtan(1/2*f*x + 1/2%e)”2 + 2xbxtan(1l/2xf*xx + 1/2%e) + a)))/f

maple [B] time = 0.55, size = 606, normalized size = 3.35

2c tan( fzx )+2d ]

2Vc2—g2 >
f (402 — Babed + 402) V2 — f@ﬂdZ 2ﬂwd+¢ﬂ@)(@m1( g))a+2tmq( g)b+a)@2—b2

2
8¢ arctan[ 2a2b tan (f + —)d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(fx*x+e) 2/ (a+b*sin(f*x+e)) 2/ (c+d*sin(f*x+e)),x)

[Out] 8/f*xc~2/(4*xa~2%d~2-8*axbxckxd+4xb~2xc~2)/(c"2-d"2) "~ (1/2)*arctan(1/2*x(2xc*tan
(1/2*xfxx+1/2*e)+2*d) /(c™2-d"2) " (1/2))-2/f*a"2/(a"2*xd"2-2*axb*cxd+b~2*xc~2) / (
tan (1/2xf*x+1/2%e) " 2*xa+2*xtan (1/2*xf*x+1/2*e) *b+a)*b/(a~2-b"2) *tan(1/2*f*x+1/
2%e) *d+2/f*a/ (a~2xd"2-2xa*xb*c*xd+b~2*xc”2) / (tan(1/2xf*x+1/2%e) " 2*a+2*xtan(1/2%
f*xx+1/2*%e)*b+a)*b~2/(a"2-b"2) *tan(1/2xf*x+1/2xe) *c-2/f*a~3/ (a~2*xd"2-2*a*xb*c
*d+b"2%c”2) / (tan(1/2xfxx+1/2%e) "2*a+2*xtan (1/2xf*xx+1/2*e) *b+a) / (a"2-b"2) *d+2
/f*xa”2/(a”2xd"2-2*axbxcxd+b~2*xc"2) / (tan(1/2xf*x+1/2%e) "2*a+2*xtan(1/2xf*x+1/
2xe) ¥b+a) / (a~2-b"2) *cxb-2/f*a"3/ (a”~2+%d~2-2*ax*b*xcxd+b~2*c~2) /(a~2-b"2) " (3/2)
xarctan(1/2*%(2*xaxtan(1/2*xf*xx+1/2%e)+2*xb)/(a"2-b"2) " (1/2) ) *c-2/f*a~2/(a~2*xd"
2-2*xaxb*xcxd+b”2xc"2)/(a"2-b"2) ~(3/2) *arctan(1/2x (2xa*xtan(1/2xf*x+1/2*%e)+2*b
)/ (@"2-b"2) " (1/2) ) *bxd+4/f*a/ (a~2*%d"2-2*axbxc*xd+b~2xc"2) /(a"2-b"2) " (3/2) *ar
ctan(1/2* (2*xa*tan(1/2*xf*x+1/2*e)+2%b) /(a”2-b"2) " (1/2) ) *b~2*c

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e) "2/ (a+bxsin(f*x+e)) 2/ (c+d*sin(f*x+e)),x, algorithm="ma
xima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*d"2-4*c”2>0)', see “assume?  for

more details)Is 4*d~2-4*c”2 positive or negative?
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mupad [B] time = 27.41, size = 23933, normalized size = 132.23

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)~2/((a + b*sin(e + f*x)) " 2x(c + d*sin(e + f*x))),x)

[Out] - ((2*xa"2)/((a"2 - b"2)*x(a*d — bxc)) + (2*xaxbxtan(e/2 + (f*x)/2))/((a"2 - b
“2)*x(a*d - bxc)))/(fx(a + 2¥bxtan(e/2 + (f*x)/2) + axtan(e/2 + (£f*x)/2)72))
- (c™2*atan(((c™2*%(d"2 - c™2)"(1/2)*((32*x(2*a~4*xb~4*xc”™6 - a~2*b"6*xc”"6 - a”
B6xb"2%Cc”6 + a~8*c"4*d"2 - 3*a”~3*b"5*xc”5xd + 2*a”5¥b~3*c”5xd + 2*a”~7*xbxc”3*d
"3 + 8*%xa"4xbT4xcT4*d"2 - 5*%a”bxb73*%c”3*%d"3 + a“6*xb"2xc”2*%d"4 - 6*a " 6*xb"2*xc”
4%xd~2))/(a”7*d"3 - b"7*c”3 + 2*%a"2x%b"5*c”3 - a"4xb"3%c”3 + a~3*b"4xd"3 - 2%
a"b*b72*%d"3 - 3%a”2%xb"b*kckxd"2 - 6*%a"3x%b"4xcT2*xd + 6*%xa"4*b"3*%ckd”2 + 3*%a”~bxb
"2%c72%d + 3*axb"6xc”2xd - 3*a~6xb*ckd”2) + (32*xtan(e/2 + (£f*x)/2)*(2*a”7*b
*CT6 - 2*%xaxb”T7*c”6 — 2%a”"8*%xc”bkxd + 9%a”3*b"5*c”6 - 8*xa"bxb"3*%c”6 + 2%a~8*xc”
3*%d"3 + 2*%a"2xb"6xc”5*xd - 13%a"4*b"4*xc”"5*xd + 2*xa"6%b"2*c*kd”5 + 10*a"6*xb”"2*c
“5kd + 4xa”T7xb*cT2*%d"4 - 4*xa”~T7xbxcT4*%d"2 - 8*%a~3xb"bxcT4*xd"2 + 16%a"4x*b"4x*c
~3%d"3 - 10*%a"5xb~3*c”2*%d"4 + 13*%a"bxb"3*c"4*d"2 - 13*a~6xb"2xc"3*d"3))/(a”
T*d~3 — D77*c™3 + 2%a”2*xb"5*c™3 - a"4*b"3%c”3 + a"3*%b"4xd"3 - 2*a~5*xb"2xd"3
- 3%a"2*b75*c*d"2 - 6*%a”3%b"4*xc”2xd + 6*a~4*xb”"3*kc*d”2 + 3*a " 5*xb " 2*xc”2xd +
3*xaxb"6xcT2xd - 3*a”6*bkxc*d”2) + (c72x(d72 - ¢72)7(1/2)*((32%(a*b”9*c”7 - a
T3*%bTT7*xc”7 + a”10%xcT2xd”5 - 3*%a”2*%b"8*%xcT6xd + 2%a"4*b"6*xc”6*xd + a~6*%b"4*c”6
*d — a~7*¥b"3xc*kd"6 — 4*xa”9*%bxc”3*xd"4 + a~3*b"7*c”5*xd"2 + 6*%a"4*b"6%c"4xd”3
- 9%a"b*b"5*xc"3xd"4 + 3*%a"5xb"5xcT5xd"2 + 5*xa"6xb"4xcT2*xd"5 - 12*%a”6*b"4x*xc”
4xd”3 + 13*%a”7*b"3*%c”3*%d"4 - 4*xa”7*b"3*%c”5*%d"2 - 6*%a"8*b"2*xc”2xd”5 + 6%a 8%
b7"2%c”4*d"3 + a”9*bxcxd"6))/(a”7*d"3 - b T7*c”3 + 2*a"2%b"5*xc”3 - a”4*b"3*c”
3 + a"3%b74*%xd"3 - 2%a"5*b72*d"3 - 3*xa"2%b"5*c*kd"2 - 6*%xa~3xb"4*c”2*xd + 6*%xa"4
*b73*%c*kd"2 + 3*a"bxb"2xcT2+d + 3*axb"6xc”2xd — 3*a~6xb*c*d”2) + (32*tan(e/2
+ (£%x)/2)*(4*a”~2*xb"8*c”7 - 6*a”4*b"6*xc”7 + 2*xa~6*%b"4*c”7 + 2*a~10*c"3*d"4
- 20*%a"3*b"7*xc"6xd + 26%a"5*¥b"5*kc"6xd - 2*a~6xb~4*xc*d"6 - 8*a”7*b~3*xc"6*d
+ 2%3"8*%b72*c*d"6 + 2%a”~9%b*c”2xd"5 - 8*a~9*bxc”4*d"3 - 10*a”2*b~8*c~5*xd"2
+ 20%a”3%b"7*c"4*d"3 - 20*%a"4*xb"6*xc”3xd"4 + 42xa"4*xb"6*c”5%d"2 + 10*a"5*%xb”5
*c72%d”5 - 48*%a”"5xb"bxcT4*xd”3 + 32%a”6%b"4*c”"3*d"4 - 44*a”"6xb"4xc”h5xd"2 - 1
2%a"7Txb"3%xc”2*%d"5 + 36*%a"7*b"3*%c"4xd"3 - 14%a”"8xb"2xc”3*d"4 + 12%a~8*b"2*c”
5%¥d72 + 2*axb"9*%c”6*xd))/(a”7*d"3 - b 7*c”3 + 2*xa"2*b"5%c”3 - a"4*b"3*c”3 +
a~3xb74*d"3 - 2*%xa"bxb"2xd"3 - 3*%a”"2xb"bkxcxd"2 - 6*a”3*b"4*xc"2xd + 6*%a"4*b”3
*c*d”2 + 3*%a”"5xbT2xc"2xd + 3*axb”6*c”2xd - 3*a~6xbxc*xd”2) + (c72x(d72 - ¢72
)7 (1/2)*% (2% (2*%a~4*xb~8*c™8 — a~2*%b”10*%c™8 — a~6*b"6%c”8 + a~12*xc”2*xd"6 + 2
*a"3*%b"9xc”7xd — T*a " 5xb"7*xcT7*d - a"7*xb"hbkxcxd”7 + 4*xa~7*b"b*xc”7xd + 2%a”9x%
b~ 3%ckd”7 - 4xa”11*xbxc”3*%d"5 - 4%a”"2xb"10*c"6*%d"2 + 5*%a”3*b"9*c"5xd"3 + 3*a
“4xb”"8*cT6*d"2 — 5*a”b*b 7xc"3*d"5 - 10*a”"5*xb”7*c”5xd"3 + 4*a~6xb"6xc”2+%d"6
+ 5*xa”6*b"6*c"4*d"4 + 6*a”6xb"6xcT6+%d"2 + 6*%a”7*b " 5xc”3*d"5 + 5xa”~7*xb"5*c”
5xd”3 - 7*a"8*b"4*xc"2xd"6 - 10*xa"8xb"4*c”4*d"4 - 5*xa"8xb74*cT6*d"2 + 3*xa~9x
b73*%c”3xd"5 + 2*%a~10%xb"2*%c"2*%d"6 + 5%a”10*%b"2*%c”"4*xd"4 + a*b"11xc”7xd - a”11
*bxcxd”7))/(a”7*d"3 - b T*c”3 + 2*%a"2%b"b*c”3 - a~4xb"3*c”3 + a~3*xb"4*d"3 -
2%a"b*b"2*d"3 - 3*%a"2*%b"5*xc*d"2 - 6*%a”3*b"4*xc"2x%d + 6*a”4*b"3*kckd"2 + 3*a”
5%b~2%c”2*d + 3*axb~6xc”2xd - 3*a”6*bkckd”2) - (32xtan(e/2 + (£*x)/2)*(3*xax
b711%c™8 - 3*%a”"12%c*d”7 - 8*xa~3xb79%c”8 + 7*a"bxb~7xc”8 - 2*%a"7*b"5xc”8 + 2
*¥a"12x%c73%d"5 - 4*xaxb”11*xc”6xd"2 - 15%a”2%xb710*c”7*d + 40%a"4*xb"8*c”7*d + 4
*a"6*%b"6xc*kd”7 — 35*%a"6*%b"6*c”T7xd — 11%a"8*%b"4*cxd”7 + 10*%a"8xb"4*xc”T7*xd + 1
0*%a~10xb"2*%xc*xd”7 + 15*%a”11*xb*c”2*xd”6 - 10*a”11*xbxc™4*xd"4 + 20*xa~2*xb~10*c~ 5%
d”3 - 40%a”3*%b"9*%c"4*xd"4 + 41*%a”"3*xb"9xc”6*%d"2 + 40*%a"4*b"8*c"3*xd"5 - 85*%xa"4
*b78*%c”5*xd"3 - 20*%a"5bxbTT7*cT2*%d"6 + 125%a"bxb77*c”4*d"4 - 90*a"5*xb”7*xcT6*xd”
2 - 113%a"6*b"6*%c~3*xd"5 + 130*%a"6*b~6*xc~5*xd"3 + 55xa~7xb"5*xc”2*d"6 - 140%a”
T*b~b*c™4xd™4 + 73*%a”7xb " 5xc”6*xd"2 + 108*a~8*b"4xc”3*xd"5 - 85%a”"8xb"4*xc~5*d
73 - 50*%a”9%b"3xc72*d"6 + 65%a”9*b"3*%c"4*xd"4 - 20*%a”"9%b"3xc”6*d"2 - 37*a"10
*b"2xc”3*%d"5 + 20*%a”~10%b"2xc"5*d"3))/(a"7*d"3 - b77*c”3 + 2%¥a"2xb"5*c”3 - a
T4xb"3%c”3 + a”3%b74*d"3 - 2*%xa"bxb72*%d"3 - 3*%a"2xb"bxcxd”2 - 6*a”3*xbT4*xcT2x%
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d + 6*%a”4*b"3xcxd"2 + 3*a"5*b " 2*c”2*xd + 3*axb"6xc”2*%d - 3*a”~6*bxc*xd"2)))/(a
"2%d74 - bT2*cT4 - am2*%cT2%d"2 + bT2*cT2xd"2 - 2*axbxc*xd”3 + 2*axbxc”3*d)))
/(@”2xd”4 - b72*%c"4 - a"2*%cT2*%d"2 + bT2*%cT2%d"2 - 2*axbxc*d”3 + 2*axbxc”3*d
M)x1i)/(a”2%d"4 - b™2%cT4 - a"2%c”2+%d72 + bT2*cT2x%d"2 - 2%axb*c*d”3 + 2*axb
*c73%d) + (c72x(d72 - ¢72)7(1/2)*((32*%(2*a~4*b~4*xc™6 - a~2*%b"6*c”6 — a~6*xb~
2%Cc”6 + a"8%c74xd"2 - 3*%a"3*%b " 5xc”hkxd + 2%a”b*b"3*%c”b*d + 2%a”~7xb*xc~3*%d"3 +
8*a~4xb"4xcT4*xd"2 - B5*a"bxb"3xc”3*d"3 + a"6*b"2*%c"2xd"4 - 6*%a"6*%b"2%c”4*xd”
2))/(a~7*d"3 - b77*c”3 + 2*¥a”"2*%b"5*c”3 - a~4%b"3*c”3 + a~3*b"4%d"3 - 2*a”bx*
b"2%d"3 - 3*%a"2*b"5xcxd"2 - 6%a”3*b"4*xc”2+d + 6*xa”4*b " 3*xcxd"2 + 3*a~5xb"2*c
“2%d + 3*axb"6xcT2xd - 3*a~6*b*c*d”2) + (32xtan(e/2 + (£*x)/2)*(2*%a”7T*xb*xc”~6
- 2%axb”7*xc”6 - 2*%a~8%c”bxd + 9%a”"3xb"hb*xc”6 - 8*%a"bxb"3%xc”6 + 2%a~8xc”3xd”
3 + 2%a”"2xb"6*xc”b*kd — 13*%a"4xb"4xc”5kxd + 2*%a”6*xb"2*ckxd”5 + 10*%a”"6xb"2*xc”5*d
+ 4*a”7*xbxc"2*xd"4 - 4xa"T*b*c”4*d"2 - 8*a"3*b"5xc"4*%d"2 + 16%a”4*b 4*c”3*d
"3 - 10*%a"5*b"3*c"2*%d"4 + 13*%a"5xb"3*c”4*d"2 - 13*a"6xb"2xc~3%d"3))/(a”7*d”
3 - b77*c™3 + 2%xa”2%b"5*%c”3 - a"4xb"3*%c”3 + a"3*b74%xd"3 - 2%a"5*b"2xd"3 - 3
*a"2%b"5xcxdT2 - 6%a”3*%b"4*xcT2xd + 6%a”4*b"3*kckd"2 + 3xa"bxb72*%c”2*xd + 3*xax
b~6xc”2xd - 3*a~6xbkxcxd"2) - (c72%x(d"2 - ¢”2)7(1/2)*((32*(axb”9*c~7 - a~3*b
STxcTT7 4+ a”10%cT2xd”5 - 3%a”2%b"8*c”6xd + 2*%a~4*b"6%c”6*d + a~6*b"4*xc"6xd -
a~7xb"3*%c*kd"6 - 4*a”~9*b*c”3*%d"4 + a"3*b"7xc"5*d"2 + 6*a”4*b"6%c”4*d"3 - 9%
a~bxb75*%c”3*%d"4 + 3*xa"bxb7H5*cTh*d"2 + 5*xa"6xbT4*xcT2*d"5 - 12*%a"6*b"4*xc"4xd”
3 + 13xa”7*b"3*%c"3*d"4 - 4xa”7*¥b"3*%c”"5*d"2 - 6xa”8*%b"2*c”2*d”5 + 6xa”8*b"2%*
c"4*xd”"3 + a"9xb*xcxd"6))/(a”7*d"3 - bT7*c”3 + 2*%a"2*xb"5*c”3 - a"4xb"3*c”3 +
a~3%b74*%d"3 - 2*%xa"5*b72*%d"3 - 3*%a"2xb"b*kckxd"2 - 6*%a"3*%b"4xc”2xd + 6*xa”4*b”3
*c*d"2 + 3*%a”"5*bT2xcT2xd + 3*axb”6*c”2*xd - 3*a~6xbxcxd”2) + (32*tan(e/2 + (
£*x)/2) % (4*a~2*xb"8*c”7 - 6*a”4*b”6*xc”7 + 2*%a~6xb"4*c”7 + 2*%a~10*c”3*d"4 - 2
0*%a”3*b~7*xc™6*xd + 26*%a~bxb"bxcT6*d — 2*%a"6*xb"4xcxd”6 - 8*a " 7*b"3xcT6xd + 2%
a"8*%b"2*%c*xd"6 + 2%a”9xb*c”2*%d”"5 - 8*%a"9*bxcT4*d"3 - 10*%a"2*b"8*%c"5xd"2 + 20
*a"3*%b”"T7xc74xd"3 - 20%a"4*xb"6*xc”3*%d"4 + 42*%a"4*b"6xc"5xd"2 + 10*%a”5xb"5*xc”2
*d"5 - 48*%xa"b*b"b*c"4xd"3 + 32%a”"6xb"4*xc”3*d"4 - 44*%xa”6*b"4*c”5xd"2 - 12%a”
T*b~3*%c™2%d"5 + 36*%a”7*xb"3xc”4*d"3 - 14%a”8*b"2*xc"3*xd"4 + 12*%a”~8*xb"2*xc”5*d”
2 + 2%axb”9*c”6xd))/(a”7*d"3 - bTT*c”3 + 2%xa"2*xb"5%c”3 - a"4*b”"3*c”3 + a~3x%
b~4*%d"3 - 2*%a"5*%b"2*%d"3 - 3*%a"2%b"b*xc*kd"2 - 6%a " 3*xb74*xc"2*d + 6*%a"4*xb”~3xc*d
"2 + 3*%a”b*bT2*%cT2xd + 3*a*b”6*c”2*%d - 3*a"6xbxcxd”2) - (c72%(d72 - ¢72)"(1
/2)*((32*%(2*xa~4*b~8%c™8 — a~2*b~10*c™8 - a~6xb~6*c”8 + a~12*%c”2xd"6 + 2*a”3
*b79*cTT7*xd - T*a"5xb T7*cTTxd — a”T7*b"5xcxd”7 + 4%a~7xb"5xc”7+d + 2%a”~9*b~ 3%
cxd”7 - 4%a”11xbxc”3*%d”5 - 4*a”"2xb"10*%c"6*xd"2 + B5xa~3%b"9*c"5%xd"3 + 3xa~4xb
T8%cT6*xd"2 - Bxa"b*b"7*xc"3*d"5 - 10*%a"5xb"7xc”5*%d"3 + 4*a~6xb"6xc”2*%d"6 + 5
*a"6*%b"6xc"4*xd"4 + 6*%a"6*¥b " 6xcT6*d"2 + 6%a”"7x¥b"5kxc”3*d"5 + 5¥xa~T7*xb"hkxcTb5*d”
3 - 7*%a"8xb"4*xc”2%d"6 - 10*%a~8*b"4*c"4xd"4 - 5*a~8*%b"4xc”T6xd"2 + 3*%a~9xb”3x%
c”3xd"5 + 2*%a”10*xb"2*c”2*%d"6 + 5*%xa”10*b"2*%c"4*xd"4 + a*xb”11xc”7*d - a"1lxb*c
*¥Q77))/(@"7*d"3 - b7T7*c”3 + 2*a"2*%b"5*c”3 - a"4*b"3*%c”3 + a"3*b"4*xd"3 - 2*a
“5%b72%d"3 - 3%a"2%b"5*kckd"2 - 6xa”3%b"4*c”2xd + 6*xa~4xb"3%c*d”"2 + 3*xa~bxb”
2%c72%d + 3*axb"6xc”2xd - 3*a"6*b*c*kd”2) - (32*xtan(e/2 + (f*x)/2)*(3*axb”~11
*Cc™8 — 3%a”12%cxd”7 - 8*%a"3*%b"9xc”8 + 7*a"b* b~ 7*c”8 - 2*%a"7*b"5*xc”8 + 2*xa”1
2xc”3*%d"5 - 4*xaxb"11*xc”6xd"2 - 15%a”2xb"10*xc”7*xd + 40*a"4*xb"8xc”7*d + 4*a”6
*b"6xckxd”7 - 35%a”6xbT6xc”7*d — 11xa”8%b"4*ckxd”7 + 10*a"8*xb"4xc”7xd + 10*a”
10xb™2%c*d”7 + 15*%a”11xb*c™2*%d"6 - 10*a”11xb*c”4*d"4 + 20*a"2*b~10*c~5*d"3
- 40*%a"3xb"9xc74*d"4 + 41%a"3*%b"9*%cT6xd"2 + 40*%a”"4xb"8xc”3*d"5 - 85%a"4*b”8
*c7b*d"3 - 20*%a"b*b”"T7xc”2xd"6 + 125%a"b*xb"7*c"4*xd"4 - 90*%a”"bxb"7*xcT6*xd"2 -
113*%a”"6xb"6xc”3*%d"5 + 130*%a”"6*xb"6*xc”5*%d"3 + 55*%a”7*b"5xc”2xd"6 - 140*a”7*b”
5xcT4*%d"4 + T73%a"7T*b"5*xc"6*xd"2 + 108*%a”8*b"4*xc"3*xd"5 - 85*%a"8xb"4*c”5*%d"3 -
B50*a"9xb"3*%c”2*%d"6 + 65%a”9*b " 3*c"4*xd"4 - 20*%a"9*xb"3*c”6*%d"2 - 37*a”"10xb”"2
*c"3%d"5 + 20%a”10*%b"2xc~5%d"3))/(a"7*d"3 - b~ T7*c”3 + 2*%xa~2*%b"bxc”3 - a"4x*b
“3%c”3 + a”3%b74*%d"3 - 2%a"bxb72xd"3 - 3*%a”"2xb " 5xc*xd"2 - 6*%a~3*%b"4*c”2xd +
6*%a”~4xb"3*cxd"2 + 3*%a”5xb"2*xcT2x%d + 3xaxb”6xc”2*xd - 3*a~6xb*xcxd"2)))/(a”2x*d
T4 - bT2%CcT4 - am2*cT2xd"2 + bT2xcT2%d"2 - 2*axbxc*d”3 + 2*xaxbxc”3*d)))/(a”
2%d74 - bT2*%CcT4 - am2*%cT2%d72 + bT2*cT2xd72 - 2*xaxbxc*d”3 + 2*axbkxcT3*d))*1
i)/(a”2%d"4 - b72*c”T4 - a"2*xcT2%d72 + bT2*xcT2%d"2 — 2xaxb*xc*d”3 + 2*axb*xc”3
xd) )/ ((64*(a~5xb*c™5 — 2*xa~3*%b~3*c™5 + a~4*b~2%c”4x*d))/(a”7*d"3 - b 7*c"3 +
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2*%a"2%b"5*xc”3 - a"4*xb"3*%c”3 + a”3*%b74*d"3 - 2%a"5*b72*%d"3 - 3xa”"2%xb"b5*kckxd”
2 - 6*a”3*b"4*xc"2xd + 6*a”4*b"3*kc*d”"2 + 3*a"bkxb"2xc"2xd + 3*axb " 6*xc”2xd - 3
*a"6*b*c*d”2) + (64xtan(e/2 + (£*x)/2)*(2*a”~6*xc™5 + 4xa~2%b~4*c”5 - 6*a”4x*b
“2%c”5 - 6*%a”3*%b"3%c”4*xd + 2*a~4xb"2%xc”3*%d"2 + 4*a~5xbxc”4%d))/(a”7*d"3 - b
TT*xcT3 + 2%a”2%b75*%c”3 - a"4*xb"3xc”3 + a"3*b74*%xd"3 - 2%a"b5*%b72*d"3 - 3*xa"2x
b™b*xc*kd"2 - 6%a”3*xb74*xc"2*d + 6*%a"4*b"3xc*kd"2 + 3*xa " bxb"2*c"2*%d + 3*kaxb”6*c
~2%d - 3*a~6xbkxcxd”2) + (c72%x(d"2 - c”2)"(1/2)*x((32*%(2*xa~4*b~4*xc”6 - a~2*b”
6*%c”6 — a"6*b"2%c”6 + a~8*xc"4*d"2 - 3*a " 3*b"bkxc~hbxd + 2*a~5*xb"3*c”5*xd + 2*a
“Txbxc”3*%d"3 + 8*a”4*b"4*cT4*d"2 - 5*a”bxb"3*c"3*%d"3 + a"6*b"2%c”2xd"4 - 6%
a"6xb"2%c”4xd"2))/(a”"7*d"3 - b~T*c”3 + 2*a"2%b"5%xc”3 - a~4*%b"3%c”3 + a~3*b”
4xd”3 - 2*%a"bxb72xd"3 - 3*%a"2%b " bkxckd"2 - 6*%xa”3*b"4*c”2%d + 6%a"4xb " 3xc*xd"2
+ 3*%a " bxb"2*xc"2xd + 3*axb”6*c”2*%d - 3*a~6xbxcxd”2) + (32*tan(e/2 + (f*x)/2
)*(2*%a”~T*b*c™6 - 2*axb”7*xc”6 - 2*xa~8*c 5*d + 9%a”3*b"5*%c”6 - 8*a~5*xb~3*c”6
+ 2%a78*%c”3*%d"3 + 2*a”2*b"6*c”5xd - 13*¥a~4xb"4*xc”5*xd + 2*a”~6*b " 2%cxd”5 + 10
*a"6*xb"2xcTbxd + 4*a”T7*xbkxcT2xd"4 - 4*xa”T*b*cT4*xd"2 - 8%a~3%b"5*c"4*xd"2 + 16
*a"4*xb"4xc"3*%d"3 - 10*%a"b*¥b"3*%c”"2xd"4 + 13*%a"5xb"3xcT4*xd"2 - 13%a"6%b"2%c”3
*d"3))/(a"7*d"3 - b"T7*c”3 + 2*%xa~2*%b"b*xc”3 - a"4*xb~3*%c”3 + a"3*b"4*xd"3 - 2x*a
~5xb"2%d"3 - 3*a"2*xb"5xc*d"2 - 6*a”3*b"4*xc"2*xd + 6%a~4*b"3*kc*kd"2 + 3*a~bxb”
2%c”2*d + 3*axb"6xcT2xd - 3*a~6xb*c*d”2) + (c72x(d72 - ¢72)7(1/2)*((32*x(a*xb
TOkcTT - aT3%bTT7*c”7 + a”10*%cT2%d”5 - 3*xa"2%b78*c”6*xd + 2*%xa"4xb"6*c”6*d + a
T6*xbT4xcT6xd - a”T7*b"3*%ckd"6 - 4*xa”9xb*c”3*%d"4 + a"3xb"7*c”5*%d"2 + 6*%a~4xb”
6*%c”4xd"3 - 9*%a"b*b"bxc"3xd"4 + 3*%a"bxb"bxcT5xd"2 + b*a"6xb"4xcT2xd"5 - 12x%
a"6*xb"4*cT4%d"3 + 13*%a”"T7xb"3*xc”3*d"4 - 4%a"7*xb"3*%c”5*d"2 - 6*%xa”8*xb"2*kc"2*d”
5 + 6*%a”8*b"2xc"4*d"3 + a~9*b*xc*d"6))/(a"7*d"3 - b77*c”3 + 2*a"2*xb"b*c”3 -
a~4xb73%c”3 + a"3*xb74xd"3 - 2*%a"5*b72xd"3 - 3*%a"2%b " 5*xc*xd"2 - 6xa~3%b"4*c"2
*d + 6%a”4*xb"3*kckd"2 + 3*xa”5kb"2xc”2xd + 3*axb " 6xc”2*xd — 3*xa " 6xbxckd"2) + (
32*xtan(e/2 + (f*xx)/2)*(4*a"2*%b"8*c”7 — 6*a~4*xb~6*c”7 + 2*%a”~6xb~4*xc”~7 + 2%a”
10*%c™3*%d"4 - 20*%a”3*%b"7xc”6*xd + 26*%a"5* b~ 5xc"6xd - 2*xa"6*xb"4*kcxd"6 - 8*a 7%
b~3*c"6xd + 2*a”8*b"2%c*d"6 + 2*%a~9*bxc”2%d"5 - 8*a " 9*b*c"4*xd"3 - 10*xa~2*b”
8*xc7h*d"2 + 20*%a"3*%b”"7*xc"4xd"3 - 20*%a"4xb"6*c”3*d"4 + 42*%a”"4*xb"6xc”5xd"2 +
10*%a”5*%b"5*c”"2%d"5 - 48*%a~bxb"bxcT4*d"3 + 32%a”6*b " 4*xc"3*xd"4 - 44*xa”6xb"4*c
“b5xdT2 - 12%a”7*xb73%xcT2*%d"5 + 36*%a”7*b"3*%c"4xd"3 - 14*%a”"8xb"2xc”3*d"4 + 12x%
a~8*b"2*c”5xd"2 + 2*xaxb~9%c”6*d))/(a"7*d"3 - b"7*c”3 + 2%a"2%b"5xc”3 - a~4x*
b"3*%c”3 + a~3*%b"4*d"3 - 2*a"b*b"2*%d"3 - 3*a"2%b"5*xckd"2 - 6*a~3xb"4*xc"2%d +
6*a~4*b”"3*kckd"2 + 3*xa~5*b"2%c”2*d + 3*kaxb"6xcT2xd - 3*a~6xb*c*d”2) + (cT2x%
(@72 - c”2)7(1/2)*((32*%(2*xa~4*b~8*c™8 — a”2*b~10*c™8 - a~6*%b~6*c~8 + a~12*c
T2%d76 + 2%xa”3x%bT9*cT7*kd — T*a"bxbTT7*c”7*d - a~7*xb"bxcxd”7 + 4*a”7*b"5xcT7x*
d + 2%a”"9%xb"3xc*xd”7 - 4*xa”11xb*xc”3*%d"5 - 4*%xa”2xb"10*%c”6*xd"2 + 5*a~3%b"9%c”5
*d"3 + 3*%a"4*xb"8*c"6*xd"2 - 5%a~5xb”7*c"3*d"5 - 10*a~5xb"7*c"5%d"3 + 4*a”~6*b
“6xcT2xd76 + 5*xa"6xbT6%xcT4*xd"4 + 6*a”6xb"6xcT6+%d"2 + 6*%a”7*b " 5*xc”3*d”"5 + 5%
a~7*b75*%c”5*d"3 - T*xa"8xb74*c”2*d"6 - 10*a"8*b"4xc"4xd"4 - 5*a”8*b"4*xcT6*xd”
2 + 3%a”9%b"3*%c"3*xd"5 + 2%a”10*xb"2xc”2*%d"6 + 5*%a~10*b"2*c"4*xd"4 + axb”11xc”
7xd - a~11xb*xcxd~7))/(a”7*d"3 - b~7*c”3 + 2*%a"2*xb~5*c”3 - a"4*xb"3*c"3 + a”3
*b"4%d"3 - 2*a"b*b"2*%d"3 - 3*a"2%b"Hkckd"2 - 6*a~3*b"4*c”2+xd + 6*a”4*xb"3kck
d”2 + 3*%a"bxb"2xc72%d + 3*a*b”6kc”2xd - 3*a~6xb*xc*xd”2) - (32*xtan(e/2 + (f*x
)/2)*(3*axb~11*%c™8 - 3*a~12xcxd”7 - 8*a”3*b”"9*c”8 + 7T*xa~bxb~7*c”8 - 2*a”T7*b
“5%cT8 + 2%a”12%c”3*xd”5 - 4*a*b”11xcT6*%d"2 - 15%a"2*%b"10*c”7*d + 40%a"4*b"8
*cT7*d + 4*%a”"6*xb"6kxckd”7 - 3b5*%a"6*%b"6xc”7*xd - 11*%a"8*b"4*c*kxd”7 + 10*xa~8*b"4
*c77*d + 10%a”10*%b"2%c*xd”7 + 15%xa”11*bxc™2*d"6 - 10*a~11xb*xc™4*d"4 + 20*a”2
*b710*xc™5%d"3 - 40*%a”3*xb"9*c"4*d"4 + 41*%a"3*%b"9xcT6*xd"2 + 40*xa"4*xb"8*c”3*%d”
5 - 85*%xa”4xb78*c”5*%d"3 - 20%a"5*b"7*xc"2*xd"6 + 125%a"5*b"7*xc"4*xd"4 - 90*a”bx
b~7*xc”6xd"2 - 113*%a"6*b~"6*%c~3*xd"5 + 130*a"6*b"6*xc~5xd"3 + 55xa”7xb"5*c”2*xd”
6 — 140*%a”7*b"5xc™4*xd"4 + 73%a”7*b"5*c”6*%d"2 + 108%a"8xb"4*xc~3*%d"5 - 85*%a”8
*b"4*c”b5xd"3 - 50*%a”9xb"3xc”2*d"6 + 65%a”9*%b"3*%c"4xd"4 - 20%a”"9xb"3*xcT6*d"2
- 37*a”~10*b"2%c~3*%d~5 + 20*a~10*b~2*c~5%d~3))/(a"~7*d"3 - b~7*c"3 + 2*xa”~2x*b
Th%c”3 - a”4xb73%c”3 + a"3*%b74*xd"3 - 2*%a"5*b"2xd"3 - 3%a"2%b"5*kcxd"2 - 6*a”
3*¥b~4xc"2xd + 6%a~4*xb " 3*kc*d"2 + 3*ka”5*xb"2xc"2xd + 3*axb"6xc”2*xd - 3*a”6xb*c
*d72)))/(a"2*d"4 - b"2xc"4 - a"2*%c”2*d”72 + bT2xcT2%d"2 - 2*axbkxckxd”3 + 2*ax
b*xc~3*d)))/(a"2%d"4 - b"2*c"4 - a"2*xc"2%d"2 + b72*c”2xd"2 - 2*axbxc*xd”3 + 2
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*axb*c”3*d)))/(a"2*%d"4 - b72%c”4 - a”"2*c”T2*%d"2 + bT2%c72+%d"2 - 2*axb*xcxd”3
+ 2*%axbxc”3xd) - (c72%(d72 - ¢c72)7(1/2)*((32*x(2*a~4*b"4*c”6 - a~2*b"6*xc"6 -
a~6xb"2%c”6 + a~8*xcT4*d"2 - 3*a”3*b"5*xc”5xd + 2*a”5%b"3*c”5*xd + 2*xa”7*b*c”
3*%d"3 + 8*%a"4xb"4xcT4*d"2 - 5*%a”bxb"3xc”3*%d"3 + a"6*xb"2xcT2*%d"4 - 6*a”"6*xb”2
*Cc74%d72))/(a”7*d"3 - b7T*c”3 + 2*%a”"2*b"5*c”3 - a~4%b"3*%c”3 + a"3*b"4*d"3 -
2*%a"bxb72xd"3 - 3*%a"2%b"bxckd"2 - 6*%a”3*xb"4*xc"2*%d + 6*%a"4*xb"3kxc*kd"2 + 3*xa”
5%b72%c”2*xd + 3*axb"6xc”2%d - 3*a”6*bxckd"2) + (32%tan(e/2 + (f*xx)/2)*(2*a”
T*b*xc™6 — 2%axb”7*c™6 — 2%a”"8xc”5*xd + 9*a~3*b"5*c”6 - 8*xa"b*b"3*%c”6 + 2*xa”8
*Cc73%d"3 + 2%a"2*xb76*c”5*d - 13*a”4*b"4*xc”5xd + 2*%a~6*b"2*c*d”5 + 10*a”6%b”
2%c”5*d + 4*a”Txbxc"2xd"4 - 4*a”T*bkcT4*d"2 — 8*a~3%b"5*xc”4*d”2 + 16*%a~4*b”
4xc~3*%d"3 - 10*%a~5xb"3%c”"2*xd"4 + 13*%a"5xb"3*kc"4*%d"2 - 13*a"6*%b " 2%xc~3*%d"3))/
(a”7%d"3 - b~7*c”3 + 2*%a"2%b"5%xc”3 - a~4*xb"3%c”3 + a~3*b"4%d"3 - 2*a " bxb 2%
d"3 - 3*%a"2*xb"5xc*xd"2 - 6*a”3*b"4*xc"2xd + 6*xa~4*b"3*kc*kd"2 + 3*a~bxb"2xc”2*d
+ 3*kaxb"6xcT2xd - 3*xa~6xb*xc*xd”2) - (c72x(d72 - ¢72)7(1/2)*((32*%(axb”~9*c”7
- a”3%b77*c”7 + a~10*%c”2%d”5 - 3*xa"2%b"8*c”6*xd + 2*xa~4xb"6*c”6*d + a~6xb"4x
c”6xd - a"T7*b"3*%c*kd"6 - 4xa”9xb*c”3*%d"4 + a"3xb"T7*c”5*%d"2 + 6*%a"4xbT6xc”4*d
“3 - 9%a"b5*b"5*%c"3xd"4 + 3*%a"b*b"bxcT5xd"2 + b*a"6xb"4xc”2xd"5 - 12*xa"6*b"4
*CcT4*%d"3 + 13*%a”"7*b"3*%c”3*xd"4 - 4*a " 7*¥b"3xc”5xd"2 - 6*%a"8xb"2xc”2*d"5 + 6%a
“8xb"2*%c”4%d"3 + a”9*b*c*d"6))/(a”7*d"3 - bT7*c”3 + 2*xa”~2*b"5%c”3 - a~4%b~3
*¥Cc™3 + a"3xb74xd”3 - 2*%a"5%xb72xd"3 - 3*%a"2*b"5*xc*xd”2 - 6%a”3%b"4*xc”"2*xd + 6%
a~4xb"3*kckd"2 + 3*a"5*xbT2%cT2+d + 3*axbT6xcT2xd - 3*a~6xb*c*d”2) + (32*xtan(
e/2 + (£*x)/2)*(4*a~2*xb~8*c”7 - 6*a 4*b”~6*c”7 + 2*xa~6%b~4*c”7 + 2*a~10*c 3%
d™4 - 20*%a”3xb"7*xcT6*xd + 26*%a"5*xb"5xcT6*xd - 2*xa”6*%b"4*cxd”6 - 8*a~7*¥b"3*xc”6
*d + 2*%a”8%b"2xcxd"6 + 2%a”9*xbxc”"2+%d”5 - 8*a”~9*b*c~4*d"3 - 10*a~2*xb~8*c”5*d
T2 + 20%a"3*%b"7*xcT4*xd"3 - 20*%a"4xb"6*%c”3*d"4 + 42*%a"4*b"6*xc”5xd"2 + 10*a”~bx
b™5*%c™2*xd"5 - 48*%a"5xb"5*cT4*d"3 + 32*%a"6*b"4*xc”3xd"4 - 44xa”6xb"4*xc”5xd"2
- 12*%a"7xb"3xc72*%d"5 + 36*%a"7*b"3*%c"4*xd"3 - 14*%a”"8xb"2xc”3*d"4 + 12*%a"8*b"2
*c75%d"2 + 2*%axb"9*c”6*xd))/(a”7*d"3 - bT7*c”3 + 2*xa"2*b"5%c”3 - a"4*b”"3*c”3
+ a”3*b"4*xd"3 - 2*xa~5*xb"2+%d"3 - 3*a"2*xb"bkckxd"2 - 6%a”3*b"4*xc”2*xd + 6xa"4x*
b~3*%cxd"2 + 3%a~5*b"2*c”2*xd + 3*axb"6xc”2+%d - 3*a~6*bxcxd"2) - (c72%(d72 -
c”2)7(1/2) % ((32*%(2*%a"4*b~8*c™8 - a~2*%b~10*%c™8 - a~6*b"6*c”8 + a~12%c”2*d"6
+ 2%a”3*%b79*kcTT7*d - 7*a"bxb"7xcT7*xd - a~T7x¥b " bxckxd”7 + 4*xa”7*xb"bkxc”T7xd + 2%a
TOxbT3kcxd”7 - 4*%a”11xb*kc”3*%d”5 - 4*%xa”2*%b"10*%c”T6*xd"2 + 5*%a"3%b"9xc”5*xd"3 +
3*%a"4*xb"8*c"6*xd"2 - 5*a”5*b " 7*xc"3*d"5 - 10%a~5*b"T7*c”"5xd"3 + 4*a~6xb"6xc”2%
d"6 + 5*a”6*b 6*c"4*d"4 + 6*a"6*b"6*xcT6*%d"2 + 6*a”T*b"5xc"3*d"5 + 5xa”~7*b"5
*Cc75*d"3 - T*a"8%b"4*c"2xd"6 - 10*%a"8xb"4xc”4*d"4 - 5*%xa"8xb"4xcT6*d"2 + 3*a
T9xb"3%xcT3*%d"5 + 2*%a”10*¥b72*%c”2%d"6 + 5*xa”10*b"2xcT4*d"4 + a*b”"11*c”7*d - a
“11xbxc*d”7))/(a"7*d"3 - b 7*c"3 + 2*xa"2*b"5*xc”3 - a"4*xb"3*%c”3 + a~3xb"4xd”
3 - 2*%a”"b*xb"2*%d"3 - 3*a"2%b"5kckd"2 - 6*a~3*xb"4*c"2+d + 6*%a”4*b"3kckd"2 + 3
*a"5*b72*%c”2xd + 3*axb"6xc”2*%d - 3*a”6*bxckd”2) - (32xtan(e/2 + (£*x)/2)*(3
*a*xb"11*%c™8 - 3*%xa”~12%c*d”7 - 8*xa~3*¥b79%c”8 + T*xa"bxb~7*c”8 - 2*%a"7*xb~5*xc”8
+ 2*%a”12%c73*%d"5 - 4*xaxbT11xcT6*xd"2 - 15%a"2xbT10*c”7*xd + 40*a~4xb"8xc”7*d
+ 4%xa”6*xb"6%cxd”7 - 35%a”6xb76*kc”7*d - 11%a"8xb"4*xcxd”7 + 10*%a”"8xb"4*xcTT7*d
+ 10*%a~10xb"2*xc*d”7 + 15*%a”~11*xb*c”2*xd"6 - 10*a”11*xbxc™4*xd"4 + 20*xa”2*xb~10%*c
“5%d”3 - 40*%a”3*%b"9*xc"4xd"4 + 41%xa”3*%b"9*c”6*xd"2 + 40*a”"4*xb"8xc”3xd"5 - 8bx
a~4xb78*c”h*d"3 - 20*%a"5xb”"T7*xcT2xd"6 + 125*%a”"5xb"7*xc"4*xd"4 - 90*a"5*¥b"7*c”6
*d72 - 113*%a"6xb76*%c”3*d"5 + 130*%a"6%b"6*%c"5%d"3 + 55*%a”~7*xb"5xcT2xd"6 - 140
*a"7*b"bxc74xd"4 + 73x%a”7*b"bkxcT6*%d"2 + 108*%a"8xb"4*xc”3*d"5 - 85*%xa~8*b"4x*xc”
5%¥d”3 - 50*%a”9%b"3xc”2*xd"6 + 65%a”9*b"3*%c"4*d"4 - 20*%a"9%b"3xc"6*xd"2 - 37*a
“10%b"2%c”3*d"5 + 20*%a~10%b"2%c"5*%d"3))/(a"7*d"3 - b~T7*c”3 + 2*a”"2*b"5*xc”3
- a74%b73*%c”3 + a"3*xb74xd”3 - 2*%a"5xb72xd"3 - 3*%a"2*b " 5*xc*xd”2 - 6%a”3*b"4x*c
“2%d + 6*%a”4*b"3xcxd"2 + 3*%a”5*b”2%c”2*d + 3*axb"6xc”2xd - 3*a~6*b*c*kd”2)))
/(@"2xd"4 - b"2*%c"4 - a"2%c”2xd"2 + bT2%cT2x%d"2 - 2%axbxc*xd™3 + 2*axbxc”3*d
)))/(a”2%d"4 - b"2*%cT4 - a"2*xcT2%d"2 + bT2*cT2xd"2 — 2xaxbxc*xd”3 + 2*axbxc”
3xd)))/(a"2%d"4 - b"2*c"4 - a"2*%c”2*xd"2 + bT2*cT2%d"2 - 2*axbxc*d”3 + 2*axb
*¥c73*%d)))*x(d"2 - ¢72)7(1/2)*21) /(f*x(a"2*%d"4 - b"2*%c”™4 - a"2xc”2*%d"2 + b~ 2*c
“2%d72 - 2*axbxcxd”3 + 2*xaxb*c”3*d)) - (a*atan(((ax(-(a + b)~3*(a - b)~3)"(
1/2) % ((32% (2%a~4*b"4*xc™6 — a~2*b"6%c”6 — a”~6xb"2%c”6 + a~8xc 4*xd"2 - 3*a~3x
b~5*xc™5xd + 2%a”"bxb"3*%cTb*d + 2*%a~T7*bxc”3*%d"3 + 8xa"4xb"4*xc"4*d"2 - 5xa”5*b
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“3*%c"3%d"3 + a"6xb"2%c”2xd"4 - 6*a”"6xb"2xc"4%d"2))/(a"7*d"3 - b~ T7*c”3 + 2x*a
T2%xb75*%c”3 - am4*b"3*%c”3 + a"3*%b74xd"3 - 2*%a"b*b"2*%d"3 - 3*%a"2*b"5*c*kxd"2 -
6*xa~3*b"4*xc"2xd + 6*a”4*b"3xckd"2 + 3*xa~bxb"2*c”2xd + 3*axb " 6xc”2xd - 3*a”~6
*bxcxd”2) + (32*xtan(e/2 + (f*xx)/2)*(2%xa"7*bxc™6 — 2*axb~7*c”™6 — 2*a”~8xc~5x*d
+ 9%a”3*%b"5*%c”6 - 8*%a"b*¥b"3*%c”6 + 2*xa"8xc”3*%d"3 + 2*%a~2xb"6xc”5*%d - 13xa"4
*b74*c”bxd + 2%a”"6xb"2xc*xd”5 + 10*%a"6xb"2xc”hbkxd + 4*xa”7*xbxc”T2xd"4 - 4*xa”7x*xDb
*CcT4*%d"2 - 8*%xa”3*%b"b*cT4*xd"2 + 16*%a”4xb " 4xc”3*d"3 - 10*%a"5*b"3*%c"2*%d"4 + 13
*a"5*%b"3%c"4*xd"2 - 13%a"6xb"2xc~3%d"3))/(a"7*d"3 - b"7*c"3 + 2*xa~2*%b"5xc”3
- a”4%b73*%c”3 + a"3*xb74xd”3 - 2*%a"5*xb72xd"3 - 3*%a"2*b " 5*xc*xd"2 - 6%a”3%b"4x*c
~2xd + 6*a”4*b"3xckd”2 + 3*a~bkb"2%c”2xd + 3*axb " 6xc”2xd - 3*a~6xbxcxd"2) +
(ax(-(a + b)"3*(a - b)"3)"(1/2)*((32*%(a*b™9*c™7 - a”~3*b~7*c~7 + a~10*c™2x*d
75 - 3*%a"2*%b"8*%c”T6xd + 2%a"4xb"6*xcT6*%d + a"6xb"4xcT6*xd - a~7*¥b"3kckd"6 - 4x
a~9*b*c”3*d"4 + a~3*b"7Txc"5*%d"2 + 6*a”4*b"6xc"4*d"3 - 9*a~5*b"5*xc”"3*d"4 + 3
*a"5*b"5*xcT5%d"2 + 5*%a”6%b"4*xc"2xd"5 - 12*a”6*b"4*c”4*d"3 + 13*a~7*xb”"3*xc”3*
d”4 - 4*%a”"T7*b"3xc”5*xd"2 - 6*%a"8*xb"2xc”2*%d"5 + 6*%a~8*xb"2xcT4*d”3 + a”~9*xbxcxd
~6))/(a"7*d"3 - b~T7*c”3 + 2*%a"2%b"5xc”3 - a~4*b"3%c”3 + a~3*b"4%d"3 - 2*a”h
*b72%d"3 - 3%a”2%b"5*kckxd"2 - 6*%a"3%b"4xcT2*xd + 6%xa”4*xb"3*%ckxd"2 + 3*a~bxb"2x%
c"2xd + 3*axb”6*xc”2xd - 3*a~6xbxcxd"2) + (32*xtan(e/2 + (f*x)/2)*(4*a”2%b"8x
C”7 - 6%a”4xb76*c”7 + 2*%xa"6xb74*xc”7 + 2*%a”10*%c”3*d"4 - 20*%a"3*b"7*xc"6*xd + 2
6*xa"b*¥b75*cT6*xd - 2*xa"6xb74*c*kd"6 - 8xa"T7xb"3*%cT6*d + 2*%a"8xb"2xc*d”6 + 2*a
TO*xbkxcT2xd"5 - 8%a”9*b*cT4*xd"3 - 10*%a"2xb"8xc”5*xd"2 + 20%a”3*b"7*c"4*xd"3 -
20%a"4*xb"6*%c"3*%d"4 + 42*%a”4xb"6xc”5*d"2 + 10*%a"5*xb"5*kc”2*%d”5 - 48%a”~5%b " 5*c
T4xd”3 + 32%a"6xb74*xc”3*%d"4 - 44*%xa”6*%b"4*cTh5xd"2 - 12*%a”"T7xb"3*xc”2*d"5 + 36%
a~7*b"3*%c”"4*xd"3 - 14%a”8*b"2*c"3*%d"4 + 12*a~8*b " 2*xc”5*d"2 + 2*axb~9*kc"6%*d))
/(@ 7x%d"3 - b~T7*c"3 + 2*xa"2*b"5%c”3 - a"4*b"3*c”3 + a"3*b"4*xd"3 - 2*a~5*b”2
*d"3 - 3*xa"2xb75*c*kd"2 - 6*%a"3xb74xcT2*%d + 6*%a"4*xb"3xcxd”2 + 3*ka " 5*xbT2%xcT2x%
d + 3*axb"6xc"2xd - 3*a~6*bkckd"2) + (ax((32%(2*¥a~4*b"8*c”8 - a"2*xb~10*c”8
- a“6xb76*xc”8 + a”12*%c”2*%d"6 + 2*%xa"3*%b79*c”T7xd - T*a"5xb"7*xc”7*d - a~T7xb" 5%
c*xd”7 + 4*a”T7*b"5xcT7*xd + 2*%a”9%b"3*c*d”7 - 4*a~11xb*xc”3*%d"5 - 4*a”2*b”~10*c
“6xd"2 + 5%a”3*b"9*c”"5+%d"3 + 3*a"4*b"8*c"6*d"2 - 5xa~5xb”7*c”3*%d"5 - 10%a”5
*¥b~7*xc"5*xd"3 + 4*%a”6*b"6*%c"2*xd"6 + 5*¥a”6*b"6*c"4*xd"4 + 6%a”6*%b"6*c"6xd"2 +
6*%a”"7*xb"5xc”3*%d"5 + bxa"7xb"hkcTb5*d"3 - T*a"8xb"4*xc"2*%d"6 - 10*a"8*b"4xc 4x*
d™4 - 5*%a”8*b74*xc”6xd"2 + 3*%a"9%b"3xc”3xd"5 + 2*%a~10*xb"2*c”2*%d"6 + 5*%a”10%*b
“2%cT4%d74 + axbT11xcT7xd - a~11*b*c*d”7))/(a"7*d"3 - b~7*c”3 + 2*a~2xb"5*c
"3 - a”4xb73%c”3 + a"3*%b74*%xd"3 - 2%a"5*b"2*d"3 - 3*a"2xb"5*c*d”"2 - 6*%a~3xb”
4*xc™2%d + 6*%a”4*b"3xcxd”2 + 3*a~5xb"2xc”2+d + 3*axb”"6*c”2xd - 3*a 6¥bxcxd”2
) — (32«tan(e/2 + (f*x)/2)*(3*a*xb~11%c”8 - 3*a~12*c*d”7 - 8*a~3*b~9*c™8 + 7
*a"b*b”"7*xc”8 - 2*%a"7*b"5*xc”8 + 2*%a”12%c”"3xd"5 - 4*axb”11*xcT6xd"2 - 15%a”2x%b
T10xc”TT7*d + 40*%a”4xb"8xcT7*xd + 4*xa"6*b"6%ckxd”7 - 35%a”6*xb"6*c”7*d - 11%a”8x
b74*xcxd™7 + 10*%a"8*xb"4xc”7*d + 10*%a”10*b"2xc*d”7 + 15%a”11*xbxc”2*%d”6 - 10*a
“11xb*c”4*%d"4 + 20*%a"2*%b"10*%c”5*d"3 - 40*a”"3*xb"9xc"4*xd"4 + 41xa~3*%b"9*c”6*d
T2 + 40%a"4*b"8*%c"3*xd"5 - 85*%xa"4xb"8*c”5*%d"3 - 20*%a"5*b”"7*xc"2xd"6 + 125*%a”5
*b77*c"4*xd"4 - 90*a”"bxb"7*xcT6*xd"2 - 113*%a"6*b"6xc”3*xd"5 + 130*%a"6*b"6*c”5xd
“3 + 55*%a”T7xb"5xcT2xd"6 - 140*%a”"7* b~ b5xcT4*xd"4 + 73x%a"7*xb"5*xcT6*%d"2 + 108%a”
8*b74*c”3%d"5 - 85*%a"8*xb"4xc”5*%d"3 - 50%a”9%b"3*c"2xd"6 + 65*%a”9*xb"3xc"4*xd”
4 - 20*%a”9%b"3*c”6xd"2 - 37*a”10*b"2*%c"3*%d"5 + 20*%a”~10*¥b"2*xc~5xd"3))/(a~7*d
T3 - bTT7*cT3 + 2%a"2*%b"5*%c”3 - a"4xb"3%c”3 + a"3*xb74xd"3 - 2*%a"5*b"2xd"3 -
3*%a"2%b"bxc*kd"2 - 6*%a”3*%b74*cT2%d + 6*%a”4xb " 3kxc*kd"2 + 3*%a"b*b"2%c”2xd + 3%*a
*b76*c”2%d - 3*a"6xbxcxd"2))*(-(a + b)"3*(a - b)~3)"(1/2)*(a"2*c - 2*b"2*c
+ axbxd))/(a"8*%d"2 - b"8%c”2 + 3*a"2*xb"6xc”2 - 3*a~4*b"4*c”2 + a~6xb"2xc"2
- a"2*b76*d"2 + 3*a"4*b"4xd"2 - 3*a"6xb"2xd"2 + 2xaxb~7*xckd - 2*xa”~7*b*cxd -
6*a”~3*b"5*xckxd + 6*xa~bxb~3*c*d))*(a"2*%c - 2*xb"2xc + axb*d))/(a"8*d"2 - b78x%
c”2 + 3%a”2xb76*%c”2 — 3%a"4xb74*xcT2 + a"6*%b"2*%c”2 - a"2%b"6xd"2 + 3*a"4%b"4
*d"2 - 3%a”6xb72*%d"2 + 2%a*b”~7xckd - 2*%a”7*bkxckd - 6*%a~3*%b"5xc*kd + 6*%a~b5*b”
3xcxd) ) *x(a"2*%c — 2*¥b72xc + axb*xd)*1i)/(a"8%d"2 - b~8*c”2 + 3*xa"2*b"6*c”2 -
3*%a"4*b"4*xc”2 + a”6%b72*%c”2 - a"2xb76xd"2 + 3*a"4*xb"4*xd"2 - 3*%a"6*b"2xd"2 +
2%a*xb”7*xckd — 2*xa~Txb*ckxd - 6*a”3*b"5xckxd + 6*xa~5*xb~3*c*d) + (ax(-(a + b)~
3x(a - b)"3)"(1/2)*((32% (2*a~4*b"4*xc™6 — a~2*%b"6%c”6 — a”6*b~2%c”6 + a”~8*c”
4xd"2 - 3*%a”"3xb"5xc7h*kd + 2*%a”b*b"3*%c”b*xd + 2%a”~T7xb*c~3*%d"3 + 8*xa"4*b"4x*c"4
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*d”"2 - 5*%a”b*b " 3%c”3*%d"3 + a"6xb"2xc"2*%d"4 - 6*a”~6*%b " 2xc"4%d"2))/(a"7*d"3 -
b™7*c”3 + 2%xa”2*%b"5*%c”3 - a"4*b"3xc”3 + a"3*xb74*xd"3 - 2%a"5xb"2xd"3 - 3%a”
2xb75xckd"2 - 6*a”3*b 4*cT2xd + 6*a”4xb"3*kckd"2 + 3*a”"5xb"2%c”2xd + 3*axb”6
*Cc72%d - 3*a”6xbxcxd"2) + (32xtan(e/2 + (f*x)/2)*(2*a~T7*b*c™6 - 2*a*b~7*c”~6
- 2%a”8*c”5*xd + 9*xa~3*%b"5*%c”6 - 8*%a"bxb"3*%c”6 + 2*%a"8*%xc~3*xd"3 + 2%a”2*b 6%
c”b*d - 13*%a"4xb74xc7b*kd + 2*%a"6*%b"2%c*kd”5 + 10%a”6*xb"2%c”5*d + 4*a”7xb*xc”"2
*d"4 - 4xa”7*xb*cT4xd"2 - 8*%a"3*%b"5xc74*xd"2 + 16*%a"4*xb"4*c”3*%d"3 - 10*a~b*b”~
3*%c™2xd"4 + 13*a~5xb"3*%c”4*d"2 - 13*%a”6*b"2xc"3*d"3))/(a”7*d"3 - b~ T*xc"3 +
2%a"2%b75%c”3 - a"4*xb"3x%c”3 + a"3*b74*xd"3 - 2%a"5*b"2*d"3 - 3*xa"2%b"5*c*d”2
- 6*%a”3*b74*xcT2xd + 6%a"4*b"3*%c*d”"2 + 3*a"bxb"2xc”2*xd + 3*axb”"6xcT2xd - 3%
a~6xb*xc*d”2) - (ax(-(a + b)~3*x(a - b)73)"(1/2)*((32*(a*b™9*c”7 - a~3*b"7*xc~
7 + a”10*%c™2x%d™5 - 3*%a"2*%b"8*%c”6*xd + 2%a"4*xb"6*xc"6*%d + a“6xb"4*kcT6*d - a"T7*
b~ 3*c*xd"6 - 4*a”9*b*c”"3*d"4 + a~3*b"Txc"5+%d"2 + 6*a”4*xb"6xc"4*d"3 - 9*a~5*b
“Bxc"3*d"4 + 3%a”bxb "5*xcT5*xd"2 + 5*a”6%b"4*xcT2*xd"5 - 12*a”6*b"4*c”4*d”"3 + 1
3*%a"7*b"3*%c"3*xd"4 - 4*%a"7*b"3*%xc”5*xd"2 - 6*%a"8*b"2xc"2xd"5 + 6*a”8*b"2*xc"4xd
~3 + a"9*b*xc*xd"6))/(a"7*d"3 - b~ T7*c”3 + 2*a"2*%b"5xc”3 - a~4*b"3%c”3 + a~3*b
“4xd”3 - 2*%a"b¥b"2xd"3 - 3*%a"2%b"bxc*kd"2 - 6*%xa”3*xb"4*c"2*%d + 6%a"4xb”3kxc*xd”
2 + 3*%a”bxb"2*c"2*d + 3*axb”6*c”2*%d - 3*a~6xbxcxd"2) + (32*tan(e/2 + (f*x)/
2) % (4*a~2*b"8*c”7 - 6*a~4*¥b"6*xc”7 + 2*%a~6*b"4*c”7 + 2*%a~10%c”3*d"4 - 20%a”3
*b”"7*xcT6xd + 26*%a”5*xb"hxcT6*d — 2*%a"6*xb"4xcxd”6 — 8*a " 7*xb"3xc”6xd + 2*%a”8*b
T2%ckd"6 + 2xa”9%b*cT2%d"5 - 8*xa"9xb*c”4*d”3 - 10*%a"2*%b"8*%c"5xd"2 + 20%a”3x
b~ 7*c”4xd"3 - 20%a"4*xb"6*xc”3*%d"4 + 42*%a"4*b"6*xc”5xd"2 + 10*%a"5xb"h*xcT2*%d"5
- 48*%a"5xb"5xc74*d"3 + 32*%xa"6*%b"4*c"3*%d"4 - 44*%a”"6xb"4xcT5%d"2 - 12*%xa”7*b”3
*c72%d”h + 36*%a”7*xb"3kxcT4*d"3 - 14%a”8%b"2*c"3*d"4 + 12*%a"8*xb"2xc”5*xd"2 + 2
*axb~9%xc”6xd) ) /(a"7*d"3 - bT7*c"3 + 2*%a"2*b"5%c”3 - a"4*xb"3*c”3 + a~3xb 4x*d
T3 - 2%a”bhxb72%d"3 - 3*%a”"2xb"bxcxd"2 - 6*%a”"3*b"4*xcT2xd + 6*%a”4*b"3*xcxd"2 +
3*a"bxb72xc"2xd + 3*axb”6*c”2*%d - 3*a"6xbxcxd”2) - (a*x((32*%(2*a”"4*xb"8*c"8 -
a~2xb710*%c”™8 - a"6xb"6xc”8 + a"12%cT2*%d"6 + 2*%xa”3*%bT9*c”T7*d - T*a~b5xb"7*xc”
7*d - a”~7*b"bxcxd~7 + 4*a”T7*b"5xc”7*xd + 2*%a”9*b"3*c*d”7 - 4*a~11xbxc~3%d"5
- 4xa"2*xb"10%c"6*d"2 + 5%a”3*b"9*c"5%d"3 + 3*a~4*b"8*c"6*xd"2 - 5xa”5*xb T*c”
3*d"5 - 10*a"5*b~7*c"5+%d"3 + 4*a”~6xb"6xc"2xd"6 + 5*a”6*b"6*xc"4*xd"4 + 6xa" 6%
b"6*xc”6xd"2 + 6*%a " 7*¥b"5xc”3*xd"5 + 5*xa”T7xb"5xcTb*d"3 - T7*a"8xb"4*xc"2*%d"6 - 1
O*a”~8%b~4xc™4*xd"4 - B5*a"8xb74xcT6*xd"2 + 3*%a”"9xb"3*%xc”3*%d"5 + 2*xa”10*b"2*c”2x%
d"6 + 5*%a”10*b"2*xc"4*d"4 + a*b”11xc”7*xd - a~11lxb*c*xd"7))/(a"7*d"3 - b~ 7xc"3
+ 2%a"2%b"5%c”3 - a"4*b"3%c”3 + a”"3*b"4*%d"3 - 2*a"5%b"2*xd"3 - 3*a"2xb " 5*c*
d"2 - 6*%a”3*b"4xc”2xd + 6*a”4*b " 3*kckd"2 + 3*a"5xb72%c”2+d + 3*axb"6xcT2xd -
3*a~6*xbxcxd"2) - (32xtan(e/2 + (£*x)/2)*(3*a*xb~11%c™8 - 3*a”~12*c*d”~7 - 8*a
T3%bT9kcT8 + T*a"hbxbT7*xc”8 - 2%a”"T7xb"5xc”8 + 2%a”~12%xc”3*%d"5 - 4xa*b"11xcT6%*
d™2 - 15*%a”2xb710*c”7*d + 40*%a"4xb"8*xc”7*d + 4*xa~6*b"6*c*kxd”7 - 35*%xa”6*b"6%*cC
TT7xd - 11*%a"8*%b"4xcxd”7 + 10%a"8xb"4*xc”7*d + 10*%a”10*xb"2*c*d”7 + 15%a”11xDbx
c™2xd”6 - 10*xa”~11*xb*xc™4*xd"4 + 20*%a"2xb~10*xc"5*xd"3 - 40*a~3*xb"9*c"4*xd"4 + 41
*¥a"3*%b"9*xcT6xd"2 + 40*%a"4xb"8*c”3*d"5 - 85*%a"4*xb"8*xc”5xd"3 - 20*%a”b5*¥b"7*c”2
*d"6 + 125*%a”"bxb"7*xc74*xd"4 - 90*%a"5xb"7*cT6*%d"2 - 113%a"6xb"6*%c”3*%d"5 + 130
*a"6*%b"6xc"5xd"3 + Bb5xa”7*xb"hkcT2%d"6 — 140*%a”T7*xb"5*xc”4*d"4 + T3*%a"7*b"5*xc”
6xd"2 + 108*a"8*b"4*xc~3*%d"5 - 85*%a"8%b"4*c”5*d"3 - 50*a"9*b"3*xc"2xd"6 + 65%
a~9xb73*%c74*d"4 - 20*%a"9*%b"3xcT6xd"2 - 37*a”10*%b"2*xc”3*%d”5 + 20*%a~10*%b"2*c”
5¥d73))/(a"7*%d"3 - b 7*c"3 + 2*xa"2*b"5*xc”3 - a"4*xb"3*%c”3 + a"3*%b"4*xd~3 - 2%
a"b*b72%d"3 - 3%a”2%xb"b*kckxd"2 - 6*%a"3%b"4xc”2*xd + 6*%xa"4*xb"3*%ckxd”2 + 3*%a”~bxb
"2%c72%d + 3*axb"6xc”2xd - 3*a"6*bkckd"2))*x(-(a + b)"3*x(a - b)"3)"(1/2)*(a”
2%c — 2%b72xc + axb*d))/(a"8*d"2 - bT8*c”2 + 3*a"2%b"6*xc”2 - 3xa"4*xb"4*c”2
+ a"6*b"2%c”2 - a"2%b76*%d"2 + 3*a"4xb74*xd"2 - 3*%a"6*xb"2xd"2 + 2%a*b”7*xckxd -
2*%a”7*bxckxd — 6*a~3*xb~5*c*xd + 6*a”5*b"3*kckxd))*x(a"2*xc - 2%b~2*c + axbxd))/(
a"8*%d"2 — b78*%cT2 + 3%a"2%xb76*c”2 — 3%a"4xb74*xcT2 + a"6*xb"2*%c”2 - a"2%b”"6xd
T2 + 3*%a"4*%b74%d"2 - 3*%a"6*%b"2*%d"2 + 2*%axb”7kxckd - 2%a”~7xbkxcxd - 6%a”~3xb"5x*
c*xd + 6%a”5*xb~3*c*xd))*(a"2%c - 2*¥b"2*c + axbxd)*1i)/(a"8*d"2 - b~8*c”2 + 3x*
a"2xb76*c”2 - 3*%a"4*xb74xcT2 + a"6*xbT2%xcT2 - a"2%b76*%d"2 + 3*xa"4xb"4*xd"2 - 3
*a"6*b"2*%d"2 + 2xaxb~7Txckxd - 2*a”T*bkckd - 6*a~3xb"5*c*d + 6*a~5xb~3*xcxd))/
((64%*(a~b*b*c™5 - 2*a”~3*b"3*c”5 + a~4*b"2*xc"4*d))/(a"7*d"3 - b~ T7*c”3 + 2*a”
2%b"5xc”3 - a"4*xb"3*%c”3 + a"3*b74*d”3 - 2*%xa"5*b"2*%d"3 - 3%a"2%b"b*cxd"2 - 6
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*a"3*%b74xc”2xd + 6%a”4xb"3*kckd"2 + 3*%a"b*b"2xc”"2xd + 3xa*b"6%c”2xd - 3%a" 6%
bxcxd"2) + (64*tan(e/2 + (f*x)/2)*(2*a~6%c™5 + 4*a~2*xb"4*c™5 — 6*xa~4*b~2*c”
5 - 6*%a”3*b"3xc”4xd + 2*%a"4*xb"2x%c”3*%d"2 + 4*a~5xbxc"4xd))/(a”7*d"3 - b~ T7*xc”
3 + 2*%a”"2xb75*xc”3 - a"4*b"3*%c”3 + a"3xb74*d"3 - 2*%a"5xb"2xd"3 - 3*a"2*xb”"5*c
*d72 - 6*%xa”3xb74*cT2*%d + 6*%xa"4xb"3*c*kd”2 + 3*%a"5xbT2xcT2*d + 3*xaxbT6xc”2xd
- 3*a”6*bxcxd"2) + (ax(-(a + b)"3*(a - b)"3)"(1/2)*((32*%(2*a"4*b"4*c"6 - a~
2%b"6*xCc”6 - a"6xb"2*%c”6 + a~8*%c”4*d"2 - 3*%a”3*%b"5*c”b*xd + 2%a~bxb"3xc”b*xd +
2%a"7*bxc"3*d"3 + 8*xa~4*b"4*c”4*d"2 - 5*a~bxb"3*%c"3*%d"3 + a”~6*b"2*xc"2*xd"4
- 6*a”6*xb"2%c"4*d"2))/(a”7*d"3 - b T7*c”3 + 2*a"2%b"5*c”3 - a”4*b"3*c”3 + a”
3*%b74*%d"3 - 2*xa"bxb72*%d"3 - 3*%a"2*xb"bxc*xd"2 - 6*a"3*xb"4xcT2xd + 6*a”4*xb”~3*c
*d72 + 3*a”b*b"2xc"2xd + 3*axb”6*c”2*xd - 3*a~6xbxcxd”2) + (32*tan(e/2 + (fx*
X)/2)*(2*xa"T*b*c™6 - 2*a*b”~7*c"6 — 2*xa"8*c”5*xd + 9*a”3*b"5*c”6 - 8*xa~5xb~3*
€76 + 2%a”8%c”3*d"3 + 2*a"2*b"6xc”5*d - 13*a"4*b"4*xc"bxd + 2*xa~6*¥b"2*c*d”5
+ 10*%a”~6*b"2%c”5xd + 4*a”T7xbxc"2*xd"4 - 4*a~7xbkxcT4*d"2 - 8*a”3*b " 5xc"4*xd"2
+ 16*xa"4xb74*c”3*d"3 - 10*%a"5%b"3*xc”2xd"4 + 13*xa"5*b"3*c"4*d"2 - 13*a"6*xb”2
*c"3%d"3))/(a”7*d"3 - b"T7*c”3 + 2*%a"2%b"5*xc”3 - a~4%b"3%c”3 + a~3*b"4%d"3 -
2*%a"bxb72xd"3 - 3*%a"2%b"bxc*kd"2 - 6*%a”3*xb"4*xc"2*%d + 6*%a"4*b”"3kxc*kd"2 + 3*xa”
5%b"2%c”2*xd + 3*axb~6xc”2*%d - 3*a”6*bk*ckd”2) + (ax(-(a + b)"3*%(a - b)"3)"(1
/2)*((32*%(a*xb™9*c™7 - a~3%b~7*xc”7 + a~10*c™2%d"5 - 3*a”"2*%b"8*c"6*d + 2¥a~4x
b"6*xc"6*xd + a~6*%b"4*c”6*xd - a~7*xb"3*%c*kd”6 - 4*a"9xbxc”3*%d"4 + a”~3*b”"7*xc"5xd
T2 + 6*%xa"4xbT6xcT4*%d"3 - 9*%a"bxb"hbxc”3*%d"4 + 3*%a~5xb"bxcTb5*xd"2 + 5*a~6xb"4x
c”2*%d”5 - 12*%a"6*b74xc"4xd"3 + 13%a"7*xb"3*%c”3*%d"4 - 4xa”7*b"3*%c"5*d"2 - 6%*a
“8xb"2%c”2%d”5 + 6*%a”8%b"2xc"4*d"3 + a~9*xbxc*d"6))/(a”7*d"3 - b~7*xc"3 + 2*a
T2%b75*%xc”3 - a”4%b"3*%c”3 + a"3*xb74*xd”3 - 2*%a"5xb72xd"3 - 3*%a"2*b " 5*xcxd"2 -
6*xa~3%b74*c"2*xd + 6*%xa"4xb"3*%c*kd”"2 + 3*%xa"bxbT2xc”2*%d + 3*xaxb"6xc”2xd - 3*a”6
*b*xc*d”2) + (32*xtan(e/2 + (£*x)/2)*(4*a”2*b~8*c”~7 — 6*xa~4*b~6*c”7 + 2*a”6*b
T4xcT7 + 2*%a”10%c”3*d"4 - 20%a”3*b77*cT6*%d + 26%a”5xb"bkcT6*d - 2%a"6xb " 4x*c
*d"6 — 8%a"7*xb"3*kcT6*d + 2*%a"8*b"2%ckd"6 + 2%a”"9xb*c”2xd”5 - 8*a~9*bxcT4*xd”
3 - 10*%a”2*xb"8*c 5*%d"2 + 20*%a”"3*%b"T7xc"4*xd"3 - 20*%a"4*xb"6*xc”3*%d"4 + 42*%a”~4%*b
“6xc"5%d72 + 10*a”5*b"5%c”2xd”5 - 48%a~bxb"5*xc”4%d"3 + 32*a”6%b"4*xc”"3*d"4 -
44xa”6%b"4*c”5%d"2 - 12*%a"7*b"3*xcT2x%d"5 + 36%a”7*b"3*%c”"4*xd"3 - 14*a”"8*xb"2x
c"3*%d"4 + 12%a”8*b72*c"5*xd"2 + 2*axb”9*%c”6*d))/(a"7*d"3 - b~T7*c”3 + 2*a”2x*b
“B5xc”3 - a”4xb73*%c”3 + a”3*%b74*d"3 - 2*%xa"b*b"2*%d"3 - 3*%a"2*b"b*c*xd"2 - 6%a”
3*b"4*xc"2xd + 6*a”4*xb"3*kc*d"2 + 3*a"bkb"2xc"2xd + 3*axb " 6*xc”2*xd - 3*a~6xb*xc
*d72) + (ax((32*(2*%a"4*b~8*c”™8 - a"2*b~10*c™8 - a~6*b”"6*xc”8 + a~12*c"2*d"6
+ 2%a"3*%b79*c"T*d — 7*a"5*b"T7xc"7*xd - a~Txb"5kxckd”7 + 4*a”7*b " 5xc”7xd + 2*a
T9xb"3%xcxd”7 - 4*%a”11xbxc”3*%d”5 - 4*%a"2xbT10*%c"6*xd"2 + 5*¥a”3*b"9*c"5%xd"3 +
3*%a"4*xb"8xc"6*xd"2 - B5*a"bxb"7xc”3*d"5 - 10%a"b*b"7*c"5*xd"3 + 4*a"6* b~ 6%c” 2%
d”6 + 5*%a”6*b"6*xc”"4xd"4 + 6*%a"6*¥b"6xc”6*%d"2 + 6*%a”7xb"5xc”3*d"5 + 5xa”~7*xb”"5
*Cc7h*d"3 - T7*a"8%b74*c”2xd"6 - 10*%a"8*xb"4xc”4*d"4 - 5*%xa”8*xb74*xcT6*d"2 + 3*a
TO9xbT3%xcT3xd"5 + 2*%a”10x¥b72*c”2%d"6 + 5*xa”10*%b"2xc"4*xd"4 + a*b”11*c”7*d - a
“11xbxc*d”7))/(a"7*%d"3 - b~ T7*c"3 + 2*xa"2*b"5*xc”3 - a"4*xb"3*%c”3 + a~3xb"4xd”
3 - 2%a”"bxb72xd"3 - 3*%a"2%b " bxc*d"2 - 6*%a”3*%b"4*c”2%d + 6%a”"4xb " 3kxc*xd"2 + 3
*a " 5*%b"2%c”"2xd + 3*axb"6xc”2+%d - 3*a”6*bkckxd"2) - (32xtan(e/2 + (£f*x)/2)*(3
*a*xb"11*%c™8 - 3*%xa”12%c*d”7 - 8%a~3*%b79*c”8 + 7*a"bxb"7*c”8 - 2*%a”"7*b~5*xc”8
+ 2*%a"12%c73*%d"5 - 4*xaxb"11xc"6*xd"2 - 15%a"2xbT10*%c”7*xd + 40*%a"4xb"8*c”7*d
+ 4*%a"6*xb"6*xcxd”7 — 35%a"6xbT6*c”7*d — 11*%a"8*b"4*xcxd”7 + 10*%a~8xbT4*xc”7*d
+ 10*%a”10xb"2xc*d”7 + 15*%a”11xb*c”2*xd"6 - 10*a”11*xbxc”4xd"4 + 20%a”2xb~10%*c
“5xd”3 - 40%a”"3*xb79*xc74*d"4 + 41*%xa"3*b"9*%cT6xd"2 + 40*%a”"4xb"8xc”3*d"5 - 85
a"4*xb"8*%c”5*%d"3 - 20*%a"5xb"7*xcT2xd"6 + 125*%a"b*b”"T7xc"4*xd"4 - 90*a"5xb"7*c”6
*d72 - 113*%a"6xb76*%c”3*d"5 + 130*%a"6%b"6*c"5*d"3 + 55*%a”"7*xb"5bxc"2xd"6 - 140
*a"T7*b"bxcT4xd"4 + 73*xa"7T*b"5*c"6*xd"2 + 108*%a"8*b"4*c"3*d"5 - 85*%a"8*xb"4xc”
5%¥d”3 - 50*%a”9%b"3xc”2*xd"6 + 65%a”9*xb"3*kc"4*d"4 - 20*%a"9%b"3xc"6*xd"2 - 37*a
~10%b~2%c”3*%d"5 + 20%a”~10*%b"2*xc~5%d"3))/(a"7*d"3 - b"7*c~3 + 2*a"2*%b~5*c”3
- a"4xb73%c”3 + a”3*b74*d"3 - 2*xa"5*xb72*%d"3 - 3*xa"2xb"b*kcxd"2 - 6%a”3*xb " 4xc
“2%d + 6*a”4*b"3xckd"2 + 3*%a"5*b”T2*c”2*xd + 3*axb"6xc”2*xd - 3*a”6*bxckd"2))*
(-(a + b)73*x(a - b)73)"(1/2)*x(a"2%c - 2*¥b"2*c + axbxd))/(a"8*d"2 - b~8*c"2
+ 3*%a"2*%b76*xc”2 - 3%a"4*b"4*c”2 + a"6xb72*%c”2 - a"2xb"6xd"2 + 3*%a"4*b"4*xd"2
- 3%a”6*%b72*%d"2 + 2*%axb”7xckd - 2%a~7xbkxcxd - 6*%a”3xb " 5kxckxd + 6%a”b5xb"3*c*
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d))*(a"2xc — 2*xb"2xc + axb*d))/(a"8*d"2 - b~8*%c”2 + 3*a”2*b"6*xc”2 — 3*a~4xDb
T4xcT2 + am6xbT2*%cT2 - am2*%b76*%d"2 + 3*%a"4*b74*d"2 - 3*%a”6*xb"2*%d"2 + 2%axb”
Txcxd — 2*a”T7*bxcxd — 6*a”3%b~5kxckd + 6*a~bxb"3*c*d))*(a"2%c - 2*%b"2xc + ax
b*d))/(a”8*d"2 - b~8%c”2 + 3*a”~2%b"6*c”2 - 3%a~4*b"4*c"2 + a~6%b"2xc”2 - a”
2xb76*%d"2 + 3*%a"4xb74xd"2 - 3*%a"6*xb"2xd"2 + 2%a*b”7*xckxd - 2xa~7xb*ckd - 6*a
~3*%b~5*c*kd + 6*a"bxb"3xcxd) - (ax(-(a + b)73*(a - b)~3)"(1/2)*((32*%(2*a"4x*b
T4xcT6 - a”2*xb76*%cT6 — a"6*%b"2*%c”6 + a"8*%c"4xd"2 - 3*%a~3*%b"5*xc”5xd + 2%a”5bx
b~3%c75xd + 2*a”T*bxc”3%d"3 + 8*xa~4*xb~4*xc”4xd"2 - 5*a”5xb"3%c"3*d"3 + a”~6x*b
T2xcT2*xd74 - 6%xa”6*xb”2%c74xd"2))/(a”7*d"3 - bT7*c”3 + 2*%a”2%b"5xc”3 - a"4xDb
T3%c”3 + a"3xb74*%d”3 - 2*%a"5xb72xd"3 - 3*%a"2xb"5xcxd”2 - 6*%a”3*b"4*xcT2xd +
6*%a”~4xb " 3kcxd"2 + 3*%a " bxb"2xc"2%d + 3xaxb"6xc”2xd - 3*a~6xbkxcxd”2) + (32*ta
n(e/2 + (fxx)/2)*(2*a"7*b*c™6 — 2*a*xb~7*c™6 - 2*a”8*c”5*xd + 9*a~3*b~5*xc”6 -
8*a~bxb~3*c”6 + 2*%a~8*c”3*%d"3 + 2%a 2%¥b"6xc~5xd - 13%a~4*xb”4*xc”5xd + 2*a”6
*b"2xckd”™5 + 10*a”6*xb"2%c”5xd + 4*a”TxbxcT2*d"4 - 4xa”7*b*c"4*d"2 - 8*a”3%*Db
ThkcT4xd"2 + 16*%a”4xb74xc”3*%d"3 - 10*%a"5*b"3*%c"2*xd"4 + 13*%a"bxb"3*%c74*d"2 -
13*%a"6xb"2%c”"3*%d"3) ) /(a”7*d"3 - b~ 7*c”3 + 2*a"2%b"5xc”3 - a~4*b"3%c”3 + a”
3*%b74*%d"3 - 2*%xa"b*b"2*%d"3 - 3%a”2%b"5*ckxd"2 - 6*%a"3xb"4xcT2*xd + 6*%a”4*b"3*c
*d"2 + 3*%a”5xb"2*xc"2xd + 3*axb”6*c”2*xd - 3*a~6xbxcxd"2) - (ax(-(a + b)~3*(a
- b)73)7(1/2) % ((32%(a*xb”~9*c~7 - a~3*b~7*c”7 + a~10*c™2*xd"5 - 3*a”~2*b~8*c”6
*d + 2*%a"4xb76xcT6*%d + a“6*xbT4xcT6xd - a”7*b"3*%ckxd”6 - 4xa”9%b*c”3*d"4 + a”
3*%b77*c"5%d"2 + 6%a"4*%b"6*%c"4*d"3 - 9xa"b*¥b"5*c"3*d"4 + 3*xa"b5* b~ 5*kc"5xd"2 +
5*%a”6xb"4xc”2xd"5 - 12%a”6*xb"4*c"4*d”3 + 13*%a"7*b"3xc"3*xd"4 - 4*a”~T7xb"3xc”
5xd"2 - 6%a~8%b~2%c"2xd"5 + 6%a~8%b~2xc”4*d~3 + a~9%bxc*d~6))/(a"7*d"3 - b~
T*c™3 + 2*%a”2*xb"bxc”3 - a™4*b"3%xc”3 + a"3*%b74*d"3 - 2*%xa"bxb"2*d"3 - 3*%a~2%Db
“Bxckd"2 - 6%a”3*b74*xcT2%d + 6*%a”4*b"3xckd”2 + 3*a~bxb"2*xc"2%d + 3kaxb " 6%c”
2%d - 3*a”6*xbxcxd"2) + (32+tan(e/2 + (£*x)/2)*(4*a~2%b~8*c”7 - 6*a”4*xb~6*xc”
T + 2%a”"6xb"4*xc”7 + 2*%a~10%xc”3*d"4 - 20*%a"3*b"7*c 6*d + 26%a " 5xb"bkc"6*d -
2%a”"6xb74xc*xd"6 — 8*%a"T*b"3*%c”6xd + 2%a”"8xb"2*xcxd"6 + 2*%a"9*bxc”2*d"5 - 8%a
TOxb*cT4xd"3 - 10*%a”"2xb"8*xc”5*d"2 + 20*%a”3*b"7*c"4*xd”3 - 20*%a"4xb"6xc”3*d"4
+ 42%a”4*xb"6*c"5xd"2 + 10%a~5xb"5xc”2+%d"5 - 48*a”5%b~5xc"4*d"3 + 32*a”6*b”
4xc”™3%xd"4 - 44*xa”"6xbT4xcTE*xd"T2 - 12%a”7*b"3*%c"2*xd"5 + 36*%a~7xb"3*%c”4*d"3 -
14%a~8*b~2%c~3*%d"4 + 12*%a”8*b"2*xc"5*xd"2 + 2*a*xb”9*c”6*d))/(a"7*d"3 - b~ T*c”
3 + 2%a"2xb"5*xc”3 - a"4*xb"3*%c”3 + a~3*%b"4*xd"3 - 2*%a"b*b"2%d"3 - 3*%xa"2*b"b*c
*d"2 - 6%a”3%b"4xc”"2*d + 6*a~4*xb”3*xc*d”2 + 3*%a”~5xb"2xc”2*xd + 3*axb~6kxc”2*d
- 3*a~6*xbxcxd"2) - (ax((32*(2*a~4*b~8*c”~8 - a"2*b~10*%c™8 - a~6*%b~6*c”8 + a”
12*%c™2%d"6 + 2*a”3*%b"9*c”7*d - T*a"bxb " 7*c”T7xd - a”~T7*b " 5¥xcxd”7 + 4*a”Txb"5*
c~T7xd + 2%a”9%b"3*%ckd”7 - 4xa”11*xbxc”3*xd"5 - 4*a"2*b"10*%c”6*d"2 + 5*xa~3xb"9
*Cc7b*d"3 + 3%a"4*b78*%cT6*xd"2 — 5*%a”b*b"7*c”3x%d”5 - 10*%a"b5xb"7*xc”5*d"3 + 4%a
“6*%b"6%c”2*d"6 + 5*a"6xb"6xc"4*%d"4 + 6*%a”"6xb"6xc”6xd"2 + 6%a”T7*b " 5xc”3*d”5
+ 5%a”7*b"5*xc"5%d"3 - 7*a"8*b"4*xc"2*d"6 - 10*a"8*b~4*c"4*xd"4 - 5%a~8xb " 4xc”
6xd"2 + 3*%a”"9*b"3*%xc"3xd"5 + 2*%a”"10xb"2*c”2*d"6 + 5*xa~10*b"2*xc"4*xd"4 + ax*b”1
1xc™7xd — a~11xb*xcxd”7))/(a”7*d"3 - b~7*c”3 + 2%a"2xb~5*%c”3 - a"4xb"3*c"3 +
a”3*xb74*d"3 - 2%a"5xb72*d"3 - 3*%a”"2xb"5kxc*xd"2 - 6*%a~3*%b"4*xc”2xd + 6%a”4*xb”
3kckd"2 + 3*%a"5xb"2%c”2+d + 3*kaxb"6xc”2xd - 3*a~6*b*c*kd”2) - (32*xtan(e/2 +
(fxx)/2)*(3*a*b”™11*c™8 — 3*xa~12%c*d”7 - 8*a~3*b~9*c™8 + 7xa~b*b~7*c~8 - 2%*a
TT*b75%xcT8 + 2%a”12%xc”3*%d”5 - 4*xaxbT11*xcT6xd"2 - 15*%a”"2xb"10*c”7*xd + 40*a"4
*b"8kxc”T7*xd + 4*a”6*%b"6*xckd”7 - 35*%a"6xb"6xc”7*d - 11xa"8%b"4*c*kd”7 + 10*a”8
*b74*c”T7*d + 10%a”10*b~2%c*d”7 + 15*%xa~11%b*xc™2*%d"6 - 10*a~11xb*c 4*xd"4 + 20
*a"2%b"10%xc”5%d"3 - 40*%a"3*%b"9%c"4xd"4 + 41%a”"3xb"9kxcT6*%d"2 + 40*%a"4*b"8*c”
3*%d”5 - 85*%a"4*b"8*%c”5xd"3 - 20%a"5xb"7*xcT2*d"6 + 125*%a"bxb"7*xc”4*xd"4 - 90
a~bxb7T7*cT6*%d"2 - 113*%a"6xb"6*c”3*d"5 + 130*%a"6%b"6*c”"5*d"3 + 55*%a”7*xb"bxc”
2xd"6 - 140*%a"7*b"5xc”4xd"4 + 73xa"7*b"5*c"6*xd"2 + 108*%a~8*b"4*c"3*d"5 - 85
*a"8*%b"4xc"5xd"3 - 50*%a”"9*b"3*c"2*%d"6 + 65*%a"9%b"3xc"4*xd"4 - 20%a"9*xb"3*c”6
*d~2 - 37%a~10%b"2%c~3*d~5 + 20%a~10%b~2%xc~5xd~3))/(a~7*d"3 - b~ 7*c~3 + 2xa
T2%xb75*%c”3 - am4*b"3*%c”3 + a"3*%b74xd”3 - 2*%a"b*b"2*%d"3 - 3*%a"2*b"5*c*kxd"2 -
6*xa~3*b"4*xc"2xd + 6*a”4*b"3xckd"2 + 3*a~bkb"2%c”2xd + 3*axb " 6*xc”2xd - 3*a”"6
*b*xc*d”2))*(-(a + b)"3x(a - b)"3)"(1/2)*(a"2*c - 2*¥b~2*c + ax*xb*xd))/(a~8*d"2
- b78*%c72 + 3*%a"2xb76*c”2 — 3*%a"4*xbT4*xcT2 + aT6*%b"2*%c”2 - a"2xb76*d"2 + 3%
a"4*xb74*%d"2 - 3*%a”6*xb72*%d"2 + 2%a*xb”~7xckd - 2*%a~7*bkxckxd - 6*%a"3xb " 5xcxd + 6
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*a " 5*b " 3*kckd) ) *(a"2xc — 2%b72%c + axb*xd))/(a"8*xd"2 - b"8*c”2 + 3*a"2xb"6*xc”
2 - 3%a"4xb74*cT2 + aT6*%bT2%c”2 - a"2%b"6xd"2 + 3*%a"4xb"4xd"2 - 3*%a~6%b”"2*d
"2 + 2xaxb"7*xc*xd - 2%a”T*bxckd - 6*a”3*b~5xckd + 6%a”bxb 3kc*d))*(a”2*c - 2
*b72%c + axbxd))/(a”8*d"2 - bT8%c”2 + 3*a"2*xb"6*c”2 - 3*a~4*xb"4*xc”2 + a~6*b
T2%cT2 - aT2xbT6*%d"2 + 3*%a"4xb74xd"2 - 3*%a"6*b"2xd"2 + 2%axb”7*kckd - 2*%a”7x
bxcxd — 6*a~3%b~5*xc*d + 6*%a"5xb"3*xcxd)))*(-(a + b)"3*(a - b)"3)"(1/2)*x(a"2*
c — 2%b72%c + axbxd)*2i)/(f*(a”8*%d"2 - b"8*c”2 + 3*a"2*xb"6*c”2 - 3*ka 4xb 4x*
c”2 + a”6*b"2%c”2 - a"2%b"6xd"2 + 3*%a"4*b"4xd"2 - 3*%a"6*b"2*%d"2 + 2*%axb”7x*c
*d - 2*xa”T7xbkc*d - 6%a”3*b~5kc*d + 6%a~5*b~3*c*d))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(f*x+e)**2/(atb*sin(fxx+e))**2/(c+d*sin(f*x+e)),x)

[Out] Timed out
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3.40 f csc(e+fx)/c+d sin(e+fx) dx

a+bsin(e+fx)

Optimal. Leaf size=154

c+d sin(e+fx) c+dsin(e+fx 2b 1
ZC\/TH( 3ot fx “)l—) 2(be - d)\/—dn(+b 2 (e+ fx ")lm)

af+Jc +dsin(e + fx) af(a+b)yJc +dsin(e + fx)

[Out] -2*%c*(sin(1/2%e+1/4*%Pi+1/2*xfxx)~2)~(1/2)/sin(1/2xe+1/4%Pi+1/2xf*x)*Elliptic
Pi(cos(1/2%e+1/4%Pi+1/2xf*x),2,27(1/2)*(d/ (c+d)) ~(1/2))*((c+d*sin(f*xx+e))/(

c+d)) " (1/2)/a/f/ (c+d*sin(fxx+e) )~ (1/2) +2% (maxd+b*c) * (sin(1/2%e+1/4%Pi+1/2%f
*x)"2) " (1/2) /sin(1/2*e+1/4%Pi+1/2xf*x)*E1lipticPi(cos(1/2*%e+1/4*Pi+1/2xf*x)

,2%b/ (a+b) ,27(1/2)*(d/ (c+d)) ~(1/2) ) * ((c+d*sin(f*x+e))/(c+d))~(1/2) /a/(a+b)/
f/(c+d*sin(f*x+e))~(1/2)

Rubi [A] time = 0.49, antiderivative size = 154, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 33,

number of les _ (),091, Rules used = {2935, 2807, 2805}

integrand size

c+d sin(e+fx) c+dsin(e+fx 2b 1
o TR o - 3)12) e FEEETI (2 e g )12)

af\/c+dsm(e+fx) af(a+b)\/c+dsm(e+fx

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrtl[c + d*Sinl[e + f*x]])/(a + b*Sinle + f*x]),x]

[Out] (2*c*EllipticPi[2, (e - Pi/2 + f*x)/2, (2%d)/(c + d)]1*Sqrt[(c + dxSin[e + f
*x])/(c + d)])/(axf*xSqrtc + d*Sinle + f*xx]]) - (2x(b*c - axd)*EllipticPil[(
2xb)/(a + b), (e - Pi/2 + £*xx)/2, (2%d)/(c + d)]1*Sqrt[(c + dxSinl[e + fxx])/

(c + A)1)/(ax(a + b)*f*Sqrt[c + d*Sinle + f*x]])

Rule 2805

Int[1/(((a_.) + (b_.)*sinl[(e_.) + (£_.)*(x_)]1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]11), x_Symbol] :> Simp[(2*EllipticPi[(2*b)/(a + b), (1*(e - Pi
/2 + £xx))/2, (2xd)/(c + dA)1)/(f*x(a + b)*Sqrtlc + dl), x] /; FreeQ[{a, b, c
, d, e, T}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472,

0] && GtQ[c + 4, 0]

Rule 2807

Int[1/(((a_.) + (b_.)*sinl[(e_.) + (£_.)*(x_)1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]/Sqrt
[c + d*Sinle + f*x]], Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d*Sin[e
+ f*xx])/(c + d)]1), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - axd
, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0] && !'GtQ[c + 4, 0]

Rule 2935

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1/(sinl[(e_.) + (£_.)*(x_)]1*((c
) + (d_)xsinf[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[a/c, Int[1/(Sin[e +
f*x]*Sqrt[a + b*Sinle + f*x]]), x], x] + Dist[(b*c - a*d)/c, Int[1/(Sqrtla
+ b*Sin[e + f*xx]]*(c + d*Sin[e + f*x])), x], x] /; FreeQ[{a, b, c, d, e, f
}, x] && NeQ[b*c - ax*d, 0] && NeQ[a"2 - b"2, 0]

Rubi steps
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o [ =D gy ( —be +ad) [ L dx
f csc(e + fX)\/C +dsin(e + fX) dx = \c+d sin(e+ fx) (a+b sin(e+fx))/c+d sin(e+fx)

a + bsin(e + fx) a a

[ c+d sin(e+fx) csc(e+fx) c+d sin(e+fx)
(C c+d ) f L+dsin(e+fx) dx (( bC + ad) c+d ) f E
_ c+d

c+d
a+Jc + dsin(e + fx) aJc + dsir

ZCH(Z (e——+fx) Cidd) Cm%?m 2(bc—ad)H( & ;(e—

af+Jc +dsin(e + fx) a(a + b)f+fc

Mathematica [C] time = 3.77, size = 179, normalized size = 1.16

Zisec(e+fx)\/_d(sin(j:£x)—1) \/d(s1n(2+]cfx)+1) (H( c+d lSll’lh_l( [ \/C+dsm(e+fx)) c+d) H(l;(cc_-l-:;);l

1

ﬂf —@

Antiderivative was successfully verified.

[In] Integrate[(Cscle + f*x]*Sqrtlc + d*Sin[e + f*x]])/(a + b*Sin[e + f*x]),x]

[Out] ((2*%I)*(EllipticPil[(c + d)/c, I*ArcSinh[Sqrt[-(c + d)~(-1)]*Sqrtlc + d*Sin[
e + fxx]]], (¢ + d)/(c - d)] - EllipticPi[(b*(c + d))/(b*c - axd), I*ArcSin
h[Sqrt[-(c + d)~(-1)1*Sqrt[c + d*Sin[e + f*x]]], (c + d)/(c - d)])*Sec[e +
fxx]*Sqrt [-((d*x(-1 + Sin[e + f*x]))/(c + d))]1*Sqrt[(d*(1 + Sinf[e + f*x]))/(

-c + d)])/(axSqrt[-(c + d)~(-1)]*f)

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)),x, algorithm="
fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/dsin(fx+e) +c
f dx
(bsin (fx + e) + a) sin (fx + e)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))~(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)),x, algorithm="
giac")

[Out] integrate(sqrt(d*sin(f*x + e) + c)/((b*sin(f*x + e) + a)*sin(f*x + e)), x)

maple [A] time = 2.07, size = 190, normalized size = 1.23

c+dsm fx+e c+dsm fx+e o—d \/7 1+s1n fx+e (s
[ElhpthPl [\/ da cb"/c+ ] ElllpthPl( — )) A/

acos(fx+e) \/c+dsin(fx+e) f
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*xx+e))~(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)) ,x)

[Out] 2*(EllipticPi(((c+d*sin(f*x+e))/(c-d))~(1/2),-(c-d)*b/(a*d-b*c), ((c-d)/(c+d
))~(1/2))-EllipticPi(((c+d*sin(f*x+e))/(c-d))~(1/2),(c-d)/c,((c-d)/(c+d))~(
1/2)))*(—d*(1+sin(f*x+e))/(c-d) )~ (1/2) * (- (sin(f*x+e)-1)*d/ (c+d) )~ (1/2) *((c+
d*sin(f*x+e))/(c-d))~(1/2)*(c-d) /a/cos(f*x+e)/(c+d*sin(f*x+e)) " (1/2)/f

maxima [F] time = 0.00, size = 0, normalized size = 0.00

\/dsin(fx+e)+c i
f(bsin(fx+e) +a)sin(fx+e) ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)/sin(f*x+e)/(a+b*sin(f*x+e)),x, algorithm="
maxima"

[Out] integrate(sqrt(d*sin(f*x + e) + c)/((b*sin(f*x + e) + a)*sin(f*x + e)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

\/c+dsin(e+fx) N
fsin(e+fX) (a+bsin(e+fx))d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c + d*sin(e + f*x))~(1/2)/(sin(e + f*x)*(a + b*sin(e + f*x))),x)
[Out] int((c + dxsin(e + fx*x))~(1/2)/(sin(e + f*x)*(a + bxsin(e + f*x))), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/c + dsin (e + fx)
f dx
(a + bsin (e + fx)) sin (e + fx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))**(1/2)/sin(f*x+e)/(a+bxsin(f*x+e)),x)

[Out] Integral(sqrt(c + d*sin(e + f*x))/((a + bxsin(e + f*x))*sin(e + f*x)), x)
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csc(e+fx)
3.41 f (a+bsin(e+fx)) \/c+d sin(e+fx)

Optimal. Leaf size=146

[c+d sin(e+fx) 2d [c+d sin(e+fx) 2b 1
2 c+d H( (e+f __)|@) 2b c+d H(a+b 2(e+f __)|@)

af+/c+dsin(e + fx) af(a+ b)y/c +dsin(e + fx)

[Out] -2x(sin(1/2%e+1/4%Pi+1/2%f*x)72)7(1/2)/sin(1/2%e+1/4xPi+1/2xf*x)*E1lipticPi
(cos(1/2%e+1/4xPi+1/2%f*x),2,27(1/2)*(d/(c+d)) ~(1/2))*((c+d*sin(f*x+e) )/ (c+
d))~(1/2)/a/f/(c+d*sin(f*x+e) )~ (1/2)+2%b*(sin(1/2*e+1/4xPi+1/2xf*x)~2) "~ (1/2
)/sin(1/2xe+1/4%Pi+1/2xf*x)*E11ipticPi(cos(1/2xe+1/4xPi+1/2xf*x) ,2xb/(a+b),
27(1/2)*(d/ (c+d))~(1/2)) *((c+d*sin(f*x+e)) /(c+d)) ~(1/2)/a/(a+b) /f/(c+d*sin(
fxx+e))~(1/2)

Rubi [A] time = 0.49, antiderivative size = 146, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 33,

number o 1ues _ 0,091, Rules used = {2941, 2807, 2805}

integrand size

c+d sin(e+fx) E c+d sin(e+fx) 2b 1 E
2N H(2’2(6+fx )|c+d) 2\ H(+b 2+ frx- )|c+d)

af\/c+dsme+fx) af(a+b)\/c+ds1n(e+fx)

Antiderivative was successfully verified.
[In] Int[Cscle + f*x]/((a + b*Sin[e + f*x])*Sqrt[c + dxSinl[e + fx*x]]),x]

[Out] (2*EllipticPi[2, (e - Pi/2 + fx*x)/2, (2*d)/(c + d)]*Sqrt[(c + d*Sin[e + f*x
1)/(c + d)])/(axfxSqrt[c + d*Sinf[e + f*x]]) - (2xb*EllipticPi[(2xb)/(a + b)

, (e = Pi/2 + £xx)/2, (2*%d)/(c + d)]1*Sqrtl[(c + d*Sin[e + fx*x])/(c + d)]1)/(a

x(a + b)*fxSqrtc + dxSin[e + fx*x]])

Rule 2805

Int[1/(((a_.) + (b_.)*sinl[(e_.) + (f_.)*(x_)1)*Sqrtl[(c_.) + (d_.)*sin[(e_.)
+ (£_.)*(x_)]11), x_Symbol] :> Simp[(2*EllipticPi[(2*b)/(a + b), (1*(e - Pi
/2 + £xx))/2, (2%d)/(c + d)])/(fx(a + b)*Sqrtlc + d]), x] /; FreeQ[{a, b, ¢
, d, e, T}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472,
0] && GtQlc + 4, 0]

Rule 2807

Int[1/(((a_.) + (b_.)*sin[(e_.) + (f_.)*x(x_)1)*Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]]1), x_Symbol] :> Dist[Sqrt[(c + d*Sin[e + f*x])/(c + d)]1/Sqrt
[c + d*Sinle + f*x]], Int[1/((a + b*Sin[e + f*x])*Sqrtlc/(c + d) + (d*Sin[e
+ f*x])/(c + d)1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd
, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0] && !'GtQ[c + d, 0]

Rule 2941

Int[1/(sin[(e_.) + (f_.)*(x_)]1*Sqrtl(a_) + (b_.)*sinl[(e_.) + (£f_.)*(x_)]11x(
(c_) + (d_.)*sin[(e_.) + (£_.)*x(x_)1)), x_Symbol] :> Dist[1/c, Int[1/(Sin[e
+ fxx]*Sqrt[a + b*Sinl[e + f*x]]), x], x] - Dist[d/c, Int[1/(Sqrtl[a + bxSin
[e + fxx]]*(c + d*Sin[e + fx*x])), x], x] /; FreeQl{a, b, c, d, e, f}, x] &&
NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
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f csc(e+fx) b f 1 dx
f CSC(E + fX) Ve+d sm(e+fx (a+b sin(e+fx))+/c+d sin(e+fx)
(a + bsin(e + fx))\/c + dsin(e + fx) a

[c+d sin e+fx) f csc(e+fx) dx b c+d sin(e+fx)
d sin(e+fx) c+d
c+d

7 ) (a+b sin(e+

a\/c +dsin(e + fx) - a/c + dsin(e -

1 2d c+d sin(e+fx) s
_ZH(2'2(6__+fx) c+d) c+d 2bH(+b 2( _E+-
af+/c+dsin(e + fx) a(a+b)f\/;

Mathematica [C] time = 4.06, size = 203, normalized size = 1.39

Disec(e +fx)\/_d(sin(e+fx -1) [ d(sin( e+fx)+l ((ad — bo)TI (%;isinh_l ( /_ﬁ \/C T+ dsin(e + fx) ) |ﬂ) b

c+d

acf —ﬁ (bc — ad)

Antiderivative was successfully verified.

[In] Integrate[Cscl[e + f*x]/((a + b*Sin[e + fx*x])*Sqrtl[c + d*Sinl[e + fxx]]),x]

[Out] ((-2*I)*((-(b*c) + a*d)*EllipticPi[(c + d)/c, I*ArcSinh[Sqrt[-(c + d)~(-1)]
xSqrt[c + d*Sinl[e + f*x]]], (c + d)/(c - d)] + b*cxEllipticPi[(b*x(c + d))/(

bxc - a*xd), IxArcSinh[Sqrt[-(c + d)~(-1)]1*Sqrtlc + d*Sinf[e + f*x]]], (c + d

)/(c - d)])*Secle + fxx]*Sqrt[-((d*(-1 + Sin[e + f*x]))/(c + d))]*Sqrt[-((d

*(1 + Sinfe + fxx]))/(c - d))1)/(axc*Sqrt[-(c + )7 (-1)I*(b*c - a*xd)*f)

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))”(1/2),x, algorithm
="fricas")

[Out] Timed out
giac [F] time = 0.00, size = 0, normalized size = 0.00
1
(bsin(fx + e) + a)\/dsin(fx + e) +c sin(fx + e)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))”(1/2),x, algorithm
="giac")

[Out] integrate(1/((b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

maple [A] time = 1.90, size = 254, normalized size = 1.74

_d) \/c+dsm fx+e \/ (51n(f::;) ) \/ (1+sm(£x+e)) [b ElhpthPl( ,c+dsm fx+e (dca dc):’ c— ] n Elh

a(da—cb)ccos(fx+e) c+dsin(j
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(a+b*sin(f*xx+e))/(c+d*xsin(f*x+e)) " (1/2),x)

[Out] -2%(c-d)*((c+d*sin(fxx+e))/(c-d))~(1/2)*(-(sin(f*x+e)-1)*d/(c+d))~(1/2)*(-d
*x(1+sin(f*x+e))/(c-d))~(1/2) * (b*E1lipticPi (((c+d*sin(f*x+e))/(c-d))~(1/2),-

(c-d) *b/ (axd-b*c), ((c-d)/(c+d))~(1/2))*c+E1lipticPi(((c+d*sin(f*x+e))/(c-d)
)~(1/2),(c-d)/c, ((c-d) /(c+d))~(1/2))*a*d-E1lipticPi(((c+d*sin(f*x+e))/(c-d)

)~ (1/2),(c-d) /c, ((c=d)/(c+d))~(1/2))*b*c) /a/(a*d-b*c) /c/cos (f*xx+e)/(c+d*sin
(f*x+e))~(1/2)/f

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
1
(bsin(fx + e) + a)\/dsin(fx + e) +c sin(fx + e)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, algorithm
="maxima"

[Out] integrate(1l/((b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)), x

)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
1
sin(e+fx) (a+b sin(e+fx)) \/c+d sin(e+fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))*(c + d*sin(e + f*x))~(1/2)),x)
[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))*(c + d*xsin(e + f*x))~(1/2)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
1
(a + bsin (e + fx)) \/c + dsin (e + fx) sin (e + fx)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))/(c+d*sin(f*x+e))**(1/2),x%)

[Out] Integral(l/((a + b*sin(e + f*x))*sqrt(c + d*sin(e + f*x))*sin(e + f*x)), x)
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3.40 f Vg sin(e+fx) \/a+bsin(e+fx) dx

c+d sin(e+fx)

Optimal. Leaf size=254

a(l-csc(e+fx))  [a(csc(e+fx)+1) a+b . _1 [ V8 Va+bsin(e+fx) a+b
2\/§ a+b tan(e + fx)\/ a+b \/ b I (Tl sm ! (m\/gsm(fo)) |- E) Z(bC - lld) tan(e -

df -

[Out] 2xEllipticPi(g~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(gxsin(f*x+e))~(1/2
), (a+b) /b, ((-a-b)/(a-b)) " (1/2) ) *(a+b) " (1/2) *g~ (1/2) * (a* (1-csc (f*x+e) )/ (a+b)

)~ (1/2) % (ax (1+csc(fxx+e) ) /(a-b)) ~(1/2) *tan (f*x+e) /d/f-2* (-axd+b*c)*Elliptic
Pi(1/2%(1-csc(f*xx+e))~(1/2)*27(1/2) ,2*%c/(c+d) ,27 (1/2)*(a/(a+b) )~ (1/2))*(-co
t(f*xx+e)~2) 7 (1/2)*((bra*xcsc(fxx+e))/(a+b)) ~(1/2) *(gksin(f*x+e) )~ (1/2) *tan(f

xx+e) /d/(c+d)/f/(atbxsin(f*x+e)) ~(1/2)

Rubi [A] time = 0.52, antiderivative size = 254, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ 077, Rules used = {2929, 2809, 2937}

integrand size

- a a bsin a
2 GVa D tan(e + £ \/a(l cZi(Z+fx)) \/ (Cscer 1) H( o (@\/—M (e_+f‘x>)|_ fi) (b — ad) tae -

b b Vatb ygsiner /)

af

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sinle + f*x]]*Sqrtla + b*Sinle + f*x]])/(c + d*Sin[e + f*x]),x]

[Out] (2#Sqrtla + bl*Sqrt[gl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)]1*Sqrt[(a*x(1 + Cs
cle + fxx]))/(a - b)]*EllipticPi[(a + b)/b, ArcSin[(Sqrt[g]l*Sqrtl[a + b*Sin[

e + f*x]])/(Sqrtla + b]l*Sqrt[gxSin[e + fxx]])], -((a + b)/(a - b))]*Tan[e +
fxx])/(dxf) - (2%(b*c - a*xd)*Sqrt[-Cot[e + fxx]~2]*Sqrt[(b + a*Cscle + f*x
1)/(a + b)1*E1llipticPi[(2xc)/(c + d), ArcSin[Sqrt[l - Cscl[e + f*x]]/Sqrt[2]

1, (2*a)/(a + b)]1*SqrtlgxSinfe + fxx]]xTan[e + fxx])/(d*(c + d)*f*Sqrt[a +
bxSinfe + f*xx]])

Rule 2809

Int [Sqrt[(b_.)*sin[(e_.) + (f_.)*(x_)11/Sqrtl(c_) + (d_.)*sin[(e_.) + (f_.)
*x(x_)]], x_Symbol] :> Simp[(2%b*Tan[e + f*x]*Rt[(c + d)/b, 2]*Sqrt[(c*x(1 +

Cscle + f*x]))/(c - d)1*Sqrt[(cx(1 - Cscle + f*x]))/(c + d)I*EllipticPil(c

+ d)/d, ArcSin[Sqrt[c + d*Sin[e + f*x]]/(Sqrt[b*Sin[e + f*x]]*Rt[(c + d)/b,
2101, -((c + A)/(c - d))1)/(@xf), x] /; FreeQ[{b, c, d, e, f}, x] && NeQlc
"2 - d72, 0] & PosQ[(c + d)/b]

Rule 2929

Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
)x(x )11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[b/d, In

t[Sqrt[g*Sin[e + f*x]]/Sqrtl[a + b*Sinf[e + f*x]], x], x] - Dist[(b*c - a*xd)/
d, Int[Sqrtl[g*Sinle + f*x]]/(Sqrtla + b*Sin[e + f*x]]*(c + d*Sin[e + fx*x]))
, x], x]1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, 0] && NeQ[a~2
- b™2, 0] && NeQ[c™2 - 472, 0]

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
Y)*¥(x_ )11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + f*xx]~2]*Sqrt[gxSin[e + fxx]]*Sqrt[(b + a*Cscle + fx*x])/(a + b)]*E
1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[l - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a +
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b)1)/(f*(c + d)*Cot[e + f*x]*Sqrtl[a + bxSinl[e + f*x]]), x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 -
d~2, 0]

Rubi steps

p [T gy (be—ad) [ WIMETD
f \/g sin(e + fx) \/a + bsin(e + fx) = Vatbsin(e+fx) _ \Ja+bsin(e+fx) (c+d sin(e+fx))

c+dsin(e + fx) d d
2\/Tb \/a(l—csc(e+fx)) \/a(1+csc(e+fx)) II [ | \/g \Ja+bsi
a+byg P P b S\ Vars Ve

af

Mathematica [C] time = 29.80, size = 23019, normalized size = 90.63

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[a + b*Sin[e + fx*x]])/(c + d*Sin[e + fx
x]) ,x]
[Out] Result too large to show

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))”(1/2)*(a+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/bsin(fx+e) +a\/gsin(fx+e)

dsin(fx+e)+c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))”(1/2)*(a+bxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(d*sin(f*x + e) + ¢

), X)
maple [C] time = 0.84, size = 6196, normalized size = 24.39

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e)) (1/2)*(a+bxsin(f*x+e)) ~(1/2)/(c+d*sin(f*x+e)),x)

[Out] result too large to display
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f\/bsin(fx+e) +a\/gsin(fx+e)

dsin(fx+e)+c

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((gxsin(f*x+e)) (1/2)*(atb*sin(f*x+e))”(1/2)/(ctd*sin(f*x+e)) ,x, a
lgorithm="maxima"

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(d*sin(f*x + e) + ¢

), %)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f\/g sin(e+fx) \/a+bsin(e+fx)

c+dsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((g*sin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), %)

[Out] int(((g*sin(e + f*x))~(1/2)*(a + bxsin(e + f*x))~(1/2))/(c + d*sin(e + f*x)
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/gsin (e +fx) \/a + bsin (e +fx)

c+dsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))**(1/2)*(at+tb*sin(fxx+e))**(1/2)/(c+d*sin(f*x+e)),x)

[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(a + b*sin(e + f*x))/(c + d*sin(e + fxx))
» X)
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Va+bsin(e+fx)
3.43 f Vg sin(e+fx) (c+d sin(e+fx)) ax

Optimal. Leaf size=250

2(bc — ad) tan(e + fx)4/— cot?(e + fx) y/gsin(e + fx) % I1 (i—cd;sin_1 (—J_Ci;_fm) |,12Tab) 2Va +

cfg(c+d)\/a+bsin(e+fx) -

[Out] -2*EllipticF(g~(1/2)*(a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(g*sin(f*x+e))~(1/2
), ((ma-b)/(a-b))~(1/2))*(a+b) " (1/2) * (a* (1-csc(f*x+e) ) /(a+b) )~ (1/2) * (a*x (1+cs
c(fxx+e))/(a-b))~(1/2)*tan(f*x+e) /c/f/g~ (1/2)+2*% (—a*d+b*c) *E11lipticPi (1/2x(
1-csc(fxx+e)) " (1/2)*x27(1/2) ,2%c/(c+d) ,2"(1/2)*(a/(a+b)) " (1/2) ) *(—cot (f*x+e)
~2)7(1/2) *((b+a*xcsc (f*xx+e))/(atb) )~ (1/2)*(gxsin(f*x+e)) " (1/2) *xtan(f*x+e)/c/

(c+d) /f/g/ (atb*sin(f*x+e))~(1/2)

Rubi [A] time = 0.53, antiderivative size = 250, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ 5 077, Rules used = {2933, 2816, 2937)

integrand size

2(be - ad) tan(e + fx)y/ - cot2(e + fx) /g sin(e + fx) —“C“(jj"”bn(i—cd;sin—l(—Vl‘cs};“fx’)%) 2va +

cfg(c +d)\/a+ bsin(e + fx) -

Antiderivative was successfully verified.
[In] Int[Sqrtl[a + b*Sin[e + f*x]]/(Sqrtl[g*Sinle + f*x]]x(c + d*Sinl[e + fx*x])),x]

[Out] (-2*Sqrt[a + bl*Sqrt[(ax(1 - Cscle + f*x]))/(a + b)I*Sqrt[(ax(1 + Cscle + f
xx]))/(a - b)]*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/(Sqrt[a

+ bl*Sqrt[gxSin[e + f*x]]1)], -((a + b)/(a - b))]*Tan[e + f*x])/(cxfxSqrt[g]

) + (2x(bxc - axd)*Sqrt[-Cotl[e + f*x]~2]*Sqrt[(b + axCscle + fx*x])/(a + b)]
*E1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]/Sqrt[2]], (2xa)/(a

+ b)]*Sqrt[g*Sin[e + f*x]]*Tan[e + f*x])/(cx(c + d)*f*xgxSqrt[a + b*Sin[e +
fxx]])

Rule 2816

Int[1/(Sqrt[(d_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrtl(a_) + (b_.)*sin[(e_.) + (£
_)*(x_)]1]1), x_Symbol] :> Simp[(-2*Tan[e + f*xx]*Rt[(a + b)/d, 2]*Sqrt[(a*x(1
- Cscle + f*x]))/(a + b)I*Sqrt[(ax(1 + Cscle + f*x]))/(a - b)]*EllipticF[A
rcSin[Sqrt[a + b*Sin[e + f*x]]/(Sqrtl[d*Sin[e + f*x]]1*Rt[(a + b)/d, 21)], -(
(a + b)/(a - b))])/(axf), x] /; FreeQl{a, b, d, e, £}, x] && NeQ[a™2 - b~2,
0] && PosQ[(a + b)/dl]

Rule 2933

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1/(Sqrtl(g_.)*sinl[(e_.) + (f_.
)*(x )11*((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)), x_Symbol] :> Dist[a/c, In
t[1/(Sqrt[gxSin[e + f*x]]*Sqrtl[a + b*Sin[e + f*x]]), x], x] + Dist[(b*c - a
*xd) /(c*g), Int[Sqrtlg*Sin[e + f*x]]/(Sqrt[a + bxSin[e + fxx]]*(c + d*Sin[e

+ f*x]1)), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g}, x] && NeQ[b*c - axd, 0] &&
NeQ[a"2 - b~2, 0] && NeQ[c~™2 - 472, 0]

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
d)*¥(x_ )11*((c_) + (d_.)*sin[(e_.) + (£f_.)*(x_)]1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + f*x]~2]*Sqrt[gxSin[e + fxx]]*Sqrt[(b + a*Cscle + fx*x])/(a + b)]*E
1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[l - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a +



210

b)1)/(f*(c + d)*Cot[e + f*x]*Sqrtl[a + bxSinl[e + f*x]]), x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 -
d~2, 0]

Rubi steps

1 B Vgsin(e+fx)
f \/a + bsin(e + fx) Jx = g f g sin(e+fx) \/a+bsin(e+fx) dx N (be = ad) f \Ja+bsin(e+fx) (c+d sin(e+fx))

\gsin(e + fx) (c + dsin(e + fx)) T c cg

5 m \/a(l—csc(e+fx)) \/a(1+csc(e+fx)) Flsin-! V8 Va+bsin(e+fx) -
a+b a-b mm
cf \/§

Mathematica [B] time = 29.28, size = 8202, normalized size = 32.81

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Sin[e + f*x]]/(SqrtlgxSin[e + f*x]]*(c + d*Sin[e + fx*x
1)) ,x]
[Out] Result too large to show

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e) +a
(dsin(fx+e) +c) gsin(fx +e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), x)

maple [B] time = 0.59, size = 3291, normalized size = 13.16

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*sin(f*x+e))”(1/2)/(c+td*sin(f*x+e))/(gxsin(f*x+e))~(1/2),x)

[Out] -1/f*x(-(-(-a"2+b"2)"(1/2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+
b~2)"(1/2)) /sin(fxx+e)) " (1/2)*(((-a~2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+co
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s(f*xx+e)*a-a)/(-a"2+b"2) " (1/2) /sin(f*x+e) )~ (1/2) *(a* (-1+cos(f*x+e))/(b+(-a~
2+b~2)~(1/2)) /sin(f*x+e) )~ (1/2)* (a*xd-b*c)* (2*xE11lipticPi ((-(-(-a~2+b~2)~(1/2
)*sin(f*x+e)-bxsin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e))”
(1/2), (b+(-a~2+b"2) " (1/2) )*c/(c*(—a~2+b"2) " (1/2) —ax(-c~2+d"2) ~ (1/2) -d*a+c*Db
),1/2%x27(1/2) * ((b+(-a~2+b~2) " (1/2))/(-a"2+b~2)~(1/2) )~ (1/2) ) *(-a~2+b~2) ~(1/
2)*(-c72+d"2) " (1/2) #*b-E11lipticPi ((-(-(-a"2+b~2) ~(1/2) *sin (f*x+e) -b*sin (f*x+
e)+cos(f*xx+e)*a-a)/(b+(-a~2+b"2)"(1/2)) /sin(f*x+e)) "~ (1/2), (b+(-a"2+b~2) " (1/
2))*c/(cx(—a~2+b~"2) " (1/2)-a*x(-c~2+d"2) " (1/2) -d*a+c*b) ,1/2%27(1/2) * ((b+(-a~2
+b72)"(1/2))/(-a~2+b"2)7(1/2)) " (1/2))*(-a~2+b~2) ~(1/2) *a*c+2*E1lipticPi ((-(
-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a~2+b~"2) " (1/
2))/sin(f*xx+e)) " (1/2), (b+(-a"2+b"2) " (1/2) ) *c/(cx(-a~2+b"2) ~(1/2) —ax(-c~2+d~
2)~(1/2)-d*a+cxb) ,1/2+%27 (1/2) *((b+(-a~2+b~2) " (1/2))/(-a~2+b"2)~(1/2))~(1/2)
)*(-a”2+b"2) " (1/2) #*b*xd-E1llipticPi ((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -bxsin (f*x
+e)+cos (f*x+e)*a-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b~2) " (1
/2))*c/(cx(—a~2+b"2) " (1/2)-a*x(-c~2+d"2) " (1/2) -d*a+c*b) ,1/2*27 (1/2) * ((b+(-a~
2+b72)7(1/2))/(-a™2+b72) " (1/2) )~ (1/2) ) *(-c~2+d"2) " (1/2) *a~2+2*E1lipticPi ((-
(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin (f*x+e)+cos (f*x+e)*a-a)/ (b+(-a"2+b"2) " (1
/2))/sin(fxx+e)) " (1/2), (b+(-a"2+b"2) " (1/2))*c/(cx(-a~2+b"2) " (1/2) -a*x(-c~2+d
~2)7(1/2)-d*a+cxb) ,1/2%27(1/2) *((b+(-a~2+b~2) " (1/2))/(-a~2+b"2)~(1/2))~(1/2
))*(=c72+d"2) " (1/2)*b"2-E11lipticPi ((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin (f*
x+e)+cos(fxx+e)*a-a)/(b+(-a"2+b"2) " (1/2)) /sin(f*x+e)) " (1/2), (b+(-a~2+b"2) ~(
1/2))*c/(cx(-a~2+b"2) " (1/2)-a*(-c~2+d"2) " (1/2) -d*a+c*b) ,1/2*x27 (1/2) * ((b+(-a
T2+b72)7(1/2))/(-a”2+b"2) " (1/2)) " (1/2) ) *a”2xd-E1lipticPi ((-(-(-a"2+b"2) " (1/
2) *sin(f*x+e) -b*sin(f*xx+e)+cos(f*xt+e)*a-a)/(b+(-a"2+b"2)~(1/2))/sin(f*x+e))
~(1/2), (b+(-a~2+b"2) " (1/2) )*c/(c*(-a~2+b"2) " (1/2) —ax(-c~2+d"2) ~(1/2) -d*a+cx*
b),1/2x27(1/2)*((b+(-a"2+b~2) " (1/2))/(-a~2+b~2) " (1/2) )~ (1/2) ) *axb*c+2*E1llip
ticPi((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin (f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2
+b72)7(1/2)) /sin(fxx+e)) "~ (1/2), (b+(-a"2+b"2) "~ (1/2) ) *c/(c*(-a~2+b"2) " (1/2)-a
*(-c™2+d"2) " (1/2)-d*a+c*b) ,1/2%¥27(1/2) *((b+(-a~2+b"2) " (1/2))/(-a~2+b~"2) ~(1/
2))7(1/2))*b~2xd+2*E11ipticPi ((-(-(-a"2+b72) " (1/2) *sin(f*x+e) -b*sin (f*x+e)+
cos (f*x+e)*a-a)/(b+(-a~2+b"2)"(1/2)) /sin(f*x+e)) " (1/2), (b+(-a"2+b"2)~(1/2))
xc/(ax(-c™2+d"2) " (1/2)+c*x(-a~2+b~2) ~(1/2) -d*a+c*b) ,1/2*27(1/2) * ((b+(-a"2+b"~
2)7(1/2))/(=a"2+b"2)~(1/2))"(1/2) ) *(-a~2+b~2) ~(1/2) *(-c~2+d"2) ~ (1/2) ¥*b+E11i
pticPi((-(-(-a"2+b~2) "~ (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~
2+b"2) " (1/2))/sin(f*x+e) )~ (1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*x(-c~2+d"2) " (1/2)+
cx(-a"2+b"2) " (1/2)-d*a+c*xb) ,1/2%x27(1/2) *((b+(-a"2+b~2)~(1/2))/(-a"2+b"2) " (1
/2))7(1/2))*(-a~2+b~2) " (1/2) *a*xc-2*E11lipticPi ((-(-(-a"2+b~2) ~(1/2) *sin (f*x+
e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e)) " (1/2), (b+(
-a"2+b"2) " (1/2) ) *c/(ax(-c~2+d"2) " (1/2) +c*x(-a~2+b~2) ~(1/2) -d*a+c*b) ,1/2*27 (1
/2)*((b+(-a"2+b~2)~(1/2))/(-a"2+b"2)~(1/2))~(1/2) ) *(-a~2+b~2) " (1/2) *b*d-E11
ipticPi((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a
“2+b72) " (1/2)) /sin(fxx+e) )~ (1/2), (b+(-a"2+b"2) " (1/2) ) *c/(ax(-c~2+d"2) " (1/2)
+cx(—a”2+b72) " (1/2)-d*a+c*b) ,1/2*27(1/2) * ((b+(-a"2+b"2) " (1/2) )/ (-a~2+b"2) " (
1/2))7(1/2))*(~c™2+d"2) " (1/2) *a~2+2xE1lipticPi ((-(-(-a"2+b~2) ~(1/2) *sin (f*x
+e)-b*xsin(f*x+e)+cos(f*xx+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e))~(1/2), (b+
(-a~2+b"2) " (1/2)) *c/ (a*x(-c~2+d"2) ~(1/2) +c*(—a"2+b~"2) " (1/2) -d*a+c*b) ,1/2%27(
1/2)*((b+(-a"2+b~2) " (1/2))/(-a~2+b"2) " (1/2) )~ (1/2) ) *(-c~2+d"2) " (1/2) *b~2+E1
lipticPi((-(-(-a"2+b~2)~(1/2) *sin(f*x+e) -b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-
a~2+b"2)"(1/2)) /sin(f*x+e))~(1/2), (b+(-a"2+b"2) " (1/2) ) *c/(a*x(-c~2+d"2) ~(1/2
Y+cx(-a~2+b”2) " (1/2)-d*a+cxb) ,1/2*x27(1/2) *((b+(-a"2+b~2) "~ (1/2))/(-a~2+b"2) "~
(1/2))7(1/2))*a~2xd+E1lipticPi ((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)
+cos (fxx+e)*xa-a)/(b+(-a~2+b"2)~(1/2)) /sin(f*xx+e) )~ (1/2), (b+(-a"2+b"2)~(1/2)
Yxc/(a*x(-c72+d"2) " (1/2)+cx(-a~2+b~2) ~(1/2) -d*a+cxb) ,1/2%27 (1/2) * ((b+(-a~2+b
"2)7(1/2))/(-a”2+b”"2) " (1/2)) " (1/2) ) *a*xb*c-2+E11lipticPi ((- (- (-a~2+b~2) "~ (1/2)
*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e)) ~(
1/2), (b+(-a"2+b"2) " (1/2) ) *c/(a*x(-c~2+d"2) ~(1/2)+c*x(-a"2+b"2) ~(1/2) -d*a+c*b)
,1/2%27(1/2) % ((b+(-a”2+b72) " (1/2) )/ (-a~2+b72) " (1/2) ) " (1/2) ) *b~2xd-4*E1lipti
cF((-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e) +cos (f*x+e)*a-a)/ (b+(-a~2+b~
2)7(1/2)) /sin(f*xx+e))~(1/2) ,1/2%27(1/2) *((b+(-a"2+b"2)~(1/2))/(-a"2+b~2) " (1
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/2))7(1/2))*(-a~2+b72) " (1/2) * (-c~2+d"2) " (1/2) ¥b+2*E1lipticF ((-(-(-a"2+b~2)"
(1/2)*sin(f*x+e) -b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*x+
e))~(1/2),1/2x27(1/2)*((b+(-a"2+b"2)~(1/2))/(~a”2+b"2) " (1/2) )~ (1/2) ) *(-c~2+
d"2)7(1/2)*a"2-4*E1lipticF ((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos
(fxx+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e)) ~(1/2),1/2x27(1/2)*((b+(-a"2+b
~2)7(1/2))/(~a”2+b72) " (1/2)) " (1/2) ) *(-c~2+d"2) “(1/2) #*b~2) *sin(fxx+e) "2x27 (1
/2)/(a+b*sin(f*xx+e))~(1/2)/(g*sin(f*x+e) )~ (1/2)/(~1+cos(f*x+e))/(-c~2+d"2)"
(1/2)/(a*x(-c~2+d"2) " (1/2) +cx(-a~2+b"2) " (1/2) -d*a+c*b) / (cx(-a~2+b"2) " (1/2) -a
*(-c72+d"2) " (1/2)-d*a+c*Db)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

\/bsin(fx+e) +a
(dsin(fx+e) +c) gsin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/((d*sin(f*x + e) + c)*sqrt(g*sin(f*x + e

))), %)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

\/a+bsin(e+fx)
gsin(e+fx) (c+dsin<e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int((a + b*sin(e + f*x))~(1/2)/((g*sin(e + f*x))~(1/2)*(c + dxsin(e + f*x))
),%)

[Out] int((a + b*sin(e + f*x))~(1/2)/((gxsin(e + f*x))~(1/2)*(c + d*sin(e + fxx))
), X)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/a + bsin (e +fx)
gsin (e+fx) (c +dsin (e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bk*sin(fx*x+e))**(1/2)/(c+d*sin(f*x+e))/(g*sin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + b*sin(e + f*x))/(sqrt(gxsin(e + fx*x))*(c + d*sin(e + f*x)
)), %)
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\/g sin(e+fx)

3.44 f Va+bsin(e+fx) (c+d sin(e+fx))

Optimal. Leaf size=114

2 tan(e +fX) | COtZ(E +fx) /gsin(e +fx) [%H(%;sin_l (Vl—cs;j;ﬁfx) ) |L12Tﬂb)
flc+ d)\/a + bsin(e + fx)

[Out] 2xEllipticPi(1/2*%(1l-csc(fxx+e))~(1/2)*27(1/2),2*c/(c+d),2”(1/2)*(a/(atb))~(
1/2))x(—cot (f*xx+e)~2) ~(1/2) * ((b+a*xcsc(f*x+e))/(a+b)) ~(1/2) *(g*sin (f*x+e) )~ (
1/2)*tan(f*x+e)/(c+d) /f/(atb*sin(f*xx+e))~(1/2)

Rubi [A] time = 0.21, antiderivative size = 114, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 39,

number of rules 0.026, Rules used = {2937}

integrand size

2tan(e +fx) [_ C0t2(€ +fx) /gsin(e +fx) /%:bfij I1 (ci_cd’ sin—l (Vl—CS\j;E‘l'fx) ) |%)
f(c+d)yJa+Dbsin(e + fx)

Antiderivative was successfully verified.
[In] Int[Sqrtlg*Sinl[e + f*x]]/(Sqrtl[a + b*Sinl[e + f*x]]*(c + d*Sin[e + f*x])),x]

[Out] (2*xSqrt[-Cot[e + fxx]~2]*Sqrt[(b + a*Cscle + f*x])/(a + b)]*EllipticPi[(2%*c
)/(c + d), ArcSin[Sqrt[1 - Cscle + fxx]]/Sqrt[2]], (2xa)/(a + b)]*Sqrt[g*Si
nle + f*x]]*Tanle + f*x])/((c + d)*f*Sqrt[a + b*Sin[e + fx*x]])

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*¥(x )11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + fxx]~2]*Sqrt[g*Sin[e + f*x]]*Sqrt[(b + axCscle + fxx])/(a + b)]*E
1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2%a)/(a +
b)])/(fx(c + d)*Cot[e + f*x]*Sqrt[a + bxSin[e + f*x]]), x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 -
d~2, 0]

Rubi steps
2 b+a csc(e+fx) 2c . 1 y1l-escle+fx) ) | 2
f Vgsin(e + fx) e 2~ cotdle + f) (mfsm (—ﬁ ) v
Va +bsin(e + fx) (c + dsin(e + x)) (c+d)f+Ja+bsin(e + fx)

Mathematica [B] time = 29.18, size = 3427, normalized size = 30.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[g*Sin[e + f*x]]/(Sqrtl[a + b*Sin[e + f*x]]*(c + d*Sin[e + f*x
1)) ,x]

[Out] (axSqrt[-a~2 + b~2]*((a*c + (b + Sqrt[-a”™2 + b~2])*(-d + Sqrt[-c”2 + d~2]))
xE1lipticPi[(2*Sqrt[-a~2 + b~2]*c)/(bxc + Sqrt[-a”2 + b~2]*c - a*xd + a*xSqrt
[-c™2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt
[-a~2 + b~2]]1/Sqrt[2]], (2%Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 + b~2])] + (-(a
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xc) + (b + Sqrt[-a™2 + b72])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~
2 + b72]*c)/(b*c + Sqrt[-a”2 + b~ 2]*c - a*(d + Sqrt[-c”2 + d72])), ArcSin[S
qrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]],
(2%Sqrt[-a”2 + b72])/(b + Sqrt[-a”2 + b~2])])*Sqrt[Sin[e + f*x]]*Sqrt[g*Si
nle + f*x]]*Sqrt[(axSec[(e + f*x)/2]72x(a + b*Sinf[e + f*x]))/(a"2 - b~2)]1)/
((b + Sqrt[-a”2 + b~2])"2*(b*c - a*d)*Sqrt[-c”2 + d"2]*fx(a + bxSin[e + fxx
1)*(c + d*Sin[e + f*x])*Sqrt[-((a*xTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))
Ix((a"2xSqrt[-a”2 + b™2]*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c™2 + d
~2]))*EllipticPi[(2%Sqrt[-a”2 + b~2]*c)/(b*c + Sqrt[-a”2 + b™2]*c - a*xd + a
xSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])
/8qrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b"2])/(b + Sqrt[-a”2 + b~2])] +
(-(axc) + (b + Sgrt[-a”2 + b~™2])*(d + Sqrt[-c™2 + d~2]))*EllipticPi[(2*Sqr
t[-a"2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~"2]*c - ax(d + Sqrt[-c™2 + d72])), Arc
Sin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]/Sqrt
[2]], (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a~2 + b~2])])*Sec[(e + f*x)/2] 2%Sqrt
[Sin[e + f*x]]xSqrt[(a*Sec[(e + f*x)/2]72x(a + b*Sinl[e + f*x]))/(a"2 - b~2)
1)/(4x(b + Sqrt[-a”2 + b~2]) " 3*(b*c - a*d)*Sqrt[-c”2 + d~2]*Sqrt[a + b*Sin[
e + fxx]]*(-((a*Tan[(e + £*x)/2]1)/(b + Sqrt[-a~2 + b72])))~(3/2)) - (a*b*Sq
rt[-a”2 + b"2]*Cos[e + fxx]*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c~2
+ d~2]))*EllipticPi[(2%Sqrt[-a~2 + b~2]*c)/(bxc + Sqrt[-a”2 + b~2]*c - axd
+ axSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + axTan[(e + fxx)/
21)/Sqrt[-a~2 + b~2]1/Sqrt[2]], (2%Sqrt[-a”2 + b~2])/(b + Sqrt[-a~2 + b~2])
1 + (-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*EllipticPil[(2*
Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*(d + Sqrt[-c™2 + d72])),
ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a"2 + b~2]]1/S
qrt[2]], (2xSqrt[-a”2 + b72])/(b + Sqrt[-a”2 + b~2])])*Sqrt[Sin[e + f*x]]*S
grt[(a*xSec[(e + fxx)/2]"2*x(a + b*Sin[e + f*x]))/(a”2 - b™2)]1)/(2x(b + Sqrt[
-a”2 + b72])"2x(b*xc - axd)*Sqrt[-c”2 + d72]*(a + b*Sin[e + f*x])~(3/2)*Sqrt
[-((axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2]))]) + (axSqrt[-a~2 + b~2]*Cos
[e + fxx]*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c”2 + d72]))*EllipticP
i[(2*%Sqrt[-a”2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*d + a*xSqrt[-c”2 + d~
2]), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + fx*x)/2])/Sqrt[-a"2 + b~
211/Sqrt[2]11, (2*Sgrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2]1)] + (-(axc) + (b +
Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~ 2]*c
)/ (bxc + Sqrt[-a~2 + b~2]*c - a*x(d + Sqrt[-c”2 + d”2])), ArcSin[Sqrt[(b + S
grt[-a”2 + b72] + a*Tan[(e + fx*x)/2])/Sqrt[-a”2 + b~2]]/Sqrt[2]], (2xSqrt([-
a”2 + b72])/(b + Sqrt[-a”2 + b~2])])*Sqrt[(a*xSec[(e + f*x)/2]72+(a + b*Sin[
e + £xx]))/(a"2 - b™2)]1)/(2x(b + Sqrt[-a”2 + b~2]) " 2x(b*c - a*xd)*Sqrt[-c~2
+ d72]*Sqrt[Sin[e + f*x]]xSqrt[a + b*Sin[e + f*x]]*Sqrt[-((a*xTan[(e + f*x)/
2]1)/(b + Sqrt[-a”2 + b72]))]) + (a*xSqrt[-a”2 + b"2]*((a*c + (b + Sqrt[-a~2
+ b"2])*(-d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + S
grt[-a”2 + b"2]*c - axd + axSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrt[-a"2 +
b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2*Sqrt[-a”2 + b~2]
)/(b + Sqrt[-a”2 + b"2])] + (-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c~2
+ d"2]))*E1llipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - ax*(
d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)
/2]1)/8qrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2]
)1)*Sqrt[Sinle + f*x]]*((axb*Cosle + f*x]*Sec[(e + f*x)/2]72)/(a"2 - b72) +
(axSec[(e + f*x)/2]72+(a + b*Sin[e + f*x])*Tan[(e + f*x)/2])/(a"2 - b72)))
/(2%(b + Sqrt[-a”2 + b~2]) 2% (b*c - axd)*Sqrt[-c”2 + d"2]*Sqrt[a + b*Sin[e
+ fxx]]*Sqrt[(axSec[(e + f*x)/2]"2*(a + b*Sinfe + f*x]))/(a"2 - b~2)]1*Sqrt[
-((axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b72]))]) + (axSqrt[-a”2 + b~2]*Sqrt
[Sin[e + f*x]]xSqrt[(a*Sec[(e + f*x)/2]72x(a + b*Sinl[e + f*x]))/(a"2 - b~2)
1x((ax(axc + (b + Sqrt[-a”2 + b"2])*(-d + Sqrt[-c”2 + d72]))*Secl[(e + f*x)/
2]72)/ (4xSqrt [2] *Sqrt[-a”2 + b~2]*Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + £
xx)/2])/Sqrt[-a”2 + b~2]]1*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/
2])/(2xSqrt[-a”2 + b~2])]*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/
2]1)/(b + Sqrt[-a”2 + b™2])]1*(1 - (c*(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)
/21))/(bxc + Sqrt[-a”2 + b~2]*c - axd + a*xSqrt[-c”2 + d~2]))) + (ax(-(axc)
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+ (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*Sec[(e + f*x)/2]72)/(4*Sqr

t[2]*Sqrt[-a~2 + b"2]1*Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt
[-a”2 + b"2]1*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/(2*Sqrt[
-a”2 + b72])]*Sqrt[1 - (b + Sqrt[-a”2 + b72] + a*Tan[(e + f*x)/2])/(b + Sqr

t[-a”2 + b72])]1*(1 - (c*(b + Sqrt[-a”2 + b~2] + a*xTan[(e + f*x)/2]))/(b*xc +
Sqrt[-a”2 + b™2]*c - a*(d + Sqrt[-c™2 + d72]1))))))/((b + Sqgrt[-a”2 + b~2])
~2x(bxc - a*d)*Sqrt[-c”2 + d"2]*Sqrt[a + bxSin[e + f*x]]*Sqrt[-((axTan[(e +
f*x)/2]1)/(b + Sqrt[-a~2 + b721))1)))

fricas [F] time = 1.86, size = 0, normalized size = 0.00

\/bsin(fx+e) + a\/gsin(fx+e)

integral [ - > ,X
bd cos (fx +e) —ac —bd — (bc + ad)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(atb*sin(f*x+e)) ~(1/2),x, a
lgorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(gxsin(f*x + e))/(bxd*cos(f*x + e)~2
- a*xc - b*d - (b*c + a*d)*sin(f*x + e)), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

gsin(fx+e)

dx
\/bsin(fx+e) +a(dsin(fx+e) +c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)/(c+d*sin(f*x+e))/(atb*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) +

c)), x)
maple [B] time = 0.83, size = 2924, normalized size = 25.65

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((gxsin(fx*x+e))~(1/2)/(c+d*sin(f*x+e))/(a+tbxsin(f*x+e))~(1/2),x)

[Out] 1/f*(EllipticPi((-(-(-a"2+b"2)~(1/2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a
)/ (b+(-a~2+b~"2) " (1/2))/sin(f*x+e))~(1/2), (b+(-a"2+b~2) " (1/2) ) *c/ (ax(-c~2+d"
2) " (1/2)+cx(—a~2+b"2) " (1/2) -d*a+cx*b) ,1/2x27 (1/2) * ((b+(-a~2+b~2) ~(1/2)) /(-a~
2+b~2)7(1/2)) " (1/2))*a"2*d-E1lipticPi ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin
(fxx+e)+cos(fxx+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e)) " (1/2), (b+(-a"2+b"2
)" (1/2))*c/(ax(-c™2+d"2) " (1/2)+c*x(-a~2+b"2) ~(1/2) —d*a+c*b) ,1/2x27 (1/2) * ((b+
(a™2+b"2)"(1/2))/(-a~2+b~2) " (1/2))~(1/2) ) *(-c~2+d"2) ~(1/2) *a"2+EllipticPi(
(-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e) +cos (f*x+e)*a-a)/ (b+(-a"2+b"2) "
(1/2))/sin(fxx+e)) "~ (1/2), (b+(-a"2+b"2) " (1/2)) *c/(ax(-c~2+d"2) ~(1/2) +c*(-a"~2
+b72) " (1/2) -d*a+cxb) ,1/2x2~(1/2) * ((b+(-a~2+b~2) ~(1/2))/(~a~2+b~2)~(1/2))~ (1
/2))*axb*c+EllipticPi((-(-(-a"2+b~2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos (f*x+
e)*a-a)/(b+(-a"2+b"2) " (1/2)) /sin(f*x+e) )~ (1/2), (b+(-a"2+b"2) " (1/2) ) *c/ (ax (-
c"2+4d"2) " (1/2)+cx(—a~2+b"2) " (1/2) -d*a+c*b) ,1/2%2"(1/2) * ((b+(-a"2+b"2) " (1/2)
)/ (-a”™2+b72)7(1/2))~(1/2) ) *(-a~2+b"2) " (1/2) *a*c-2+E1lipticPi ((- (- (-a~2+b~2)
~(1/2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+b"2) " (1/2))/sin(f*x
+e))~(1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*x(-c~2+d"2) " (1/2)+cx(-a~2+b"2) ~(1/2) -d*
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a+cxb) ,1/2x27(1/2) % ((b+(-a~2+b"2)~(1/2))/(-a~2+b~2) " (1/2))~(1/2) ) *b~2*d+2*E
11lipticPi((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos (f*x+e)*a-a)/ (b+(
-a"2+b"2) " (1/2)) /sin(f*x+e))~(1/2), (b+(-a"2+b"2)~(1/2) ) *c/(a*x(-c~2+d"2) " (1/
2)+cx(—a”2+b"2) ~(1/2) -d*a+cxb) ,1/2%27 (1/2) *((b+(-a~2+b~2) " (1/2))/(-a~2+b~2)
~(1/2))7(1/2))*(=c™2+d"2) " (1/2) *b~2-2*E11lipticPi ((- (- (-a"2+b~2) ~(1/2) *sin(f
*x+e)-b*sin(f*x+e)+cos(fxx+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*xx+e)) " (1/2), (
b+(-a"2+b"2) " (1/2))*xc/(ax(-c~2+d"2) " (1/2)+c*x(-a~2+b~2) ~(1/2) -d*a+cxb) ,1/2%2
~(1/2)*((b+(-a"2+b~2) " (1/2))/(~a~2+b"2) " (1/2))~(1/2) ) *(-a~2+b~2) ~(1/2) *b*d+
2¥E1lipticPi((-(-(-a"2+b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)+cos (f*x+e)*a-a)/(
b+(-a"2+b”"2) " (1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2) )*c/(ax(-c~2+d"2) "~
(1/2)+c*(-a~2+b~2) " (1/2)-d*a+c*b) ,1/2x27(1/2) *((b+(-a~2+b"2) ~(1/2) )/ (-a"2+Db
"2)7(1/2))7(1/2))*x(ma”2+b72) " (1/2) *(~c~2+d"2) " (1/2) *b-EllipticPi ((- (- (-a~2+
b~2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a"2+b"2)~(1/2))/sin
(fxx+e))~(1/2), (b+(-a"2+b"2) " (1/2) ) *c/(cx(-a"2+b"2) " (1/2) —a*x(-c~2+d"2) ~(1/2
)-d*a+c*b) ,1/2%27 (1/2) * ((b+(-a"2+b72) " (1/2) )/ (-a™2+b72) 7 (1/2) )~ (1/2) ) *a"2*d
-EllipticPi((-(-(-a"2+b~2)~(1/2) *sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/ (b
+(-a"2+b"2) " (1/2)) /sin(f*x+e))~(1/2), (b+(-a~2+b"2)~(1/2) ) *c/(c*x(-a~2+b~2) ~(
1/2)-ax(-c~2+d"2) " (1/2)-d*xa+cx*b) ,1/2%2"(1/2) x((b+(-a"2+b"2)~(1/2))/(-a"2+b~
2)7(1/2))"(1/2))*(-c~2+d"2) " (1/2)*a"2-E1llipticPi ((-(-(-a"2+b~2) ~(1/2) *sin(f
xx+e) ~b*xsin (f*x+e)+cos (f*x+e)*a-a)/(b+(-a"2+b~2)~(1/2))/sin(f*x+e))~(1/2),(
b+(-a"2+b"2) " (1/2)) *c/ (cx(-a~2+b"2) " (1/2) —a*x(-c~2+d"2) " (1/2) -d*a+cxb) ,1/2%2
~(1/2)*x((b+(-a"2+b"2) " (1/2))/(-a"2+b"2) ~(1/2) )~ (1/2) ) *a*xb*c-EllipticPi ((- (-
(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin (f*x+e)+cos (f*x+e)*a-a)/ (b+(-a~2+b"2) " (1/2
))/sin(f*x+e))~(1/2), (b+(-a"2+b"2) " (1/2) ) *c/(cx(-a"2+b"2) " (1/2) —a*x(-c~2+d"2
)~ (1/2)-d*a+cx*b) ,1/2%27(1/2) % ((b+(-a~2+b"2) ~(1/2))/(-a~2+b"2) " (1/2))~(1/2))
*x(—a"2+b72) " (1/2) *a*xc+2xE1lipticPi ((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin (f*
x+e)+cos(fxx+e)*a-a)/(b+(-a~2+b"2) " (1/2))/sin(fxx+e) )~ (1/2), (b+(-a~2+b"2) ~(
1/2))*c/(cx(-a"2+b~2) " (1/2) -a*x(-c~2+d"2) " (1/2) -d*a+c*b) ,1/2*x27 (1/2) * ((b+(-a
T2+b72)7(1/2))/(-a”2+b”2) 7 (1/2)) 7 (1/2) ) *b"2%d+2*E11lipticPi ((- (- (-a"2+b72) ~(
1/2)*sin(f*x+e)-b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a"2+b~2) " (1/2))/sin(f*x+e
))"(1/2), (b+(-a"2+b"2) " (1/2) ) *c/ (c*x(-a~2+b"2) ~(1/2) —a*(-c~2+d"2) " (1/2) -d*a+
cxb) ,1/2%27(1/2) * ((b+(-a"2+b"2) ~(1/2)) /(-a"2+b~2) " (1/2))~(1/2) ) *(-c~2+d"2)~
(1/2)*b~2+2*%E11ipticPi ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos (f*x
+e)*a-a)/(b+(-a~2+b”"2) " (1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b~2) ~(1/2) ) *c/ (cx*(
-a"2+b"2) " (1/2)-a*x(-c"2+d"2) " (1/2)-d*a+c*b) ,1/2%27(1/2) *((b+(-a~2+b"2) ~(1/2
))/(-a”2+b”2) " (1/2)) 7 (1/2) ) *(-a~2+b~2) " (1/2) ¥*b*d+2xE11lipticPi ((- (- (-a"2+b~2
)" (1/2)*sin(f*x+e) -b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a"2+b"2) " (1/2)) /sin(f*
x+e)) " (1/2), (b+(-a~2+b~2) " (1/2) )*c/(cx(—a~2+b~2) " (1/2)-a*x(-c~2+d"2) "~ (1/2)-d
xa+cx*b) ,1/2x27(1/2) * ((b+(-a"2+b"2) " (1/2))/(-a~2+b~2)~(1/2))~(1/2) ) *(-a~2+b~
2)7(1/2)*(-c~2+d"2) ~(1/2) *b) * (gksin (fxx+e) ) " (1/2) *sin(f*x+e) / (a+tb*sin (f*x+e
)) " (1/2) % (a*x(-1+cos (f*x+e) )/ (b+(-a™2+b72) " (1/2) ) /sin(f*x+e) )~ (1/2) *(((-a~2+
b~2) " (1/2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(-a"2+b"2) " (1/2) /sin(f*x
+e)) " (1/2)*x (- (-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin (f*x+e) +cos (f*x+e) *a-a) / (b+
(-a"2+b"2)"(1/2)) /sin(f*x+e) )~ (1/2)*27(1/2) / (-1+cos (f*x+e) ) *c/ (c*x (-a"2+b"2)
~(1/2)-a*x(-c~2+d"2) " (1/2) -d*a+c*b) /(ax(-c"2+d"2) " (1/2) +c*x (-a™2+b~2) " (1/2)-d
xa+cxb) /(-c72+d"2) " (1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f ,/gsin(fx+e) N
JMmQ%+Q+a@mmﬂ+@+Q

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))~(1/2)/(c+td*sin(f*x+e))/(atb*sin(f*x+e)) ~(1/2),x, a
lgorithm="maxima")

[Out] integrate(sqrt(g*sin(f*x + e))/(sqrt(b*sin(f*x + e) + a)*(d*sin(fxx + e) +
c)), x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

sin (e +f x)
f al dx
J

a+bs1n e+f ) (c+d sin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))
), %)

[Out] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + f*x))~(1/2)*(c + dxsin(e + fxx))
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/ gsin (e+fx) .

a+bsm e+fx) (c+dsin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)/(c+d*sin(f*x+e))/(a+bxsin(f*x+e))**(1/2),%)

[Out] Integral(sqrt(g*sin(e + f*x))/(sqrt(a + b*sin(e + f*x))*(c + d*sin(e + f*x)
)), %)
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[—= — —dx
Vg sin(e+fx) y/a+bsin(e+fx) (c+d sin(e+ fx))

Optimal. Leaf size=246

2dtan(e + fx)y|—cot’le + fx) ygsin(e + fx) y I (ZTd sin”! (—Vl‘(;”’) |ZTb) 2Va +b tan(e-

3.45

cfg(c+ d)\/a + bsin(e + fx)

[Out] -2%EllipticF(g~(1/2)*(atb*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(gxsin(f*x+e))~(1/2
), ((a-b)/(a-b))~(1/2))*(a+b) " (1/2) ¥ (a* (1-csc(f*x+e) )/ (a+b) )~ (1/2) * (ax(1+cs
c(fxx+e))/(a-b))~(1/2)*tan(f*x+e)/a/c/f/g”~(1/2)-2%d*E11lipticPi(1/2*(1-csc(f
*x+e))~(1/2)%27(1/2) ,2%c/ (c+d) ,27(1/2) *(a/(a+b) ) " (1/2) ) * (-cot (f*x+e) "2) " (1/

2) % ((btaxcsc(fxx+e))/(atb))~(1/2)*(g*sin(f*x+e)) " (1/2)*tan(f*x+e)/c/(c+d) /£

/g/ (at+b*xsin(fxx+e))~(1/2)

Rubi [A] time = 0.52, antiderivative size = 246, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ 5 077, Rules used = {2939, 2816, 2937}

integrand size

2d tan(e + fx),/—cotz(e + fx)+/gsin(e + fx) ,/% IT (Ci—cd;sin_]L (—“Pcij_ffx)) |%) 2Va + b tan(e-

cfg(c+ d)\/a + bsin(e + fx)

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlg*Sin[e + f*x]]*Sqrtla + b*Sin[e + f*x]]*(c + dxSinl[e + fxx])),
x]

[Out] (-2*Sqrtl[a + bl*Sqrt[(a*(1 - Cscle + f*x]))/(a + b)]*Sqrt[(ax(1 + Cscle + £
*x]))/(a - b)]1*EllipticF[ArcSin[(Sqrt[g]l*Sqrt[a + b*Sin[e + f*x]])/(Sqrtla

+ b]*Sqrt[g*Sinle + f*x]])], -((a + b)/(a - b))]*Tan[e + f*xx])/(a*xc*f*Sqrt[

gl) - (2xd*Sqrt[-Cot[e + f*x]~2]*Sqrt[(b + a*Cscle + f*x])/(a + b)]*Ellipti
cPi[(2xc)/(c + d), ArcSin[Sqrt[1l - Cscle + f*x]]/Sqrt[2]], (2*a)/(a + b)]1*S
grtlgxSin[e + f*x]]*Tan[e + f*x])/(c*(c + d)*f*gxSqrtla + b*Sin[e + f*x]])

Rule 2816

Tnt[1/(Sqre[(d_.)*sinl(e_.) + (f_.)*(x)11#Sqrtl(a) + (b_.)*sin[(e_.) + (f
_)*(x)11), x_Symbol] :> Simp[(-2*Tanl[e + f*x]*Rt[(a + b)/d, 2]*Sqrt[(ax(1
- Cscle + fxx]))/(a + b)]*Sqrt[(a*x(1 + Cscle + f*x]))/(a - b)]*EllipticF[A
rcSin[Sqrt[a + b*Sin[e + f*x]]/(Sqrt[d*Sin[e + f*x]]1*Rt[(a + b)/d, 21)]1, -(
(a + b)/(a -b))l)/(axf), x] /; FreeQ[{a, b, d, e, £}, x] && NeQ[a"2 - b72,
0] && PosQ[(a + b)/dl]

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]11/(Sqrtl(a_) + (b_.)*sinl[(e_.) + (f_.
Y*¥(x_)]1*((c_) + (d_.)*sinf[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + f*xx]~2]*Sqrt[gxSin[e + fxx]]*Sqrt[(b + a*Cscle + fx*x])/(a + b)]*E
11ipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscl[e + fxx]]/Sqrt[2]], (2xa)/(a +
b)1)/(fx(c + d)*Cot[e + f*x]*Sqrt[a + bxSin[e + f*x]1]1), x] /; FreeQ[{a, b,
c, d, e, £, gr, x] && NeQ[bxc - a*xd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 -
d~2, 0]

Rule 2939

Int[1/(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrtl(a_) + (b_.)*sin[(e_.) + (£
_Ox(x )11x((c_) + (d_.)*sinf(e_.) + (f_.)*(x_)])), x_Symbol] :> Dist[1/c,
Int[1/(Sqrt[g*Sin[e + f*x]]*Sqrtla + b*Sinle + f*x]]), x], x] - Dist[d/(cxg
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), Int[Sqrt[g*Sinf[e + f*x]]/(Sqrtla + bxSin[e + fxx]]*(c + d*Sinl[e + f*x]))
, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2
- b™2, 0] && NeQ[c™2 - 472, 0]

Rubi steps
1 g sl
f 1 dx = f Vg sin(e+fx) y/a+bsin(e+fx) dx B df \Ja+bsin(e+fx
\/gsin(e+fx) \/a + bsin(e + fx) (c + dsin(e + fx)) c C
a(l-csc(e+fx)) [a(l+csc(e+fx)) .
2Va+b \/ e \/ — F (sm

acf\/§

Mathematica [B] time = 30.06, size = 4935, normalized size = 20.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[1/(Sqrtlg*Sin[e + f*x]]*Sqrt[a + b*Sin[e + f*x]]*(c + d*Sin[e + £
*x])) ,x]

[Out] (-4*Sqrt[-a”2 + b~2]*Cos[(e + fx*x)/2]74*(-2*%(b + Sqrt[-a™2 + b72])*(b*c - a
xd)*Sqrt[-c”2 + d72]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + a*Tan[(e
+ f£xx)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a"2
+ b72])] - axd*((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c”2 + d72]))*Ell
ipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~™2]*c - a*xd + axSqrt[-c~
2 + d"2]), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a~
2 + b"2]]/Sqrt[2]], (2#Sqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])] + (-(a*c)
+ (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 +
b~2]*c)/(b*c + Sqrt[-a”2 + b~ 2]*c - a*(d + Sqrt[-c™2 + d72])), ArcSin[Sqrt[
(b + Sqrt[-a”2 + b"2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[2]], (2%
Sqrt[-a”2 + b~2])/(b + Sqrt[-a~2 + b~2])]))*Sqrt[(axSec[(e + f*x)/2]72x(a +
b*xSinle + f*x]))/(a”2 - b~2)]1*(-((a*xTan[(e + £*x)/2])/(b + Sqrt[-a”2 + b~2
1)))7(3/2))/(a”2*cx(-(b*c) + a*xd)*Sqrt[-c”2 + d~2]*f*Sinle + f*x]~(3/2)*Sqr
t[g*Sin[e + fxx]]*(a + b*Sin[e + f*xx])*(c + d*Sinl[e + f*x])*((3*Sqrt[-a”2 +
b~2]*Cos[(e + fxx)/2]72%(-2%(b + Sqrt[-a”2 + b72])*(b*c - axd)*Sqrt[-c2 +
d"2]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + f*x)/2])/Sqr
t[-a"2 + b~2]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])] - ax*d
x((axc + (b + Sqrt[-a”2 + b72])*(-d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*Sqrt
[-a”2 + b~2]*c)/(bxc + Sqrt[-a”2 + b"2]*c - axd + a*Sqrt[-c”2 + d72]), ArcS
in[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt[
2]1, (2xSqrt[-a”2 + b72])/(b + Sqrt[-a"2 + b~2])] + (-(a*c) + (b + Sqrt[-a~
2 + b72])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*xc +
Sqrt[-a”2 + b™2]*c - ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrt[-a~2
+ b~2] + axTan[(e + f*x)/2])/Sqrt[-a”"2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a”2 + b~2
1)/(b + Sqgrt[-a”2 + b~2])]))*Sqrt[(a*Sec[(e + fx*x)/2] 2x(a + b*Sin[e + f*x]
))/(@”2 - b™2)]*Sqrt[-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a~2 + b72]))]1)/(ax(b
+ Sqrt[-a”2 + b72])*cx(-(b*c) + axd)*Sqrt[-c”2 + d~2]*Sin[e + fx*x]~(3/2)*S
grtla + b*Sinle + f*x]]) + (2*%b*Sqrt[-a~2 + b~2]*Cos[(e + f*x)/2] 4xCos[e +
fxx]*x(-2%x(b + Sqrt[-a”2 + b~2])*(b*c - axd)*Sqrt[-c”2 + d"2]*EllipticF[Arc
Sin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]/Sqrt
[2]1], (2#Sqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b"2])] - axdx((axc + (b + Sqrt[
-a”2 + b72])*(-d + Sqrt[-c”2 + d72]))*EllipticPi[(2#Sqrt[-a~2 + b~2]*c)/(b*
c + Sqrt[-a”2 + b"2]*c - axd + axSqrt[-c”2 + d72]), ArcSin[Sqrt[(b + Sqrtl[-
a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[-a~2 + b~2]]1/Sqrt[2]], (2%Sqrt[-a~2 +
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b~2])/(b + Sqrt[-a~2 + b"2])] + (-(a*c) + (b + Sqrt[-a~2 + b~2])*(d + Sqrt
[-c™2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*c + Sqrt[-a"2 + b~2]*c
- ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan[(e +
f*x)/2])/Sqrt[-a~2 + b~2]1]1/Sqrt[2]], (2*Sqrt[-a~2 + b~2])/(b + Sqrt[-a~2 +
b~2])]1))*Sqrt [(axSec[(e + f*x)/2]72x(a + bxSin[e + f*x]))/(a"2 - b72)]1*(-(
(axTan[(e + £xx)/2])/(b + Sqrt[-a”2 + b~2])))~(3/2))/(a"2xc*(-(b*c) + axd)x*
Sqrt[-c”2 + d72]*Sin[e + f*x]~(3/2)*(a + b*Sinl[e + f*x])~(3/2)) + (6*Sqrt[-
a”2 + b"2]*Cos[(e + f*xx)/2] 4*Cosle + f*x]*(-2%(b + Sqrt[-a~2 + b~2])*(b*c
- a*d)*Sqrt[-c”2 + d"2]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + a*Tan
[(e + f*x)/2])/Sqrt[-a”2 + b~2]11/Sqrt[2]], (2xSqrtl[-a~2 + b~2])/(b + Sqrtl[-
a”2 + b72])] - axdx((a*xc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c”2 + d"2]))*
EllipticPi[(2%Sqrt[-a”2 + b~2]*c)/(bxc + Sqrt[-a”2 + b"2]*c - axd + a*xSqrt[
-c72 + d72]), ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])/Sqrt[
-a~2 + b"2]]1/Sqrt[2]], (2xSqrt[-a"2 + b~2])/(b + Sqrt[-a”"2 + b~2])] + (-(a*
c) + (b + Sqgrt[-a”2 + b72])*(d + Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2
+ b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*(d + Sqrt[-c™2 + d~2])), ArcSin[Sq
rt[(b + Sqrt[-a~2 + b"2] + axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]],
(2xSqrt[-a”2 + b~2])/(b + Sqrt[-a"2 + b~2])]))*Sqrt[(axSec[(e + f*xx)/2] 2*(
a + b*xSinfe + f*x]))/(a”2 - b™2)]*x(-((a*xTan[(e + f*x)/2])/(b + Sqrt[-a~2 +
b~2])))"(3/2))/(a"2xcx(-(b*xc) + axd)*Sqrt[-c”2 + d~2]*Sinl[e + f*x]~(5/2)*Sq
rt[a + bxSinf[e + f*x]]) + (8*Sqrt[-a~2 + b~2]*Cos[(e + f*x)/2]73*x(-2x(b + S
grt[-a”2 + b~2])*(b*c - a*xd)*Sqrt[-c™2 + d"2]*EllipticF[ArcSin[Sqrt[(b + Sq
rt[-a”2 + b72] + axTan[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2xSqrtl[-a
"2 + b72])/(b + Sqrt[-a”2 + b~2])] - axdx((axc + (b + Sqrt[-a”2 + b~2])*(-d
+ Sqrt[-c”2 + d72]))*EllipticPi[(2*Sqrt[-a~2 + b~2]*c)/(b*xc + Sqrt[-a~2 +
b~2]*c - a*d + a*xSqrt[-c”2 + d”2]), ArcSin[Sqrt[(b + Sqrt[-a~2 + b72] + ax*T
an[(e + f*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~"2 + b~2])/(b + Sqrt
[-a”2 + b72])] + (-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*E
1lipticPi[(2%Sqrt[-a”2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*(d + Sqrt[-c
2 + d"2])), ArcSin[Sqrt[(b + Sqrt[-a~2 + b~2] + ax*Tan[(e + f*x)/2])/Sqrt[-
a”2 + b~2]1/S8qrt[2]], (2xSqrt[-a”2 + b~2])/(b + Sqrt[-a”2 + b~2])]))*Sin[(e
+ fxx)/2]*Sqrt[(axSec[(e + f*x)/2]72%(a + b*Sin[e + fx*x]))/(a"2 - b~2)]*(-
((axTan[(e + f*xx)/2])/(b + Sqrt[-a”2 + b72])))~(3/2))/(a"2*c*x(-(b*c) + a*xd)
*Sqrt[-c”2 + d"2]*Sin[e + fxx]~(3/2)*Sqrt[a + bxSin[e + fxx]]) - (2xSqrt[-a
2 + b72]*Cos[(e + fx*x)/2]74*x(-2x(b + Sqrt[-a~2 + b~2])*(b*xc - a*xd)*Sqrt[-c
2 + d72]*EllipticF[ArcSin[Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])
/8qrt[-a”2 + b~2]1/Sqrt[2]], (2*Sqrt[-a”2 + b72])/(b + Sqrt[-a”2 + b"2])] -
axdx((axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqrt[-c”2 + d~2]))*EllipticPi[(2x
Sqrt[-a”2 + b~2]*c)/(b*c + Sqrt[-a”2 + b~2]*c - a*d + axSqrt[-c™2 + d~2]),
ArcSin[Sqrt[(b + Sqrt[-a"2 + b~2] + a*Tan[(e + fx*x)/2])/Sqrt[-a”2 + b~2]]1/S
qrt[2]], (2xSqrt[-a”2 + b72])/(b + Sqrt[-a”2 + b72])] + (-(a*c) + (b + Sqrt
[-a"2 + b™2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2xSqrt[-a~2 + b~2]*c)/(b*
c + Sqrt[-a”2 + b"2]*c - ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(b + Sqrtl[-
a”2 + b™2] + axTan[(e + £*x)/2])/Sqrt[-a”2 + b~2]]1/Sqrt[2]], (2*Sqrt[-a~2 +
b"2])/(b + Sqrt[-a”2 + b~2])]1))*(-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a”2 + b
~21)))7(3/2)*((a*b*Cos[e + f*xx]*Sec[(e + fxx)/2]72)/(a"2 - b~2) + (a*xSec[(e
+ f*xx)/2]72%(a + b*Sinle + fxx])*Tan[(e + f*x)/2])/(a"2 - b~2)))/(a™2*cx*(-
(b*xc) + axd)*Sqrt[-c”2 + d~2]*Sin[e + f*x]~(3/2)*Sqrtla + b*Sin[e + f*x]]*S
qrt[(axSec[(e + fx*x)/2]72x(a + b*Sinl[e + fx*x]))/(a”2 - b72)]) - (4*Sqrt[-a~
2 + b"2]*Cos[(e + f*x)/2]74xSqrt[(a*Sec[(e + f*x)/2]72x(a + b*Sin[e + f*xx])
)/(@”2 - b™2)I*x(-((a*Tan[(e + f*x)/2])/(b + Sqrt[-a~2 + b72])))~(3/2)*(-1/2
x(ax(b + Sqrt[-a”2 + b~2])*(b*c - a*xd)*Sqrt[-c”2 + d~2]*Sec[(e + fx*x)/2]72)
/(Sqrt[2]*Sqrt[-a”2 + b~2]*Sqrt[(b + Sqrt[-a”2 + b~2] + axTan[(e + f*x)/2])
/Sqrt[-a”2 + b~2]]1*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + a*xTan[(e + fx*x)/2])/(2%
Sqrt[-a”2 + b~2])]*Sqrt[1 - (b + Sqrt[-a”2 + b~2] + a*Tan[(e + f*x)/2])/(b
+ Sqrt[-a”2 + b72])]) - axd*((ax(axc + (b + Sqrt[-a”2 + b~2])*(-d + Sqgrt[-c
"2 + d72]))*Sec[(e + f*x)/2]172)/(4xSqrt[2]*Sqrt[-a~2 + b~2]*Sqrt[(b + Sqrt[
-a”2 + b~™2] + a*Tan[(e + fx*x)/2])/Sqrt[-a”2 + b~2]]1*Sqrt[1l - (b + Sqrt[-a~2
+ b72] + axTan[(e + f*x)/2])/(2*Sqrt[-a”2 + b~2])]1*Sqrt[1 - (b + Sqrt[-a”2
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+ b~2] + axTan[(e + f*x)/2])/(b + Sqrt[-a”2 + b~2])]*(1 - (cx(b + Sqrt[-a~
2 + b72] + axTan[(e + f*x)/2]))/(b*c + Sqrt[-a”2 + b~2]*c - a*d + axSqrt[-c
"2 +.d72]))) + (ax(-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*
Sec[(e + fxx)/2]72)/(4%Sqrt[2]*Sqrt[-a”2 + b~2]*Sqrt[(b + Sqrt[-a”2 + b~2]
+ axTan[(e + fxx)/2])/Sqrt[-a"2 + b~2]]1*Sqrt[1l - (b + Sqrt[-a”2 + b~2] + ax
Tan[(e + f*x)/2])/(2*%Sqrt[-a”2 + b~2])]1*Sqrt[l - (b + Sqrt[-a”2 + b~2] + ax
Tan[(e + £*x)/2])/(b + Sqrt[-a”2 + b72])]1*(1 - (cx(b + Sqrt[-a”2 + b~2] + a
xTan[(e + f*x)/2]))/(b*c + Sqrt[-a”2 + b~2]*c - a*x(d + Sqrt[-c”™2 + d~2]))))
)))/(a~2*xcx (= (b*c) + a*xd)*Sqrt[-c”2 + d"2]*Sinl[e + f*x]~(3/2)*Sqrtl[a + b*Si
nle + £*x]11)))

fricas [F] time = 10.59, size = 0, normalized size = 0.00

\/bsin (fx + e) +a \/gsin (fx + e)
(be + ad)gcos (fx +e) — (b + ad)g + (bdg cos (fx+e) —(ac+ bd)g) sin (fx +e)

integral | — ,X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(g*sin(f*x + e))/((b*c + axd)*g*cos(
fxx + )72 - (b*c + axd)xg + (bxd*gxcos(f*x + e)”2 - (axc + bxd)*g)*sin(f*x
+e)), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
1

dx
f\/bsin(fx+e) +a(dsin(fx+e) +c) gsin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1l/(c+d*sin(f*x+e))/(gxsin(f*x+e))”(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="giac")

[Out] integrate(1l/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(gxsin(f*x +
e))), x)

maple [B] time = 0.60, size = 3690, normalized size = 15.00

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c+d*sin(f*x+e))/(g*sin(f*x+e))~(1/2)/(atbxsin(f*x+e))~(1/2),x)

[Out] -1/f/(atb*sin(f*xx+e))~(1/2)*(4*E1lipticF((-(-(-a"2+b72) " (1/2)*sin(f*x+e)-b*
sin(fxx+e)+cos(fxx+e)*a-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*x+e)) " (1/2),1/2%2"(1/
2)*x((b+(-a"2+b"2)~(1/2))/(-a"2+b”2) ~(1/2) )~ (1/2) ) *a*xb*d* (-a~2+b~2) " (1/2) * (-
c72+d”"2) " (1/2)-4*xEllipticF((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos
(fxx+e)*a-a)/(b+(-a"2+b72) " (1/2))/sin(f*x+e)) ~(1/2),1/2%x27(1/2) *((b+(-a"2+b
"2)7(1/2))/ (—a”2+b72) " (1/2) ) " (1/2) ) *b™2%c* (-a™2+b~2) " (1/2) *(-c72+d"2) " (1/2)
-2%E1lipticF((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos (f*x+e)*a-a)/(
b+(-a"2+b"2) " (1/2))/sin(f*x+e))~(1/2),1/2%27(1/2) % ((b+(-a"2+b"2)"(1/2))/(-a
T2+b72)7(1/2))7(1/2) ) *a"3*xd* (-c"2+d"2) " (1/2)+2+E1lipticF ((- (- (-a"2+b~2) ~(1/
2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a"2+b"2)~(1/2))/sin(f*x+e))
~(1/2),1/2%x27 (1/2) * ((b+(-a"2+b"2) " (1/2) ) / (-a™2+b"2) " (1/2) ) " (1/2) ) *a~2xb*c*(
-c72+d"2) " (1/2)+4xE1llipticF ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+co
s(fxx+e)*a-a)/(b+(-a~2+b"2)"(1/2)) /sin(f*xx+e)) " (1/2),1/2%x2"(1/2)* ((b+(-a"2+
b"2)7(1/2))/(~a~2+b~2) " (1/2)) " (1/2) ) *a*xb~2xd* (-c~2+d~2) ~(1/2) -4*E1lipticF ((
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-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos (f*x+e)*a-a) / (b+(-a"2+b"2) ~(
1/2))/sin(f*x+e))~(1/2),1/2%27(1/2)*((b+(-a"2+b"2)~(1/2))/(-a~2+b~2)~(1/2))
~(1/2) ) *b~3xck (-c72+d"2) " (1/2)-2xE1lipticPi ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)
-b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a~2+b~2)"(1/2))/sin(f*x+e))~(1/2), (b+(-a
“24b72) " (1/2)) *c/(a*x(-c"2+d"2) ~(1/2)+c*x(-a~2+b"2) ~(1/2) -d*a+c*xb) ,1/2x27(1/2
)*((b+(-a”2+b"2)"(1/2))/(-a”2+b~2)~(1/2) )~ (1/2)) *a*xb*d* (-a~2+b~2) ~(1/2) *(-c
~2+d”"2) " (1/2)+E1llipticPi((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos(f
*x+e)*a-a)/ (b+(-a~2+b"2) " (1/2)) /sin(f*x+e)) ~(1/2), (b+(-a~2+b"2) " (1/2)) *c/(a
*(-c72+d"2) " (1/2) +c*x(~a"2+b"2) " (1/2) -d*a+c*xb) ,1/2%27(1/2) * ((b+(-a~2+b~2) ~ (1
/2))/(-a”2+b72) " (1/2)) " (1/2))*a~3*d*(-c™2+d"2) " (1/2)-2*E1lipticPi ((-(-(-a"2
+b72) " (1/2) *sin(f*x+e) -b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a~2+b"2)~(1/2))/si
n(f*x+e))~(1/2), (b+(-a~2+b"2) " (1/2))*c/(a*x(-c~2+d"2) ~(1/2)+cx(-a~2+b"2) "~ (1/
2)-d*at+c*b),1/2%27(1/2) *((b+(-a~2+b"2) " (1/2))/(-a"2+b"2) " (1/2) )~ (1/2) ) *a*xb™
2xd* (-c72+d"2) " (1/2)-2*E1lipticPi ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x
+e)+cos (fxx+e)*a-a)/(b+(-a"2+b"2)"(1/2)) /sin(f*xx+e) )~ (1/2), (b+(-a"2+b"2)~ (1
/2))*xc/(c*x(-a~2+b~2) " (1/2)-ax(-c~2+d"2) "~ (1/2) -d*a+cxb) ,1/2%2~(1/2) *((b+(-a~
2+b~2)~(1/2))/(~a”2+b~2) " (1/2) )~ (1/2) ) *axb*d* (-a~2+b~2) " (1/2) *(-c~2+d"2) ~ (1
/2)+E1lipticPi((-(-(-a"2+b~2)~(1/2) *sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)
/(b+(-a~2+b"2) " (1/2)) /sin(f*x+e)) ~(1/2), (b+(-a"2+b"2) " (1/2) ) *c/(c*x(-a~2+b"2
)~ (1/2)-ax(-c~2+d"2) " (1/2)-d*a+c*b) ,1/2*%27 (1/2) * ((b+(-a~2+b"2)~(1/2))/(-a"2
+b72) 7 (1/2)) 7 (1/2) ) *a”3xd* (-c72+d"2) " (1/2) -2*E1lipticPi ((-(-(-a"2+b"2) " (1/2
Yxsin(f*x+e)-b*sin(f*x+e)+cos (f*x+e)*a-a)/(b+(-a"2+b"2) " (1/2))/sin(f*x+e))”
(1/2), (b+(—a~2+b"2)~(1/2) )*c/(cx(-a~2+b"2) " (1/2) —ax(-c~2+d"2) " (1/2) -d*a+c*b
),1/2%27(1/2) *((b+(-a"2+b~2) " (1/2))/(-a”2+b~2) ~(1/2) ) ~(1/2) ) xaxb~2*d* (-c~2+
d~2)7(1/2)-EllipticPi((-(-(-a"2+b~2) " (1/2) *sin(f*x+e) -bxsin(f*x+e)+cos (f*x+
e)*a-a)/(b+(-a"2+b"2) " (1/2)) /sin(f*x+e) )~ (1/2), (b+(-a"2+b"2) " (1/2) ) *c/ (ax (-
c"24d"2) " (1/2)+cx(—a~2+b"2) " (1/2) -d*a+cx*b) ,1/2%27(1/2) *((b+(-a"2+b"2) " (1/2)
)/ (a~2+b72) " (1/2)) " (1/2) ) *a~2*xc*d* (-a~2+b"2) ~(1/2) +2*E1lipticPi ((-(-(-a~2+
b~2) "~ (1/2)*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+b~2) " (1/2))/sin
(fxx+e))~(1/2), (b+(-a™2+b"2) " (1/2) ) *c/(ax(-c"2+d"2) ~(1/2)+c*x (-a~2+b"2) ~(1/2
)—dxa+cx*b) ,1/2%x27(1/2)*((b+(-a"2+b"2) " (1/2))/(-a~2+b~2) " (1/2) )~ (1/2) ) *a*xbxd
2% (-a"2+b"2) " (1/2)-EllipticPi((-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin(f*x+e)
+cos(fxx+e)*a-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e))~(1/2), (b+(-a~2+b~2)~(1/2)
Yxc/(a*x(-c™2+d"2) " (1/2) +cx (-a~2+b"2) " (1/2) -d*a+c*xb) ,1/2x2~(1/2) * ((b+(-a"2+b
72)7(1/2))/(-a"2+b"2)"(1/2)) " (1/2))*a~3*d"2-E1llipticPi ((-(-(-a"2+b~2)~(1/2)
*sin(f*x+e)-b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+b"2)~(1/2))/sin(f*x+e) )~ (
1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*x(-c~2+d"2) ~(1/2)+c*x(-a~2+b"2) ~(1/2) -d*a+c*xb)
,1/72%27(1/2) % ((b+(-a™2+b72) " (1/2) ) / (-a~2+b"2) " (1/2) ) ~(1/2) ) *a~2xb*c*xd+2*E11l
ipticPi((-(-(-a"2+b~2)~(1/2) *sin(f*x+e) -b*sin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a
~2+b72) " (1/2)) /sin(f*x+e) )~ (1/2), (b+(-a~2+b"2) " (1/2) ) *c/(a*(-c~2+d"2) " (1/2)
+c*x(-a”2+b"2) " (1/2)-d*a+c*b) ,1/2*27 (1/2)* ((b+(-a"2+b"2) " (1/2))/(-a~2+b"2) ~(
1/2))7(1/2))*a*xb”~2+%d"2+E11lipticPi ((-(-(-a"2+b~2) ~(1/2) *sin(f*x+e) -b*sin (f*x
+e)+cos(fxx+e)*xa-a)/(b+(-a~2+b"2) " (1/2)) /sin(f*xx+e)) " (1/2), (b+(-a"2+b"2) " (1
/2))*xc/(c*x(-a~2+b~2) " (1/2)-a*x(-c~2+d"2) ~(1/2) -d*a+cxb) ,1/2%2~ (1/2) * ((b+(-a~
2+b72)7(1/2))/(-a™2+b72) " (1/2) ) ~(1/2) ) *a~2*c*d* (-a~2+b~2) " (1/2) -2*EllipticP
i((-(-(-a~2+b~2) " (1/2) *sin(f*x+e) -b*sin (f*x+e) +cos (f*x+e) *a-a) / (b+(-a~2+b"2
)7 (1/2)) /sin(f*x+e) )~ (1/2), (b+(-a~2+b"2) " (1/2) ) *c/(cx(-a~2+b~2) ~(1/2) -a*x(-c
~2+d72) " (1/2) -d*a+c*b) ,1/2%x2~ (1/2) * ((b+(-a~2+b~2) ~(1/2))/(-a~2+b~2) ~(1/2))"
(1/2))*a*bxd~2* (-a~2+b~2) ~(1/2)+E11lipticPi ((-(-(-a~2+b~2) " (1/2) *sin(f*x+e) -
bxsin(f*x+e)+cos(f*x+e)*a-a)/(b+(-a~2+b"2)"(1/2)) /sin(f*x+e))~(1/2), (b+(-a~
2+b~2) " (1/2))*c/ (c*x(-a~2+b~2) ~(1/2) —ax(-c~2+d"2) " (1/2) -d*a+c*b) ,1/2x27(1/2)
*((b+(-a"2+b"2)"(1/2))/(-a~2+b"2)~(1/2))~(1/2) ) *a~3*d"2+E1lipticPi ((-(-(-a~
2+b72) " (1/2) *sin(f*x+e) -b*sin(f*x+e) +cos (f*x+e)*a-a)/ (b+(-a~2+b"2) " (1/2)) /s
in(f*xx+e))~(1/2), (b+(-a~2+b~2) " (1/2))*c/(c*x(-a~2+b~2) " (1/2)-ax(-c~2+d"2) "~ (1
/2)-d*xa+c*b) ,1/2*x27(1/2)* ((b+(-a"2+b"2) " (1/2))/(-a~2+b~2)~(1/2))~(1/2))*a"~2
*xb*xcxd-2*E11ipticPi ((-(-(-a"2+b"2) " (1/2) *sin(f*x+e)-b*sin(f*x+e)+cos (f*x+e)
*a-a)/(b+(-a”2+b~"2) " (1/2)) /sin(f*x+e)) " (1/2), (b+(-a"2+b"2) " (1/2) ) *c/ (cx(-a~
2+b~"2) " (1/2)-ax(-c~2+d"2) ~(1/2) -d*a+cxb) ,1/2*27 (1/2) * ((b+(-a~2+b~2) " (1/2))/
(-a~2+b"2)"(1/2)) " (1/2) )*axb~2*d"2) * (ax (-1+cos (f*x+e) )/ (b+(-a~2+b~2) ~(1/2))
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/sin(f*x+e)) " (1/2)*(((-a~2+b"2) " (1/2) *sin(f*x+e) -b*sin (f*x+e)+cos (f*x+e) *xa-
a)/(-a”2+b"2) " (1/2) /sin(f*x+e)) " (1/2) *(-(-(-a"2+b"2) " (1/2) *sin(f*x+e) -b*sin
(fxx+e)+cos (f*xx+e)*a-a)/(b+(-a~2+b~2)~(1/2))/sin(f*x+e)) ~(1/2)*sin(f*x+e) "2
*x27(1/2) / (gxsin(f*xx+e))~(1/2)/(-1+cos(f*x+e))/a/(ax(-c72+d"2) " (1/2)-c*(-a"2
+b~2) " (1/2)+d*a-cxb) /(a*x(-c~2+d"2) " (1/2)+cx(-a~2+b"2) ~(1/2) -d*a+c*b) / (-c~2+
d~2)"(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
1

d
\/bsin(fx+e) +a(dsin(fx+e) +c) gsin(fx+e) '

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+d*sin(fx*x+e))/(g*sin(f*x+e))~(1/2)/(atb*sin(f*x+e))~(1/2),x,
algorithm="maxima")

[Out] integrate(1/(sqrt(b*sin(f*x + e) + a)*(d*sin(f*x + e) + c)*sqrt(gxsin(f*x +

e))), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
1

dx
\/g sin(e+fx) \/a+bsin(e+fx) (c+dsin(e+fx))

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/((gxsin(e + f*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))),x)

[Out] int(1/((g*sin(e + fx*x))~(1/2)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x
))), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

\/gsin (e+fx) \/a + bsin (e+fx) (c+dsin (e+fx))

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(c+d*sin(fx*x+e))/(g*sin(f*x+e))**(1/2)/(atb*xsin(f*x+e))**(1/2),
x)

[Out] Integral(1l/(sqrt(gxsin(e + fxx))*sqrt(a + b*sin(e + f*x))*(c + d*sin(e + f*
x))), x)
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3.46 f Vg sin(e+fx) y/c+d sin(e+fx) dx

a+bsin(e+fx)

Optimal. Leaf size=254

2(bc - ad) tan(e + fx)y - corle + f2) YR sine + ) I 1y (22 g1 (L), 27) 2y Ve

bf(a+ b)yJc+dsin(e + fx)

[Out] 2xEllipticPi(g~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(gxsin(f*x+e))~(1/2
), (c+d)/d, ((-c=d) /(c-d)) " (1/2) ) *(c+d) " (1/2) *g~ (1/2) * (c* (1-csc (f*x+e) ) /(c+d)

)~ (1/2) % (cx (L+csc(fxx+e) ) /(c-d)) ~(1/2) *tan (f*x+e) /b/f+2* (-axd+b*c)*Elliptic
Pi(1/2%(1-csc(f*xx+e))~(1/2)*27(1/2) ,2*a/(a+b) ,27(1/2)*(c/(c+d) )~ (1/2))*(-co
t(f*xx+e)~2) 7 (1/2)*((d+c*xcsc(fxx+e))/(c+d)) ~(1/2) *(gksin(fxx+e)) ~(1/2) *tan(f

xx+e) /b/(at+b)/f/(c+d*sin(f*x+e)) ~(1/2)

Rubi [A] time = 0.50, antiderivative size = 254, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 39,

number of rules _ 077, Rules used = {2929, 2809, 2937}

integrand size

2(0c ~ ad) tan(e + f) - cot(e + ) yRine + ) Iy (2 gin 71 (YL, z_d) 2y Ve

bf(a+ b)\/c + dsin(e + fx)

Antiderivative was successfully verified.
[In] Int[(Sqrtlg*Sinle + f*x]]*Sqrtl[c + d*Sinle + f*x]])/(a + b*Sin[e + f*x]),x]

[Out] (2#Sqrtlc + dl*Sqrtlgl*Sqrtl[(cx(1 - Cscle + f*x]))/(c + d)1*Sqrt[(c*(1 + Cs
cle + £xx]))/(c - d)]J*EllipticPil[(c + d)/d, ArcSin[(Sqrt[g]l*Sqrtl[c + d*Sin[

e + f*x]])/(Sqrtlc + d]*Sqrt[gxSin[e + fxx]])], -((c + d)/(c - d))]*Tan[e +
fxx])/(bxf) + (2% (b*c - axd)*Sqrt[-Cot[e + fxx]~2]*Sqrt[(d + c*Cscle + f*x

1)/(c + A)1*EllipticPi[(2xa)/(a + b), ArcSin[Sqrt[l - Cscl[e + f*x]]/Sqrt[2]

1, (2%c)/(c + d)]1*SqrtlgxSin[e + fxx]]xTan[e + fxx])/(b*(a + b)*f*Sqrt[c +
dxSinfe + f*x]])

Rule 2809

Int [Sqrt[(b_.)*sin[(e_.) + (f_.)*(x_)11/Sqrtl(c_) + (d_.)*sin[(e_.) + (f_.)
*x(x_)]], x_Symbol] :> Simp[(2%b*Tan[e + f*x]*Rt[(c + d)/b, 2]*Sqrt[(c*x(1 +

Cscle + f*x]))/(c - d)1*Sqrt[(cx(1 - Cscle + f*x]))/(c + d)I*EllipticPil(c

+ d)/d, ArcSin[Sqrt[c + d*Sin[e + f*x]]/(Sqrt[b*Sin[e + f*x]]*Rt[(c + d)/b,
2101, -((c + A)/(c - d))1)/(@xf), x] /; FreeQ[{b, c, d, e, f}, x] && NeQlc
"2 - d72, 0] & PosQ[(c + d)/b]

Rule 2929

Int[(Sqrt[(g_.)*sin[(e_.) + (f_.)*(x_)]1*Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
)x(x )11)/((c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[b/d, In

t[Sqrt[g*Sin[e + f*x]]/Sqrtl[a + b*Sinf[e + f*x]], x], x] - Dist[(b*c - a*xd)/
d, Int[Sqrtl[g*Sinle + f*x]]/(Sqrtla + b*Sin[e + f*x]]*(c + d*Sin[e + fx*x]))
, x], x]1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b*c - axd, 0] && NeQ[a~2
- b™2, 0] && NeQ[c™2 - 472, 0]

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (£_.)*(x_)]11/(Sqrtl[(a_) + (b_.)*sin[(e_.) + (f_.
Y)*¥(x_ )11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + f*xx]~2]*Sqrt[gxSin[e + fxx]]*Sqrt[(b + a*Cscle + fx*x])/(a + b)]*E
1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[l - Cscle + f*x]]1/Sqrt[2]], (2*a)/(a +



225

b)1)/(f*(c + d)*Cot[e + f*x]*Sqrtl[a + bxSinl[e + f*x]]), x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 -
d~2, 0]

Rubi steps

Vg sin(e+fx) _ Vg sin(e+fx)
f Vg sin(e + fx) yJc +dsin(e + fx) o a] Vg B (<be +ad) | rboiner fo) Ve

a+bsin(e + fx) b b
— c(1-csc(e+fx)) \/c(1+csc(e+fx)) o+d .1 V8 c+d sir
2 C+d\/§\/ c+d c—d H( d 7SI (\/c-k_d\/gsir

bf

Mathematica [C] time = 30.55, size = 23019, normalized size = 90.63

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(Sqrt[g*Sin[e + f*x]]*Sqrt[c + d*Sin[e + fx*x]])/(a + b*Sin[e + fx
x]) ,x]
[Out] Result too large to show

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)*(g*sin(f*x+e))~(1/2)/(a+b*sin(f*x+e)),x, a
lgorithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/dsin(fx +e) + c\/gsin(fx+e)

bsin(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))”(1/2)*(gxsin(f*x+e))~(1/2)/(a+b*sin(f*x+e)),x, a
lgorithm="giac")

[Out] integrate(sqrt(d*sin(f*x + e) + c)*sqrt(gxsin(f*x + e))/(bxsin(f*x + e) + a

), X)
maple [C] time = 0.99, size = 6052, normalized size = 23.83

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c+d*sin(f*x+e))”(1/2)*(gxsin(f*x+e))~(1/2)/(atb*sin(f*x+e)) ,x)

[Out] result too large to display
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f\/dsin(fx +e) + c\/gsin(fx+e)

bsin(fx+e) +a

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c+d*sin(f*x+e))”(1/2)*(gxsin(f*x+e))~(1/2)/(a+b*sin(f*x+e)),x, a
lgorithm="maxima"

[Out] integrate(sqrt(d*sin(f*x + e) + c)*sqrt(gxsin(f*x + e))/(bxsin(f*x + e) + a

), %)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f\/g sin(e+fx) \/c+dsin(e+fx)

a+bsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(((g*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/(a + b*sin(e + f*x)
), %)

[Out] int(((g*sin(e + f*x))~(1/2)*(c + dxsin(e + fxx))~(1/2))/(a + b*sin(e + f*x)
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f\/gsin (e+fx) \/c +dsin (e +fx)

a+bsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c+d*sin(f*x+e))**(1/2)*(gxsin(fxx+e))**(1/2)/(a+b*sin(f*x+e)),x)

[Out] Integral(sqrt(g*sin(e + f*x))*sqrt(c + d*sin(e + f*x))/(a + bxsin(e + fxx))
» X)
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dx

3.47 f \/g sin(e+fx)

(a+bsin(e+fx)) \/c+d sin(e+fx)

Optimal. Leaf size=114

2tan(e + f2)y/-cofe + fx) Ygsine + )y " I Zsin! () 25

fa+b \/c+ds1n(e+fx)

[Out] 2xEllipticPi(1/2*%(1l-csc(fxx+e))~(1/2)*27(1/2),2*a/(at+b),27(1/2)*(c/(c+d))~(
1/2))x(—cot (f*xx+e)~2) ~(1/2) * ((d+c*xcsc(f*xx+e))/(c+d)) ~(1/2) * (g*sin (f*x+e) )~ (
1/2)*tan(f*x+e)/(a+b) /£/(c+d*sin(f*xx+e)) " (1/2)

Rubi [A] time = 0.21, antiderivative size = 114, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 39,

number of rules 0.026, Rules used = {2937}

integrand size

2 tan( e+fx) ,—C0t2(€+fx) /gsm—(e+fx /CCSC(;?:;X ( +b, (Vl—cs\;;ﬁfx))'j__;)

f(a+Db)yJc+dsin(e + fx)

Antiderivative was successfully verified.
[In] Int[Sqrtl[g*Sinl[e + f*x]]/((a + b*Sinl[e + f*x])*Sqrtlc + d*Sin[e + f*x]]),x]

[Out] (2xSqrt[-Cotl[e + fxx]~2]*Sqrt[(d + c*Cscle + f*x])/(c + d)]1*EllipticPi[(2*a
)/(a + b), ArcSin[Sqrt[1 - Cscle + fxx]]/Sqrt[2]], (2xc)/(c + d)]*Sqrt[g*Si
nle + f*x]]*Tanle + f*x])/((a + b)*f*Sqrt[c + d*Sinl[e + fx*x]])

Rule 2937

Int[Sqrt[(g_.)*sin[(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.
)*¥(x )11*((c_) + (d_.)*sin[(e_.) + (£_.)*(x_)1)), x_Symbol] :> Simp[(2*Sqrt
[-Cot[e + fxx]~2]*Sqrt[g*Sin[e + f*x]]*Sqrt[(b + axCscle + fxx])/(a + b)]*E
1lipticPi[(2*c)/(c + d), ArcSin[Sqrt[1 - Cscle + f*x]]1/Sqrt[2]], (2%a)/(a +
b)])/(fx(c + d)*Cot[e + f*x]*Sqrt[a + bxSin[e + f*x]]), x] /; FreeQ[{a, b,
c, d, e, £, g}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c~2 -
d~2, 0]

Rubi steps
d+c csc(e+fx) . sin- \/m 2
[ Vg sin(e + f2) e 2J-cof¥(e + £2) \/—”( S 1( i )iz
(a + bsin(e + fx))4/c + dsin(e + fx) (a+Db)fc+dsin(e + fx)

Mathematica [B] time = 28.77, size = 3429, normalized size = 30.08

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[gxSin[e + f*xx]]/((a + bxSin[e + f*x])*Sqrtlc + d*Sin[e + f*x
11),x]

[Out] -((c*Sqrt[-c”2 + d72]*((-(a*c) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + 4~
2]))*E1llipticPi[(2*%axSqrt[-c™2 + d72])/(-(b*c) - Sqrt[-a~2 + b~2]*c + ax(d
+ Sqrt[-c™2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d~2] + c*Tan[(e + fx*x)/2
1)/8qrt[-c~2 + d~211/8qrt[2]], (2*Sqrt[-c”2 + d72])/(d + Sqrt[-c™2 + d~21)]
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+ (axc + (b + Sqrt[-a”2 + b"2])*(d + Sqrt[-c™2 + d72]))*EllipticPi[(2*a*S
qrt[-c™2 + d72])/(-(b*c) + Sqrt[-a”2 + b~2]*c + ax(d + Sqrt[-c”2 + d~2])),
ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + c*Tan[(e + fx*x)/2])/Sqrt[-c”2 + d~2]]1/S
qrt[2]], (2xSqrt[-c™2 + d72])/(d + Sqrt[-c™2 + d72])])*Sqrt[Sin[e + f*x]]*S
grt[gxSin[e + f*xx]]*Sqrt[(c*Sec[(e + f*x)/2]72*%(c + d*Sinle + f*x]))/(c"2 -

d~2)]1)/(Sgrt[-a”2 + b~ 2]*(b*c - a*d)*(d + Sqrt[-c™2 + d72]) 2xf*(a + b*Sin

[e + fxx])*(c + d*Sinl[e + f*x])*Sqrt[-((c*Tan[(e + fx*x)/2])/(d + Sqrt[-c~2
+ d"2]))1*%(-1/4%x(c"2*Sqrt [-c72 + d72]*((-(a*c) + (b + Sqrt[-a”2 + b~2])*(d
+ 8qrt[-c”2 + d72]))*EllipticPi[(2*a*Sqrt[-c™2 + d72])/(-(b*c) - Sqrt[-a~2
+ b"2]*c + ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + ¢
xTan[(e + f*x)/2])/Sqrt[-c”2 + d~2]]1/Sqrt[2]], (2%Sqrt[-c”2 + d72])/(d + Sq
rt[-c™2 + d72])] + (axc + (-b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d72]))*E
1lipticPi[(2%a*xSqrt[-c”2 + d~2])/(-(bxc) + Sqrt[-a”2 + b~2]*c + a*x(d + Sqrt
[-c™2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/Sqr
t[-c™2 + d72]]/Sqrt[2]], (2%Sqrt[-c”2 + d72])/(d + Sqrt[-c”2 + d~2])])*Sec[
(e + f£xx)/2]72*%Sqrt[Sin[e + f*x]]*Sqrt[(c*Sec[(e + fx*x)/2]"2x(c + d*Sin[e +

fxx]1))/(c”2 - d72)]1)/(Sqrt[-a~2 + b~2]*(b*c - axd)*(d + Sqrt[-c~2 + d72])~
3xSqrt[c + d*Sinf[e + f*x]]*(-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c”2 + d~2])))
~(3/2)) + (cxd*Sqrt[-c™2 + d~2]*Cos[e + f*x]*((-(a*c) + (b + Sqrt[-a”2 + b~
2])*(d + Sqrt[-c”2 + d~2]))*EllipticPi[(2*a*Sqrt[-c”2 + d72])/(-(b*c) - Sqr
t[-a"2 + b™2]*c + ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d
~2] + cxTan[(e + f*x)/2])/Sqrt[-c”2 + d~2]]1/Sqrt[2]], (2%Sqrt[-c”2 + d72])/

(d + Sqrt[-c”2 + d72])] + (a*c + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d
~2]))*EllipticPi[(2*a*xSqrt[-c™2 + d72])/(-(b*c) + Sqrt[-a”2 + b~ 2]*c + ax(d

+ Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d~2] + c*Tan[(e + f*x)/
2])/8qrt[-c”2 + d~2]1/Sqrt[2]], (2*Sqrt[-c”2 + d72])/(d + Sqrt[-c™2 + d72])
1)*Sqrt[Sin[e + f*x]]1*Sqrt[(c*Sec[(e + f*x)/2]72x(c + d*Sinf[e + f*x]))/(c"2

- d72)]1)/(2*%Sqrt[-a”2 + b~ 2]*(b*c - axd)*(d + Sqrt[-c™2 + d~2])"2x(c + d*S
inle + £*x])~(3/2)*Sqrt[-((c*Tan[(e + f*x)/2])/(d + Sqrt[-c”2 + d"2]))]) -
(cxSqrt[-c™2 + d"2]*Cos[e + f*x]*((-(a*c) + (b + Sqrt[-a”2 + b72])*(d + Sqr
t[-c”2 + d72]))*EllipticPi[(2*%a*Sqrt[-c”2 + d72])/(-(b*c) - Sqrt[-a~2 + b~2
Ixc + ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cxTanl[
(e + £*x)/2])/Sqrt[-c™2 + d72]]1/Sqrt[2]], (2xSqrt[-c”2 + d~2])/(d + Sqrtl[-c
"2 +d72])] + (a*c + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d~2]))*Ellipt
icPi[(2%axSqrt[-c™2 + d72])/(-(b*c) + Sqrt[-a”2 + b~2]*c + a*x(d + Sqrt[-c~2

+ d~2])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c~
2 + d~2]1/Sqrt[2]], (2*Sqrt[-c”2 + d72]1)/(d + Sqrt[-c”2 + d72])1)*Sqrt [(cxS
ec[(e + f*x)/2]72x(c + d*Sinle + f*x]))/(c”2 - d72)])/(2xSqrt[-a~2 + b~2]*(
bxc - a*xd)*(d + Sqrt[-c”2 + d72])"2+Sqrt[Sinf[e + f*x]]*Sqrt[c + dxSin[e + f
*x]1*Sqrt [-((cxTan[(e + f*x)/2])/(d + Sqrt[-c”2 + d~2]1))]) - (c*Sqrt[-c~2 +

d"2]*((-(axc) + (b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c”2 + d~2]))*EllipticPil
(2%a*xSqrt[-c”2 + d72])/(-(b*c) - Sqrt[-a”2 + b~2]*c + a*(d + Sqrt[-c™2 + d~
2])), ArcSin[Sqrt[(d + Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c”2 + d
~2]1/Sqrt[21], (2*Sqrt[-c”2 + d~2])/(d + Sqrt[-c”2 + d2]1)] + (a*c + (-b +
Sqrt[-a”2 + b72])*(d + Sqrt[-c™2 + d72]))*EllipticPi[(2*a*Sqrt[-c~2 + d~2])
/(=(bxc) + Sqrt[-a”2 + b~2]*c + ax(d + Sqrt[-c”2 + d72])), ArcSin[Sqrt[(d +

Sqrt[-c”2 + d72] + cxTan[(e + f*x)/2])/Sqrt[-c™2 + d~2]]1/Sqrt[2]], (2*Sqrt
[-c™2 + d72])/(d + Sqrt[-c”2 + d~2])])*Sqrt[Sinle + f*x]]*((cxd*Cos[e + f*x
1*xSec[(e + £*x)/2]172)/(c”2 - d72) + (c*Sec[(e + f*x)/2]72x(c + d*Sinl[e + f*
x])*Tan[(e + £*x)/2])/(c”2 - d72)))/(2%Sqrt[-a”2 + b~2]*(b*c - a*d)*(d + Sq
rt[-c”2 + d72])"2xSqrt[c + d*Sin[e + fxx]]*Sqrt[(c*Sec[(e + f*x)/2] 2x(c +
dxSinf[e + f*x]))/(c™2 - d72)]1*Sqrt[-((c*Tan[(e + fx*x)/2])/(d + Sqrt[-c~2 +
d"2]1))]1) - (c*Sqrt[-c”2 + d~2]*Sqrt[Sinf[e + f*x]]1*Sqrt[(c*Sec[(e + fxx)/2]~
2%(c + d*xSinfe + f*x]))/(c™2 - d72)1*((cx(-(axc) + (b + Sqrt[-a”2 + b~2])*(
d + Sqrt[-c”2 + d~2]))*Sec[(e + f*x)/2]72)/(4xSqrt[2]*Sqrt[-c"2 + d~2]*Sqrt
[(d + Sqrt[-c”2 + d72] + c*Tan[(e + f*x)/2])/Sqrt[-c”2 + d72]]*Sqrt[1 - (d
+ Sqrt[-c™2 + d72] + c*xTan[(e + f*x)/2])/(2*Sqrt[-c”2 + d~2])]1*Sqrt[1 - (d
+ Sqrt[-c™2 + d72] + c*xTan[(e + f*x)/2])/(d + Sqrt[-c”2 + d"2])]*(1 - (ax(d

+ Sqrt[-c”2 + d72] + cxTan[(e + £*x)/2]))/(-(b*c) - Sqrt[-a~2 + b"2]*c + a
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x(d + Sqrt[-c”2 + d72])))) + (cx(axc + (-b + Sqrt[-a”2 + b~2])*(d + Sqrt[-c
~2 + d”2]))*Sec[(e + fxx)/2]72)/(4*Sqrt[2]*Sqrt[-c”2 + d~2]*Sqrt[(d + Sqrtl[
-c72 + d72] + c*Tan[(e + f*x)/2])/Sqrt[-c”2 + d72]]1*Sqrt[1 - (d + Sqrt[-c~2
+ d72] + cxTan[(e + f*x)/2])/(2%Sqrt[-c™2 + d72])]*Sqrt[1 - (d + Sqrt[-c~2
+ d72] + cxTan[(e + f*x)/2])/(d + Sqrt[-c”2 + d72])]*(1 - (ax(d + Sqrt[-c~
2 + d72] + cxTan[(e + £xx)/2]))/(-(b*c) + Sqrt[-a”2 + b~2]*c + ax(d + Sqrt[
-c72 + d72]1))))))/(Bqrt[-a~2 + b 2]*(bxc - a*d)*(d + Sqrt[-c”2 + d~2])"2*Sq
rt[c + d*Sin[e + f*x]]*Sqrt[-((cxTan[(e + f*x)/2])/(d + Sqrt[-c”2 + d72]))]
))))

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxsin(f*x+e))~(1/2)/(atb*sin(f*x+e))/(c+d*sin(f*x+e)) " (1/2),x, a
lgorithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

gsin(fx+e)
(bsin(fx+e) + a)\/dsin(fx +e) +c

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))~(1/2)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="giac")

[Out] integrate(sqrt(g*sin(f*x + e))/((b*sin(f*x + e) + a)*sqrt(d*sin(fxx + e) +
c)), x)

maple [B] time = 0.85, size = 2856, normalized size = 25.05

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(f*x+e))~(1/2)/(a+b*sin(f*x+e))/(c+d*sin(f*x+e)) ~(1/2),%)

[Out] 1/f*(EllipticPi((((-c™2+d~2)~(1/2)*sin(f*x+e)+d*sin(f*x+e)-c*cos(f*x+e)+c)/
(d+(-c™2+d72)"(1/2)) /sin(f*x+e)) ~(1/2), (d+(-c~2+d"2) " (1/2) ) *a/ (ax(-c~2+d"2)
~(1/2)+c*x(-a~2+b”2) " (1/2)+d*a-c*b) ,1/2x27(1/2) * ((d+(-c~2+d"2) "~ (1/2)) / (-c~2+
d~2)"(1/2))~(1/2) ) *a*cxd+E1lipticPi ((((-c~2+d"2) " (1/2)*sin(f*x+e)+d*sin(f*x
+e)-cxcos(fxx+e)+c)/(d+(-c™2+d"2) " (1/2)) /sin(f*x+e)) ~(1/2), (d+(-c~2+d"2)~ (1
/2))*a/(a*x(-c~2+d"2) " (1/2)+cx(-a"2+b~2) ~(1/2)+d*a-cxb) ,1/2%2~ (1/2) *((d+(-c~
2+d72)7(1/2))/ (-c72+d"2) " (1/2)) " (1/2) ) *axc*(-c™2+d"2) " (1/2)+E11lipticPi ((((-
c”2+d72) " (1/2) *sin(f*x+e)+d*sin (f*¥x+e)-c*cos(f*x+e)+c)/(d+(-c~2+d"2) " (1/2))
/sin(fxx+e))~(1/2),(d+(-c"2+d"2) " (1/2) ) *a/(ax(-c~2+4d"2) "~ (1/2)+c*(-a"2+b"2) "~
(1/2)+d*a-cxb) ,1/2*%27(1/2)*((d+(-c™2+d"2) " (1/2))/(-c~2+d"2) " (1/2))~(1/2) ) *b
*xc"2-2%E1lipticPi((((-c~2+d"2) " (1/2) *sin(f*x+e)+d*sin (f*x+e)-c*cos(f*x+e)+c
)/ (@+(-c72+d"2) " (1/2)) /sin(f*x+e)) "~ (1/2), (d+(-c~2+d"2) " (1/2) ) *a/(ax(-c~2+d~
2)"(1/2)+c*x(-a~2+b~2) ~(1/2)+d*a-c*b) ,1/2*x27(1/2) % ((d+(-c~2+d"2)~(1/2)) / (-c~
2+d72)~(1/2))~(1/2) ) *b*d~2-2*E11ipticPi ((((-c~2+d"2) " (1/2) *sin(f*x+e)+d*sin
(f*xx+e)-cxcos(fxx+e)+c)/(d+(-c~2+d"2)"(1/2))/sin(f*x+e))~(1/2), (d+(-c"2+d"2
)~ (1/2))*a/(ax(-c~2+d"2) "~ (1/2)+c*x (-a~2+b~2) ~(1/2) +d*a-c*b) ,1/2*27 (1/2) * ((d+
(=c™2+d"2)7(1/2))/(-c™2+d"2) " (1/2) )~ (1/2) ) ¥*b*d* (-c~2+d"2) " (1/2)-EllipticPi(
(((=c™2+d72) " (1/2) *sin(f*x+e)+d*sin (f*x+e) -c*xcos (f*x+e)+c) /(d+(-c™2+d"2) " (1
/2))/sin(fxx+e)) " (1/2), (d+(-c~2+d"2) " (1/2))*a/(ax(-c~2+d"2) " (1/2)+cx(-a~2+b
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~2)7(1/2)+d*a-c*b) ,1/2%x27 (1/2) * ((d+(-c™2+d"2) ~(1/2))/(-c"2+d"2) ~(1/2) )~ (1/2
))*c72x (—a”2+b72) " (1/2)+2%E11lipticPi ((((-c~2+d"2) " (1/2) *sin (f*x+e) +d*sin (f*
x+e)—cxcos (fxx+e)+c)/(d+(-c™2+d~2) " (1/2)) /sin(f*x+e)) ~(1/2), (d+(-c~2+d~2) ~(
1/2))*a/(ax(-c~2+d"2) " (1/2)+c*(-a~2+b~2) " (1/2) +d*a-c*b) ,1/2*x2~ (1/2) * ((d+(-c
T2+d72)7(1/2))/(-c72+d72) " (1/2)) 7 (1/2) ) *d"2x (-a"2+b"2) " (1/2) +2*E1lipticPi ((
((=c™2+d72) " (1/2) *sin(f*x+e)+d*sin (f*x+e) -c*cos (f*x+e)+c)/(d+(-c~2+d"2) " (1/
2))/sin(f*xx+e))~(1/2), (d+(-c"2+d"2) " (1/2))*a/(a*x(-c~2+d"2) " (1/2) +c*x(-a~2+b~
2)~(1/2)+d*a-c*b) ,1/2%27(1/2) *((d+(-c™2+d"2)~(1/2)) /(-c"2+d"2) " (1/2))~(1/2)
)xd*(-c”2+d"2) " (1/2)*x(~a"2+b"2) " (1/2)-EllipticPi ((((-c™2+d"2) " (1/2) *sin(f*x
+e)+d*xsin(f*xx+e)-c*xcos(fxx+e)+c)/(d+(-c”2+d"2) " (1/2))/sin(f*x+e))~(1/2), (d+
(=c72+d72) " (1/2))*a/(ax(-c~2+d"2) " (1/2) -c*(-a"2+b"2) ~(1/2) +d*a-c*b) ,1/2*27(
1/2)*((d+(-c"2+d"2)~(1/2))/(-c~2+d"2)~(1/2) )~ (1/2) ) *axc*d-E1llipticPi ((((-c~
2+4d"2) " (1/2) *sin(f*x+e) +d*sin(f*x+e)-c*cos(f*x+e)+c)/(d+(-c~2+d"2)~(1/2)) /s
in(f*xx+e))~(1/2), (d+(-c~2+d"2) " (1/2))*a/(a*(-c~2+d"2) " (1/2)-cx(-a"2+b"2) ~ (1
/2)+d*a-c*b) ,1/2x27(1/2)* ((d+(-c~2+d"2) " (1/2))/(-c~2+d"2) " (1/2))~(1/2) ) *axc
*x(-c72+d"2) 7 (1/2)-EllipticPi ((((-c72+d"2) " (1/2) *sin(f*x+e) +d*xsin(f*x+e)-c*c
os(f*x+e)+c)/(d+(-c~2+d"2)"(1/2)) /sin(f*x+e))~(1/2),(d+(-c"2+d"2) " (1/2) ) *a/
(ax(-c™2+d"2) " (1/2)-c*(-a~2+b~2) "~ (1/2)+d*a-c*xb) ,1/2x2"(1/2) * ((d+(-c~2+d"2) "
(1/2))/(=c~2+d"2) " (1/2))~(1/2) ) *b*c™2+2%E11ipticPi ((((-c~2+d"2) "~ (1/2) *sin(f
xx+e) +d*sin (f*x+e)-c*cos(fxx+e)+c)/(d+(-c™2+d"2)"(1/2))/sin(f*x+e))~(1/2),(
d+(-c~2+d"2)"(1/2)) *a/(a*x(-c"2+d"2) ~(1/2) —c*(-a"2+b"2) ~(1/2) +d*a-c*b) ,1/2*2
“(1/2)x((d+(-c72+d"2) " (1/2)) /(-c™2+d"2) " (1/2)) " (1/2) ) ¥*b*d~2+2*E11lipticPi (((
(-c72+d72) " (1/2) *sin(f*x+e)+d*sin (f*x+e) -c*xcos (f*x+e)+c)/(d+(-c~2+d"2) " (1/2
))/sin(f*x+e)) " (1/2), (d+(-c"2+d"2)~(1/2))*a/(a*x(-c~2+d"2) " (1/2)-c*x(-a"2+b"2
)~ (1/2)+d*a-c*b),1/2%27(1/2) % ((d+(-c~2+d"2) ~(1/2))/(-c~2+d"2) ~(1/2))~(1/2))
*xb*xd* (-c72+d"2) " (1/2)-E11lipticPi ((((-c~2+d"2) " (1/2) *sin(f*x+e)+d*sin(f*x+e)
—ckxcos (fxx+e)+c)/(d+(-c~2+d"2) " (1/2)) /sin(fxx+e) )~ (1/2), (d+(-c~2+d"2)~(1/2)
)*a/(a*x(-c~2+d"2) " (1/2)-cx(-a"2+b~2) ~(1/2)+d*a-cxb) ,1/2*%27 (1/2) * ((d+(-c~2+d
~2)7(1/2))/(~c”2+d"2) " (1/2)) " (1/2) ) *c~ 2% (-a~2+b~2) ~(1/2) +2*E11lipticPi ((((-c
~2+d72) " (1/2) *sin(f*x+e)+d*xsin(f*x+e)-c*cos (f*x+e)+c)/(d+(-c2+d"2)~(1/2))/
sin(fxx+e)) " (1/2),(d+(-c™2+d"2) " (1/2))*a/(ax(-c~"2+d"2) " (1/2)-c*x(-a~2+b"2) " (
1/2)+d*a-c*xb) ,1/2%27(1/2) *((d+(-c~2+d"2) " (1/2))/(-c~2+d"2)~(1/2))~(1/2) ) *d™
2% (-a"2+b"2) " (1/2) +2xE1lipticPi ((((-c~2+d"2) " (1/2) *sin(f*x+e)+d*sin (f*x+e) -
ckxcos (fxx+e)+c)/(d+(-c”2+d"2)"(1/2))/sin(f*x+e))~(1/2),(d+(-c"2+d"2) " (1/2))
*xa/(ax(-c”2+d"2) " (1/2)-c*x(-a~2+b~2) ~(1/2) +d*a-c*b) ,1/2*27 (1/2) * ((d+(-c~2+d~
2)7(1/2))/(-c72+d"2)"(1/2)) " (1/2) ) *d* (-c~2+d"2) “(1/2) * (-a"2+b~2) " (1/2) ) x (g*
sin(f*x+e)) " (1/2)*sin(f*x+e)/(c+d*sin(f*x+e) )~ (1/2)*27(1/2) *((-1+cos(f*x+e)
Yxc/(d+(-c72+d472) " (1/2)) /sin(fxx+e)) " (1/2) *(((-c~2+d"2) " (1/2) *sin(f*x+e) -dx*
sin(fxx+e)+c*cos(f*x+e)-c)/(-c™2+d"2) " (1/2)/sin(f*x+e) )~ (1/2)*(((-c~2+d"2)~
(1/2) *sin(f*x+e)+d*sin(f*x+e)-c*cos(fxx+e)+c)/(d+(-c~2+d"2) " (1/2))/sin(f*x+
e)) "~ (1/2)/(-1+cos(f*x+e) )*a/(a*x(-c~2+d"2) " (1/2) —cx(-a~2+b~2) " (1/2) +d*a-c*b)
/(ax(-¢c72+d"2) " (1/2)+cx(-a~2+b"2) " (1/2) +d*a-c*b) / (-a~2+b"2) " (1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
g sin ( fx+ e)
(bﬁn(fx+e)+a)¢d$n(fx+e)+c

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((g*sin(f*x+e))”(1/2)/(at+bxsin(f*x+e))/(c+d*sin(f*x+e))~(1/2),x, a
lgorithm="maxima"

[Out] integrate(sqrt(g*sin(f*x + e))/((b*sin(f*x + e) + a)*sqrt(d*sin(fxx + e) +
c)), x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

gsin(e+fx)
f(a+bsin(e+fx)) \/c+dsin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*sin(e + f*x))~(1/2)/((a + b*sin(e + f*x))*(c + dxsin(e + f*x))~(1/2)
), %)

[Out] int((g*sin(e + f*x))~(1/2)/((a + bxsin(e + f*x))*(c + d*sin(e + f*x))~(1/2)
), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

g sin (e + fx)

dx
(a + bsin (e +fx)) \/c +d sin (e +fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*sin(f*x+e))**(1/2)/(a+bxsin(f*x+e))/(c+d*sin(f*x+e))**(1/2),%)

[Out] Integral(sqrt(g*sin(e + f*x))/((a + b*sin(e + f*x))*sqrt(c + dxsin(e + f*x)
)), %)
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348 [ cscle+fx)\Ja+bsine + fx)/c + dsin(e + fx) dx

Optimal. Leaf size=391

) (be—ad)(1-sin(e+fx)) [ (be—ad)(sin(e+fx)+1) b(e+d) . 1 [ Va+bJc+dsin(e+]
2Ve +d sec(e + fx)(a + bsin(e + f x))\/ " (cHd)arbsin(er f) \/ - Darbsinerfo) 1| ((a+b)d’ st («/ch Jatbsin(e+]

fVa+b

[Out] -2xEllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+e
))7(1/2) ,ax(c+d)/(a+b) /c, ((a-b) *(c+d) / (a+b) / (c-d) ) " (1/2) ) *sec (f*x+e) * (a+b*s
in(f*x+e))*(c+d) " (1/2) *(—(—axd+b*c) * (1-sin(f*x+e) )/ (c+d) / (a+b*sin(f*x+e)))”
(1/2)*((—a*d+b*c) *(1+sin(f*x+e))/(c-d) / (a+b*sin(f*x+e) ) )~ (1/2) /f/(a+b) ~(1/2
)+2*E1lipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+
e))~(1/2) ,b*x(c+d)/(atb)/d, ((a-b) *(c+d) /(a+b)/(c-d) )~ (1/2) ) *sec(f*x+e) * (a+b*
sin(f*x+e))*(c+d) " (1/2)*(-(-a*d+b*c) *(1-sin(f*x+e))/(c+d) /(a+b*sin(f*x+e)))
~(1/2) % ((—axd+b*xc)*(1+sin(f*x+e)) /(c-d) / (a+bxsin(f*x+e))) ~(1/2)/f/(a+b)~(1/

2)

Rubi [A] time = 0.54, antiderivative size = 391, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 35,

number of rules _ 1,086, Rules used = {2949, 2811, 2945)

integrand size

) (be—ad)(1-sin(e+fx)) [ (be—ad)(sin(e+fx)+1) b(e+d) . 1 [ Va+bJc+dsin(e+]
2Ve +d sec(e + fx)(a + bsin(e + f x))\/ " (cHd)arbsin(er f) \/ Darbsinerfo) 1| ((a+b)d’ st («/ch Jatbsin(e+]

fVa+b

Antiderivative was successfully verified.
[In] Int[Cscl[e + f*x]*Sqrtla + b*Sin[e + f*x]]*Sqrtl[c + d*Sinf[e + f*x]],x]

[Out] (-2*Sqrtlc + d]*EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sinle + f*x]])/(Sqrtlc + dl*Sqrtl[a + b*Sin[e + f*x]])], ((a - b)*(c

+ d))/((a + b)x(c - d))]*Secle + fxx]*Sqrt[-(((b*c - axd)*(1 - Sinl[e + f*x
1))/((c + d)*(a + b*Sin[e + £*x])))]1*Sqrt[((bxc - a*d)*(1 + Sinl[e + f*x]))/

((c - d)*(a + b*Sinle + f*x]))]1*(a + b*Sinl[e + f*x]))/(Sqrtla + bl*f) + (2%
Sqrt[c + d]*EllipticPi[(bx(c + d))/((a + b)*d), ArcSin[(Sqrt[a + b]*Sqrtl[c

+ d*Sin[e + f*x]])/(Sqrtlc + dl*Sqrtl[a + b*Sinl[e + f*x]])], ((a - b)*(c + d
))/((a + b)*(c - d))]*Secle + f*x]*Sqrt[-(((b*c - a*d)*(1 - Sin[e + fx*x]))/

((c + d)*(a + b*Sinle + f*x])))]*Sqrt[((b*c - axd)*(1 + Sin[e + fx*x]))/((c

- d)*(a + bxSin[e + fxx]))]*(a + b*Sin[e + f*x]))/(Sqrtla + b]*f)

Rule 2811

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11/Sqrtl(c_.) + (d_.)*sin[(e_.)
+ (f_.)=*(x_)]], x_Symbol] :> Simp[(2%(a + b*Sin[e + f*x])*Sqrt[((b*c - a*xd
)*(1 + Sinf[e + f*x]))/((c - d)*(a + b*Sinle + f*x]))]*Sqrt[-(((bxc - ax*xd)*(
1 - Sinfe + f*x]))/((c + d)*(a + b*Sinle + f*x])))]*EllipticPi[(b*x(c + d))/
(d*(a + b)), ArcSin[(Rt[(a + b)/(c + d), 2]*Sqrt[c + d*Sin[e + f*x]])/Sqrt[
a + bxSinfe + fxx]]], ((a - B)*(c + d))/((a + b)*(c - d))])/(d*f*xRt[(a + D)
/(c + d), 2]*Cos[e + f*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - d72, 0] && PosQ[(a + b)/(c + d)]

Rule 2945

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*x(x_)]11/(sinl[(e_.) + (£_.)*(x_)1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> Simp[(-2*(a + b*Sin[
e + f*xx])*Sqrt[-(((bxc - a*d)*(1 - Sin[e + f*x]))/((c + d)*(a + b*Sin[e + f
*xx])))]1*Sqrt [((b*c - a*d)*(1 + Sin[e + fxx]))/((c - d)*(a + b*Sinl[e + f*x])
)1*EllipticPi[(a*x(c + d))/(c*(a + b)), ArcSin[(Rt[(a + b)/(c + d), 2]*Sqrt[
c + dxSinfe + f*x]])/Sqrtla + b*Sinf[e + f*x]]1], ((a - D)*(c + d))/((a + b)*
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(c = d))1)/(cxfxRt[(a + b)/(c + d), 2]*Cos[e + f*xx]), x] /; FreeQ[{a, b, c,
d, e, £}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c"2 - 472, 0
]

Rule 2949

Int[(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)11*Sqrtl(c_) + (d_.)*sin[(e_.)
+ (f_.)*(x_)]11)/sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Dist[d, Int[Sqrtl[a +
b*Sin[e + f*x]]/Sqrtlc + d*Sinl[e + f*x]], x], x] + Dist[c, Int[Sqrtl[a + bx*

Sinfe + f*x]]/(Sinle + f*x]*Sqrt[c + d*Sin[e + f*x]]), x], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && NeQ[b*xc - axd, 0] && (NeQ[a"2 - b2, 0] || NeQ[c"2 -

d~2, 01)

Rubi steps

fcsc(e + fx)\/a + bsin(e + fx) \/c +dsin(e + fx) dx = Cfcsc(e i fx)\/a +bsine + /1) dx + df \/a_+

ye +dsin(e + fx) Je+
7 /C I d_l_[ u(c+d); sin"l Va+b Jo+d sin(e+fx) \  (a—b)
(a+b)e Ve+d \Ja+bsin(e+fx) | ' (a+b)

Mathematica [A] time = 0.27, size = 274, normalized size = 0.70

—— - —— b Jerds
2V +d sec(e + fx)(a + bsin(e + fx))\/ (o-ad)oinier o)) \/ (bead(sinfe+ /0 +1) (H (”(”d) csin! (—\/ﬁ i

(c+d)(a+b sin(e+fx)) (c—d)(a+bsin(e+fx)) (a+b)c’ Ve+d \/m

fVa+b

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]*Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]],x]

[Out] (-2*Sqrtl[c + dl*(EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqrt[a + bl*Sq
rt[c + dxSin[e + f*x]])/(Sqrtlc + dl*Sqrtl[a + b*Sinle + f*x]1)], ((a - b)*(

c +d))/((a + b)x(c - d))] - EllipticPi[(b*(c + d))/((a + b)*d), ArcSin[(Sq

rt[a + b]*Sqrt[c + d*Sin[e + fx*x]])/(Sqrtlc + dl*Sqrtla + b*Sin[e + f*x]])]

, ((@a = b)x(c + d))/((a + b)*(c - d))])*Secle + fxx]*Sqrt[((bxc - a*xd)*(-1

+ Sinfe + f*x]))/((c + d)*(a + b*Sinf[e + f*x]))]*Sqrt[((b*c - axd)*(1 + Sin

[e + £*x]))/((c - d)*(a + b*Sin[e + f*x]))]*(a + bxSin[e + f*x]))/(Sqrtla +

bl *f)

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="fricas")

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

\/bsin(fx+e) +a\/dsin(fx+e) +c
J
sin(fx+e)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))”(1/2)*(c+d*sin(f*x+e))”(1/2)/sin(f*x+e),x, algor
ithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)
maple [C] time = 4.99, size = 269176, normalized size = 688.43

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(f*x+e)) (1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f\/bsin(fx+e) +a\/dsin(fx+e)+c

sin (fx+e) ax

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))~(1/2)*(c+d*sin(f*x+e))~(1/2)/sin(f*x+e),x, algor
ithm="maxima"

[Out] integrate(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/sin(f*x + e), x

)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

a+bsm e+fx) \/c+dsin(e+fx)

J
f sin (e +f x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + bxsin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x),x)

[Out] int(((a + bx*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2))/sin(e + f*x), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

+bsm e+fx) \/c+dsm(e+fx)

e
f sin (e +f x) o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*sin(f*x+e))**(1/2)*(c+d*sin(f*x+e))**(1/2)/sin(f*x+e),x)

[Out] Integral(sqrt(a + bxsin(e + fxx))*sqrt(c + dxsin(e + f*x))/sin(e + f*x), x)
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csc(e+fx)/a+bsin(e+fx)
3.49 f \/c+d sin(e+fx) dx

Optimal. Leaf size=198

— —— W s
2T d sece + fx)(a+ bsin(e + ) \/_(bc ad)(1—sin(e+ fx)) \/(bc ad)(sin(e+ fx)+1) H(ﬂ(c+d). . 1 (x/ﬁ Jo+dsi

(c+d)(a+b sin(e+fx)) (c—d)(a+b sin(e+fx)) (a+b)c’ \e+d \/m

cfVa+b

[Out] -2*EllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))”~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+e
))~(1/2) ,ax(c+d)/(atb) /c, ((a-b) *(c+d) / (a+b) /(c-d) )~ (1/2) ) *sec (f*x+e) * (a+b*s
in(fxx+e))*x(c+d) ~(1/2) % (- (-a*xd+b*xc) *(1-sin(f*x+e))/(c+d) /(a+b*sin(f*x+e)) )~
(1/2)*x((—axd+b*c) * (1+sin(f*x+e))/(c-d) / (a+b*sin(f*x+e))) ~(1/2)/c/f/(a+b)~ (1

/2)

Rubi [A] time = 0.20, antiderivative size = 198, normalized size of antiderivative
= 1.00, number of steps used = 1, number of rules used = 1, integrand size = 35,

number of ules _ ) 029, Rules used = {2945}

integrand size

—ad)(1-si —ad)(si b \Jordsi
2T d secle + fx)(a+ bsin(e + ) \/_(bc ad)(1-sin(e+ fx)) \/(bc ad)(sin(e+ fx)+1) H(a(cﬂi). 4 (x/ﬁ rdsi

(c+d)(a+bsin(e+fx)) (c—d)(a+bsin(e+fx)) (a+b)c’ Verd Ja+bsi

cfVa+b

Antiderivative was successfully verified.
[In] Int[(Cscle + f*x]*Sqrt[a + b*Sin[e + f*x]])/Sqrtlc + d*Sinle + f*x]],x]

[Out] (-2*Sqrtl[c + dl*EllipticPil[(ax(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
t[c + d*Sinf[e + f*x]])/(Sqrtlc + dl*Sqrt[a + bxSin[e + fxx]]1)], ((a - b)*(c

+ d))/((a + b)*(c - d))]*Sec[e + f*x]*Sqrt[-(((b*c - a*d)*(1 - Sinl[e + fxx
1))/((c + d)*(a + b*Sinl[e + f*x])))]I*Sqrt[((bxc - axd)*(1 + Sinl[e + f*x]))/

((c = d)*(a + b*Sinle + f*x]))]1*(a + b*Sinl[e + f*x]))/(Sqrtla + blx*cx*f)

Rule 2945

Int[Sqrt[(a_ ) + (b_.)*sin[(e_.) + (f_.)*(x )]1]1/(sin[(e_.) + (f_.)*(x_)1*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> Simp[(-2*(a + b*Sin[
e + f*xx])*Sqrt[-(((bxc - a*d)*(1 - Sin[e + f*x]))/((c + d)*(a + b*Sin[e + f
*xx])))]1*Sqrt [((b*xc - a*d)*(1 + Sin[e + fxx]))/((c - d)*(a + b*Sinl[e + f*x])
)1*EllipticPi[(a*x(c + d))/(c*(a + b)), ArcSin[(Rt[(a + b)/(c + d), 2]*Sqrtl[
c + dxSinfe + f*x]])/Sqrtla + b*Sinf[e + f*x]]1], ((a - b)*(c + d))/((a + b)*
(c = d))1)/(c*xf*xRt[(a + b)/(c + d), 2]*Cos[e + f*xx]), x] /; FreeQ[{a, b, c,
d, e, f}, x] &% NeQ[b*c - axd, 0] &% NeQ[a"2 - b~2, 0] && NeQ[c"™2 - 472, O
]

Rubi steps

I a(c+d) . _q Va+b yJc+dsin(e+£x) \ | (a—b)(c+d)
f csc(e + fx)/a + bsin(e + fx) i 2Ve+dll ((a+b)6’ st (\/c+d Va+bsin(e+fx) ) l(a+b)(c—d)) sec(e + f x)\
X =-

Je+dsine + fx) Va+bcf

Mathematica [A] time = 0.15, size = 197, normalized size = 0.99

_ —si — i b dsi
2VeTd sece + fx)(a+ bsin(e + ) \/(ad be)(1-sin(e+fx)) \/(bc ad)(sin(e+ fx)+1) H(u(c+d).sin_1 («/ﬁ Jordsing

(c+d)(a+b sin(e+fx)) (c—d)(a+bsin(e+fx)) (a+b)c’ Ve+d Afa+bsin(

cfVa+b
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Antiderivative was successfully verified.

[In] Integrate[(Cscle + fxx]*Sqrtl[a + b*Sin[e + f*x]])/Sqrtlc + d*Sin[e + f*x]],
x]

[Out] (-2*Sqrtlc + d]*EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sinle + f*x]])/(Sqrtlc + dl*Sqrtl[a + b*Sin[e + f*x]])], ((a - b)*(c

+ d))/((a + b)x(c - d))]*Sec[e + fxx]*Sqrt[((-(b*c) + a*d)*(1 - Sin[e + f*
x]1))/((c + d)*(a + b*Sin[e + f*x]))I*Sqrt[((b*c - axd)*(1 + Sin[e + f*x]))/

((c - d)*(a + b*Sinle + f*x]))]1*(a + b*Sinl[e + f*x]))/(Sqrtla + b]lx*cx*f)

fricas [F] time = 1.02, size = 0, normalized size = 0.00

\/bsin(fx+e) +a\/dsin(fx+e) +c
2 X
dcos(fx+e) —csin(fx+e)—d

integral | -

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="fricas")

[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/(d*cos(f*x + e)
"2 - cxsin(f*x + e) - d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

bsm fx+e) +a
dx

f\/dsm fx+e +csm(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))”(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))~(1/2),x, algor
ithm="giac")

[Out] integrate(sqrt(b*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),
x)

maple [B] time = 1.06, size = 32723, normalized size = 165.27

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*xx+e)) " (1/2),x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

bsm fx+e)+a

dx

f\/dsm fx+e +cs1n(fx+e)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*sin(f*x+e))~(1/2)/sin(f*x+e)/(c+d*sin(f*x+e))”~(1/2),x, algor
ithm="maxima"

[Out] integrate(sqrt(b*sin(f*x + e) + a)/(sqrt(d*sin(f*x + e) + c)*sin(f*x + e)),
x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

f \/a+bs1n e+fx) N

sin e+f c+ds1n(e+f )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxsin(e + f*x))~(1/2)/(sin(e + f*x)*(c + d*sin(e + f*xx))~(1/2)),x)

[Out] int((a + b*sin(e + f*xx))~(1/2)/(sin(e + f*xx)*(c + dxsin(e + fx*xx))"(1/2)), x
)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

a+bs1n(e+fx)
I

c+dsm e+fx) sm(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*sin(f*x+e))**(1/2)/sin(f*x+e)/(c+d*xsin(f*x+e))**(1/2),x)

[Out] Integral(sqrt(a + bxsin(e + fxx))/(sqrt(c + d*sin(e + f*x))*sin(e + f*x)),
x)
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csc(e+fx)

3.50 f \/a+b sin(e+fx) /c+d sin(e+ fx)

Optimal. Leaf size=398

(be—ad)(1-sin(e+fx)) [ (be—ad)(sin(e+fx)+1) . _1 [ Ve+d \Jatbsin(e+fx) |
2bVa + b sec(e + fx)(c + dsin(e + fX))\/(Hb Ncrdsintet 1) \/ abcrdsmier ) F (sm (mm) |

afvVc+d(bc—ad)

[Out] -2*EllipticPi((a+b)~(1/2)*(c+d*sin(f*x+e))”~(1/2)/(c+d)~(1/2)/(a+b*sin(f*x+e
))7(1/2) ,ax(c+d)/(a+b) /c, ((a-b) *(c+d) /(a+b) / (c-d) )~ (1/2) ) *sec (f*¥x+e) * (a+b*s
in(f*x+e)) *(c+d) " (1/2) * (- (—axd+b*c) * (1-sin(f*x+e) )/ (c+d) / (atb*sin(f*x+e)))”
(1/2)*((—axd+b*c)*(1+sin(f*x+e) )/ (c-d)/(a+b*sin(f*x+e))) ~(1/2)/a/c/f/(a+b)”
(1/2)-2xb*E1lipticF ((c+d) " (1/2)* (a+b*sin(f*x+e))~(1/2)/(a+b)~(1/2)/(c+d*sin
(fxx+e))~(1/2), ((a+b)*(c-d)/(a-b) /(c+d)) " (1/2) ) *sec(f*x+e) * (c+d*sin(f*x+e))
*(a+b) " (1/2) *((—axd+b*c)* (1-sin(f*x+e))/(a+b) /(c+d*sin(f*x+e))) " (1/2)*(-(-a
*d+b*c) * (1+sin(f*x+e) )/ (a-b)/(c+d*sin(f*x+e))) ~(1/2) /a/ (—a*d+b*c) /f/ (c+d) ~(

1/2)

Rubi [A] time = 0.55, antiderivative size = 398, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 35,

number of ules _ (),086, Rules used = {2947, 2818, 2945}

integrand size

(be—ad)(1-sin(e+ fx)) (be—ad)(sin(e+ fx)+1) . _1 [ Ve+d \Jatbsin(e+fx) |
2bVa + b sec(e + fx)(c + dsin(e + fX))\/(Hb Ncrdsinter 1) \/— (abcrdsmier o) F (sm (mm) |

afvVc+d(bc—ad)

Antiderivative was successfully verified.
[In] Int[Csc[e + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]),x]

[Out] (-2*Sqrtl[c + dl*EllipticPil[(a*x(c + d))/((a + b)*c), ArcSin[(Sqrt[a + b]*Sqr
tlc + d*Sin[e + f*x]])/(Sqrtlc + dl*Sqrt[a + bxSin[e + fxx]]1)], ((a - b)*(c
+ d))/((a + b)*x(c - d))I*Sec[e + fxx]*Sqrt[-(((bxc - a*xd)*(1 - Sinl[e + f*x
1))/((c + d)*x(a + b*Sinl[e + f*x])))]I*Sqrt[((bxc - axd)*(1 + Sinl[e + f*x]))/
((c - d)*(a + b*Sinle + f*x]))]1*(a + b*Sinl[e + f*x]))/(axSqrtla + bl*cxf) -
(2%b*Sqrt[a + b]*EllipticF[ArcSin[(Sqrt[c + d]*Sqrtl[a + b*Sin[e + f*x]])/(
Sqrt[a + bl*Sqrtlc + d*Sinl[e + f*x]]1)], ((a + b)*x(c - d))/((a - b)*(c + d))
1*xSecle + f*xx]*Sqrt[((bxc - a*d)*(1 - Sinl[e + f*x]))/((a + b)*(c + d*Sin[e
+ f*xx]))1*Sqrt[-(((b*c - a*xd)*(1 + Sin[e + f*x]))/((a - b)*(c + d*Sinf[e + f
*xx])))]1*(c + d*Sinf[e + f*x]))/(a*Sqrtlc + dl*(bxc - axd)*f)

Rule 2818

Int[1/(Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1]*Sqrt[(c_) + (d_.)*sin[(e_
D o+ (£_)*(x)]11), x_Symbol]l :> Simp[(2*(c + d*Sin[e + f*x])*Sqrt[((b*c -
axd)*(1 - Sin[e + f*x]))/((a + b)*(c + d*Sin[e + f*x]))]*Sqrt[-(((b*c - axd
)*(1 + Sinf[e + fxx]))/((a - b)*(c + d*Sin[e + f*x])))]1*EllipticF[ArcSin[Rt[
(c + d)/(a + b), 2]*(Sqrt[a + b*Sinl[e + f*x]]1/Sqrtlc + d*Sinl[e + f*x]]1)], (
(a + b)x(c - d))/((a - b)*(c + d))])/(f*x(b*c - a*d)*Rt[(c + d)/(a + b), 2]*
Cos[e + f*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - a*d, 0] && N
eQla”2 - b~2, 0] && NeQ[c™2 - d72, 0] && PosQ[(c + d)/(a + b)]

Rule 2945

Int[Sqrt[(a_ ) + (b_.)*sin[(e_.) + (f_.)*(x )]1]1/(sin[(e_.) + (f_.)*(x_)I*Sqr
tl(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]1]), x_Symbol] :> Simp[(-2*(a + b*Sin[
e + f*xx])*Sqrt[-(((bxc - a*d)*(1 - Sin[e + f*x]))/((c + d)*(a + b*Sin[e + f
xx])))]1*Sqrt [((b*xc - a*d)*(1 + Sin[e + fxx]))/((c - d)*(a + b*Sinl[e + f*x])
)I*EllipticPi[(a*x(c + d))/(c*(a + b)), ArcSin[(Rt[(a + b)/(c + d), 2]*Sqrt[
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c + d*Sin[e + fx*x]])/Sqrtla + b*Sin[e + f*x]]], ((a - b)*x(c + d))/((a + b)*
(c = A1)/ (cxfxRt[(a + b)/(c + d), 2]*Cos[e + f*x]), x] /; FreeQl[{a, b, c,

d, e, f}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0
]

Rule 2947

Int[1/(sin[(e_.) + (f_.)*(x_)]*Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]]1%S
grt[(c_) + (d_.)*sin[(e_.) + (f_.)*(x_)]]1), x_Symbol] :> -Dist[b/a, Int[1/(
Sqrt[a + bxSin[e + f*x]]*Sqrt[c + d*Sin[e + f*x]]), x], x] + Dist[1/a, Int[
Sqrt[a + bxSin[e + f*x]]/(Sinl[e + f*x]*Sqrt[c + d*Sinle + f*x1]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && (NeQ[a"2 - b~2, 0] ||
NeQ[c™2 - d~2, 0])

Rubi steps
fcsc(e+fx)\/a+bsin(e+fx) ix b f 1 Y
f csc(e + fx) _ +Je+d sin(e+fx) B Va+bsin(e+fx) \/c+d sin(e+fx)
\/a+bsin(e+fx) \/c+dsin(e+fx) a a
alchd) Va+b yJerdsin(e+fx) | (a-b)(c+d)
2ye+dll (( e (chd NmEme ) (a+b)(c—d)) sec(e

ay

Mathematica [A] time = 2.33, size = 374, normalized size = 0.94

. (ad-be)(sin(e+fx)-1) [ (ad—bc)(sin(e+fx)+1) 1 Verd \Jatbsin(e+f2) \, (a+b)(c—d) .
b(a+b)(c+d sin(e+f x))\/ (@+D)(c+dsin(et fx) \/ @b crdsner ) - (s (\/; m) = b)(c+d)) (c+d)(a+bsin

2sec(e+ fx) |-

bc—ad

afva+bvc+d

Antiderivative was successfully verified.

[In] Integrate[Cscle + f*x]/(Sqrt[a + b*Sin[e + f*x]]*Sqrtlc + d*Sinl[e + fx*x]]),
x]

[Out] (2#Secle + f*x]*(-(((c + d)*EllipticPi[(a*(c + d))/((a + b)*c), ArcSin[(Sqr
tla + bl*Sqrt[c + d*Sinl[e + f*x]])/(Sqrtlc + d]*Sqrt[a + bxSin[e + f*x]])],

((a - b)x(c + d))/((a + b)*(c - d))]*Sqrt [((b*c - a*d)*(-1 + Sin[e + fxx])

)/ ((c + d)*(a + b*Sinl[e + f*x]))]*Sqrt[((b*xc - a*xd)*(1 + Sinf[e + f*x]))/((c

- d)*x(a + bxSin[e + f*xx]))]*(a + b*Sin[e + f*x]))/c) - (bx(a + b)*Elliptic
F[ArcSin[(Sqrt[c + d]l*Sqrt[a + b*Sin[e + f*x]])/(Sqrtla + b]*Sqrtlc + d*Sin

[e + £*xx]11)], ((a + b)x(c - d))/((a - b)x(c + d))]*Sqrt [((-(b*xc) + axd)*(-1

+ Sinfe + f*x]))/((a + b)*(c + d*Sin[e + f*x]))]1*Sqrt[((-(b*c) + a*xd)*(1 +
Sinle + f*x]))/((a - b)*(c + d*Sin[e + fx*x]))]*(c + d*Sin[e + fx*x]))/(b*c

- axd)))/(a*xSqrt[a + bl*Sqrtlc + dl*f)

fricas [F] time = 1.47, size = 0, normalized size = 0.00

\/bsin(fx+e) +a\/dsin(fx+e) +c
(bc + ad) cos (fx+e)2—bc—ad+ (bdcos (fx+e)2 —ac—bd) sin( x+e)

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="fricas")
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[Out] integral(-sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)/((b*c + a*xd)*co
s(fxx + )72 - bxc - axd + (bxd*cos(f*x + e)”2 - a*c - b*xd)*sin(f*x + e)),

x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

1
\/bsin(fx+e) +a\/dsin(fx+e) +c sin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="giac")

[Out] integrate(1l/(sqrt(b*sin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)

), %)
maple [B] time = 0.87, size = 26871, normalized size = 67.52

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/sin(f*x+e)/(atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x)
[Out] result too large to display

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
\/bsin(fx+e) +a\/dsin(fx+e) +c sin(fx+e)

dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))~(1/2)/(c+d*sin(f*x+e))~(1/2),x, alg
orithm="maxima"

[Out] integrate(1/(sqrt(bxsin(f*x + e) + a)*sqrt(d*sin(f*x + e) + c)*sin(f*x + e)

), X)
mupad [F]  time = 0.00, size = -1, normalized size = -0.00

1

d
sin(e+fx) \/a+bsin(e+fx) \/c+dsin(e+fx) ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*x(c + d*xsin(e + fx*xx))~(1/2)),
X)

[Out] int(1/(sin(e + f*x)*(a + b*sin(e + f*x))~(1/2)*(c + d*sin(e + f*x))~(1/2)),
x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/ dx

a+bsin(e+fx) \/c+dsin(e+fx) sin(e+fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/sin(f*x+e)/(atb*sin(f*x+e))**x(1/2)/(c+td*sin(f*xx+e))**(1/2),x)

[Out] Integral(1l/(sqrt(a + b*sin(e + f*x))*sqrt(c + d*sin(e + f*x))*sin(e + fxx))
, %)
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351  [(a+asin(e+ fx))"(A+ Bsin(e + fx))(c -
csin(e + fx))" dx

Optimal. Leaf size=157

2”+% sec(e + fx)(1 - sin(e + fx))%_”(a sin(e + fx) + a)™*!(c — csin(e + fx))"(A + Bsin(e + fx))’ (%

af(2m+1)

[Out] 27(1/2+n)*AppellF1(1/2+m,-p,1/2-n,3/2+m,-B*x(1+sin(f*x+e))/(A-B),1/2+1/2*sin
(f*x+e))*sec(f*x+e)*(1-sin(f*x+e)) " (1/2-n) *(a+a*sin(f*x+e) )~ (1+m)* (A+B*sin(
fxx+e)) “p*(c-c*sin(f*x+e)) n/a/f/(1+2+m) / (((A+B*sin(f*x+e))/(A-B)) p)

Rubi [A] time = 0.28, antiderivative size = 157, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 38,

number of rules _ ) 105, Rules used = {3008, 140, 139, 138}

integrand size

A+B sin(e+
A-B

2”+% sec(e + fx)(1 —sin(e + fx))%_”(a sin(e + fx) + a)"*!(c — csin(e + fx))"(A + Bsin(e + fx)) (

af(2m+1)

Antiderivative was successfully verified.
[In] Int[(a + a*Sin[e + f*x]) m*x(A + B*Sin[e + f*x]) p*(c - cxSin[e + f*x]) n,x]

[Out] (27(1/2 + n)*AppellF1[1/2 + m, 1/2 - n, -p, 3/2 + m, (1 + Sinle + f*x])/2,
-((B*(1 + Sinf[e + f*x]))/(A - B))]*Sec[e + f*x]*(1 - Sin[e + f*x])~(1/2 - n
)*(a + a*Sinf[e + f*x])~(1 + m)*(A + BxSin[e + f*xx]) p*x(c - c*Sin[e + f*x])~
n)/(a*xf*(1 + 2xm)*((A + B*Sin[e + f*x])/(A - B)) p)

Rule 138

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((d*x(a + b*x))/(b*c - axd)), -((f*x(a + b*x))/(b*e - a*xf))])/(bx(m + 1)*(b/
(bxc - a*d)) n*x(b/(b*e - axf))”p), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] && !IntegerQ[n] && !'IntegerQlp] && GtQ[b/(bxc - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - cxb), 0] && GtQ[d/(d*e - ¢
*f), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - exd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 139

Int[((a_) + (b_)*(x))"(m_)*((c_.) + (d_)*(x_))"(m )*((e_.) + (£f_.)*x(x_))
“(p_), x_Symbol] :> Dist[(e + fx*x) FracPart[p]/((b/(b*xe - axf)) IntPart[p]x*
((bx(e + £*x))/(b*e - axf)) FracPart([p]), Int[(a + b*x) m*x(c + d*x) n*((b*xe
)/ (bxe - axf) + (b*xf*xx)/(bxe - axf))”"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pr, x] & !'IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b
xc - a*xd), 0] && 'GtQ[b/(b*xe - ax*xf), 0]

Rule 140

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*x((e_.) + (£f_.)*x(x_))
“(p_), x_Symbol] :> Dist[(c + d*x) FracPart[n]/((b/(b*xc - a*d)) IntPart[n]*
((bx(c + d*x))/(bxc - axd)) FracPart[n]), Int[(a + b*x) m*((bxc)/(bxc - axd
) + (b*d*x)/(bxc - a*d)) nx(e + f*x)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £,
m, n, pr, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && !GtQ[b/
(bxc - a*d), 0] &% !SimplerQ[c + d*x, a + b*x] && !SimplerQ[e + f*x, a +
b*x]
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Rule 3008

Int[((a ) + (b_.)*sin[(e_.) + (f_D*(x)1)"(m_.)*((A_.) + (B_.)*sin[(e_.) +
(f_D)*& DD~ (p)*x((c_) + (d_.)*sinl[(e_.) + (f_)*(x_)1)"(n_.), x_Symbol]

:> Dist[(Sqrt[a + b*Sin[e + f*xx]]*Sqrtlc + d*Sin[e + fx*x]])/(f*Cosl[e + f*x]
), Subst[Int[(a + b*x)~(m - 1/2)*(c + d*x)"(n - 1/2)*(A + B*x)"p, x], x, Si
nle + f*x]1, x] /; FreeQ[{a, b, c, d, e, f, A, B, m, n, p}, x] && EqQ[bxc +
axd, 0] && EqQ[a"2 - b~2, 0]

Rubi steps

(sec(e + fx)4/a + asin(e + fx) y/c — csin(e

f (a+asin(e + fx))"(A + Bsin(e + fx))l’(c - csin(e + fx))" dx =

sec(e + fx)\/a + asin(e + fx) (A + Bsin(e

PR sec(e + fx)y/a + asin(e + fx) (A + ]

1
227°F (E M S =1, =p; S 5(1 + sin(e

Mathematica [A] time = 1.12, size = 168, normalized size = 1.07

Tm
2

2 cot (i(Ze Fofx+ n)) sin? (i(Ze L ofx+ n)) (a(sin(e + £x) + 1))"(c - csin(e + fx))"(A + Bsin(e + fx)

2fn+ f

Warning: Unable to verify antiderivative.
[In] Integrate[(a + a*Sin[e + fx*x]) m*(A + BxSin[e + fx*x]) p*(c - c*Sin[e + f*x]
)"n,x]

[Out] (-2*AppellF1[1/2 + n, 1/2 - m, -p, 3/2 + n, Cos[(2%e + Pi + 2xfxx)/4]172, (2
*BxSin[(2%e - Pi + 2xfx*x)/4]172)/(A + B)]*Cot[(2%e + Pi + 2*fxx)/4]*(ax(1 +
Sin[e + f*x]))"m*(A + B*Sin[e + f*x]) p*(c - c*Sinle + f*x]) nx(Sin[(2%e +
Pi + 2xfxx)/4]172)"(1/2 - m))/((f + 2xf*xn)*((A + B*xSin[e + f*x])/(A + B))"p)

fricas [F] time = 0.62, size = 0, normalized size = 0.00
integral ((Bsin (fx +¢) + A) (asin (fx + ¢) + a)"(~csin (fx+¢) +¢)", %)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sin(f*x+e)) “m* (A+Bxsin(f*x+e)) “p*x(c-c*sin(f*x+e)) n,x, algor
ithm="fricas")

[Out] integral((Bxsin(f*x + e) + A) px(a*sin(f*x + e) + a) m*x(-cxsin(f*x + e) + ¢
)7n, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(B sin (fx + e) + A)p(a sin (fx + e) + a)m(—csin (fx + e) + c)n dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) m*(A+B*sin(f*x+e)) p*(c-c*sin(f*x+e)) n,x, algor
ithm="giac")

[Out] integrate((Bxsin(fxx + e) + A) px(axsin(f*x + e) + a) mx(-c*xsin(fxx + e) +
c)’n, x)

maple [F] time = 8.54, size = 0, normalized size = 0.00

[ (a+asin(x+e)" (4+Bsin(fr+e))’ (c - csin(fx+e))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*sin(f*x+e)) m*(A+B*sin(f*x+e)) p*(c-cxsin(f*x+e)) "n,x)
[Out] int((ata*sin(fx*x+e)) m*(A+B*sin(f*x+e)) p*(c-c*sin(f*x+e)) "n,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f(B sin (fx + e) + A)p(a sin (fx + e) + a)m(—csin (fx + e) + c)n dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e)) “m* (A+B*sin(f*x+e)) “p*(c-c*sin(f*x+e)) n,x, algor
ithm="maxima"

[Out] integrate((B*sin(f*x + e) + A) px(a*xsin(f*x + e) + a) mk(-cxsin(f*x + e) +
c)’n, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f(A+B sin(e+fx))p(a+a sin(e+fx))m(c—csin(e+fx))ndx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + B*sin(e + f*x)) px(a + a*sin(e + f*x)) m*x(c - c*sin(e + f*x)) n,x)

[Out] int((A + B*sin(e + f*x)) p*x(a + a*sin(e + f*x)) m*x(c - c*sin(e + f*x))™n, x
)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sin(f*x+e))**mx (A+B*xsin(f*x+e))**px(c-c*sin(f*x+e))**n,x)

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function

248




249

# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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